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AFFINE BAIRE-ONE FUNCTIONS ON CHOQUET SIMPLEXES

JIRi SPURNY

Metrisable Choquet simplexes with the set of extreme points being an F,-set are
characterised by means of the behaviour of the space of affine Baire—one functions.

1. INTRODUCTION

Let X be a compact convex set in a locally convex space. According to the Choquet-
Bishop—de Leeuw theorem (see [1, Theorem 1.4.8]), for every z € X there exists a prob-
ability measure u on X representing z which is maximal with respect to the Choquet
ordering (see the next section for the definitions and notation not explained here). If this
measure is uniquely determined, X is called a Choguet simplez (briefly simplez). If the
set ext X of all extreme points of X is moreover closed, the set X is a Bauer simplez.
There are a lot of conditions characterising Bauer simplexes. We list here conditions
which are related to the structure of the space 2°(X) of affine continuous functions on
X.

For a compact convex set X the following conditions are equivalent:

(i) X is a Bauer simplex;

(ii) for every continuous function f on ext X there exists a continuous affine
function h on X such that f = h on ext X;

(iii) for every continuous function f on X there exists a continuous affine func-
tion h on X such that f = h on ext X;

(iv) X is a simplex and the function z — 8.(f), z € X, is continuous for every
continuous function f on X (here 4, stands for the uniquely determined
maximal measure representing z € X);

(v) the upper envelope f* = inf{h: h > f, h is continuous affine} is affine and
continuous for every continuous convex function f on X;
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(vi) the space A°(X) of all affine continuous functions on X is a lattice in its
natural ordering.

Proof of this theorem can be found in [1, Theorem II.4.1 and Theorem I1.4.3] or in
[3, Satz 2].

If X is a Choquet simplex and ext X is an F,-set in X, it is well-known that any
bounded Baire—-one function f on ext X can be extended to an affine Baire-one function
h to the whole set X (a standard method of the proof can be found, for example, in [18,
Theéréme 37]). Hence it is natural to ask whether an analogue of the aforementioned
theorem can be valid if we deal with affine Baire—one functions instead of continuous
affine functions and with Choquet simplexes with the set of all extreme points being an
F,—set instead of Bauer simplexes. This question is a generalisation of a problem posed
by Jellett in [11].

The aim of the paper is to provide such a characterisation, at least for metrisable
compact convex sets (see Corollary 3.5). In order to prove it we improve and gener-
alise ideas contained in [21] where the equivalence (i) <=> (ii) of Theorem 3.5 is shown
for metrisable compact convex sets. We prove in Example 3.18 that a Choquet sim-
plex constructed by Talagrand in [23] provides a counterexample to the implication
(ii) => (i) of Corollary 3.5 if we omit the assumption of metrisability. Thus the conjec-
ture of Jellett posed in [11] is false in general.

We remark that the results of the paper are formulated in a more general context of
function spaces.

2. PRELIMINARIES

All topological space will be considered as Hausdorfl. If K is a compact space, we
denote by C(K) the space of all continuous functions on K. We shall identify the dual of
C(K) with the space M(K) of all Radon measures on K. Let M!(K) denote the set of

- all probability Radon measures on K and let ¢; stand for the Dirac measure at z € K.

If K is a topological space, we write B®(K) for the space of all bounded Baire functions
on K, that is, the smallest space containing C(K) and closed with respect to taking
pointwise limits of bounded sequences. The space of all bounded Baire—one functions on
K, that is, the space of pointwise limits of bounded sequences of continuous functions, is
denoted by BY(K). (Baire—one functions are sometimes called functions of the first Baire
class.) We shall need the following facts on Baire—one functions.

THEOREM 2.1. Let f: K — R be a function on a topological space K.

(a) If f is a bounded Baire—one function, then there exists bounded sequences
{u,} and {l,} such that each u,, —!,, is upper semicontinuous, u, * f

and l, ™\ f.
(b) If f € Bi(K), the set D of all points of discontinuity of f is a set of the
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first category in K. In particular, the set of all points of continuity of f is
a dense set provided K is a Baire space.

(c) The function f on a normal space K is of the first Baire class if and only
if both sets {z € K : f(z) < c} and {z € K : f(z) > c} are F,-setsin K
for every c € R. _

(d) The space BY(K) of bounded Baire—one functions on K is closed with
respect to the uniform convergence.

(e) If f is a bounded Baire—one function and £ > 0, there exists a partition
{A1,...,An} of K consisting of F,-sets and real numbersc;,. .., c, so that

| - Kol <
(f) If f is a Baire—one function, K is metrisable and g : K — R is such that

{1: € K : |f(z) - g(z)| > 6} is finite for every € > 0, then g is a Baire-one
function as well.

The proofs of assertions (a), (b), (c) and (d) can be found, for example, in [186,
Lemma 3.5, Example 2.D.11, Example 3.A.1].

By virtue of the lack of suitable references, we include proofs of the remaining
assertions. Starting with (e), let f be a bounded Baire—one function on a topological
space K and € > 0. Let {U;}~, be an open cover of f(K) by sets of the diameter less
than €. Then {f “(U,-)}:;l is a cover of K consisting of sets expressible as a countable
union of sets from .4, where A denotes the algebra of sets in K which are both F, and
G;. Using the method of the reduction theorem {13, Section 26, II, Theorem 1] we find a
disjoint cover {A4;}", of K such that A; C f~1(U;), 1 < i < n, and each A; is a countable
union of sets from A. If ¢; is an arbitrary number from U;, it is easy to verify that

sup
z€K

<E.

f(2) =Y cixale)
i=1

For the proof of (f), we consider functions

1
%uy={“ﬂ’lﬂn—gun>;,

f(z), otherwise.

Then {g.} is a sequence of Baire-one functions which uniformly converges to g. Thus g
is a Baire-one function likewise. '

Throughout the paper we shall consider a function space H on a compact space K.
By this we mean a (not necessarily closed) linear subspace of C(K') containing the constant
functions and separating the points of K. Let M,(#) be the set of all H-representing
measures for z € K, that is,

Mz (H) = {u e MY(K): f(z) = /de,u for any f € ’H}.
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If u € M. (H), we say that z is a barycenter of u and denote z = r(u). Where no
confusion can arise we simply say that u represents z.
The set
ChyK = {z € K: M,(H) = {e;}}

is called the Choguet boundary of H. It may be highly irregular from the topological
point of view but it is a Gs—set if K is metrisable (see [1, Corollary 1.5.17]).

We say that a function h € H is H-ezposing for z € K if h attains its maximum
precisely at z. Obviously, any H-exposed point is contained in the Choquet boundary of
H.

We introduce the following main examples of function spaces.

(a) In the “convex case”, the function space H is the linear space A°(X) of all
continuous affine functions on a compact convex subset X of a locally convex space. In
this example, the Choquet boundary of %¢(X) coincides with the set of all extreme points
of X and is denoted by ext X.

Hence the barycenter of a probability measure 1 on X is a unique point r(u) € X
for which

flr(w) = /x fdu forany feu(X),

that is, z is A°(X)-represented by u. A bounded Borel function f on X is said to satisfy
the barycentric formula if f(r(p)) = p(f) for any p € M(X).

(b) In the “harmonic case”, U is a bounded open subset of the Euclidean space
R™ and the corresponding function space # is H(U), that is, the family of all continuous
functions on U which are harmonic on U. In the “harmonic case”, the Choquet boundary
of H(U) coincides with the set 3., U of all regular points of U.

We define the space A(H) of all H-affine functions as the family of all bounded
Borel functions on K satisfying

f(x)=/fdp foreach z€ K and pe M,(H).
K

Further, let A°(#) be the family of all continuous H-affine functions on K. Then A%(H)
is a uniformly closed function space with M (H) = M (A%(H)) for every z € K. It is
easy to deduce that A°(H) coincides with # in both “convex” and “harmonic” case.

We write B, (#) for the set of all pointwise limits of sequences from H and by B(#)
we understand the set of bounded elements from B, (#). We denote by B%(#) the family
of all functions on K which are pointwise limits of bounded sequence of functions from
‘H. Obviously we have the following inclusion

BY(H) C A(H)NBI(K),

but the converse need not hold (see [15, Example 5.5]).

https://doi.org/10.1017/50004972700038211 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700038211

[5] Affine Baire-one functions 239

An upper bounded Borel function f is called H-convez if f(z) < u(f) forany z € K
and u € M. (H). A function f is H-concave if —f is H—convex. Let K°(H) denote the
family of all continuous H~-convex functions on K. Notice that the space K¢(#H) — K°(H)
is uniformly dense in C(K) due to the'lattice version of the Stone—Weierstrass theorem.

The convex cone K°(H) determines a partial ordering < (called the Choquet order-
ing) on the space M*(K) of all positive Radon measures on K:

u=<v if p(f)<v(f) foreach feK(H).

Lemma 1.4.7 in [1] implies that for any measure u € M(K) there exists a maximal
measure v with 4 < v. If we take u to be the Dirac measure ¢ in a point z € K, we obtain
that for any point £ € K there exists a maximal measure v such that f(z) = v(f) for
every f € H. This is the content of the famous Choquet-Bishop—de-Leeuw theorem |1,
Theorem 1.4.8].

If K is metrisable, then a measure 4 € M™*(K) is maximal if and only if
#(K\ Chy K) = 0. In nonmetrisable spaces every maximal measure p satisfies u(G) = 0
for any Gy—set disjoint from Chy K (see {8, Lemma 27.14}) and p(B) = 0 for any Baire
set B C K \ Chy K (see [1, Corollary 1.4.12 and the subsequent Remark]).

If a maximal measure representing £ € K is uniquely determined for every r € K,
we say that H is a simplicial function space. In the “convex case” it is equivalent to say
that X is a Choquet simplez (see [1, Theorem I1.3.6]). As an example of a simplicial
function space serves the space H(U) fiom the “harmonic case” (see [5], for a simple
proof see [17]). We denote the unique maximal measure representing z € K by 4.

For a function f : K — R we define the upper envelope f* as

f(z) :=inf{h(z): h> f,heH}, z€K.
The lower envelope f, is defined as f, := —(—f)*. In Theorem 3.1 we shall deal with an
upper envelope generated by H-affine Baire—one functions. This envelope is defined as
f(z) :=inf{h(z):h > fLhe AH)NBYK)}, z€K.

We remark that H is a simplicial function space if and only if f* is an H~affine function
for every f € —W(#) (see {6, Theorem 3.1] or [1, Theorem II.3.7 and the subsequent
Remark]) where W(H) is the smallest family of functions containing # and closed with
respect to taking infimum of finite families.

For a simplicial function space H we define an operator T by

Tf(z):=6.(f), z€ K, feB(K).

It is well-known (see for example [15, Proposition 6.1]) that Tf € A(#) for any bounded
Baire function f on K. Moreover, Tf = f* for every H-convex bounded upper semicon-
tinuous function f on K (see [6, Theorem 3.1]). Note also that Tf = f on Chy K for
every f € B¥(K).
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We write H* for the space of all Radon measures u on K which satisfies u(h) = 0
for every h € H. It follows from [6, Corollary 3.5] that # is simplicial if and only if there
is no nonzero measure p € (.A':('H))l such that its total variation |u| is maximal.

If f and g are functions on a set X, we write f V g for the pointwise maximum of
f and g. The restriction of a function f : X — R to a set F is denoted by f [ F. The
characteristic function of a set F' C X is denoted by xr.

If z is a point of a metric space (X, p) ande > 0, let U(z,r) = {y € X : p(z,y) < ¢}.
We write dist(F,G) for the distance of sets F,G C X. For a set F C X we denote by
U.(F) = {y € X : dist(y, F) < £} the e-neighbourhood of F. For a set A C X we denote
by der A the set of all accumulation points of A.

3. REsuLTS

The main result of the paper reads as follows.
THEOREM 3.1. Let ¥ be a function space on a compact space K. Consider the
following assertions:
(i) M is simplicial and Chy K is an F,-set;
(ii) for any bounded Baire-one function on Chy K there exists an H-affine
Baire—one function h such that f = h on Chy K;
(iii} for any bounded Baire—one function f on K there exists an H-affine Baire—
one function h such that f = hon Chy K;
(iv) M is simplicial and the operator T maps B(K) into BY(K) N A(H);
(v) f is an H-affine Baire-one function for every ‘H-convex function
f € B{(K);
(vi) A(KH)N BY(K) is a lattice in the natural ordering.
Then (i) = (ii) = (iii) <= (iv) = (v) = (vi). If K is supposed to be metrisable,
_ then the assertions (i)—(v) are equivalent. '
REMARK 3.2. For a simplicial function space #, any function f € BY(K) N A(H)
is in fact a pointwise limit of a bounded sequence of functions from A°(H), that is,
Bi(K) N A(H) = B¥(A°(H)). This assertion was proved in [15, Theorem 6.3].
REMARK 3.3. If f is a Baire-one affine function on a compact convex set X, then f is
a pointwise limit of a bounded sequence of affine continuous functions. The proof of this
assertion can be found in [18, Théoréme 80]. If we write A(X) for the space of affine
functions on X, we have the following equalities

A(25(X)) N Bi(X) = A(X) N By(X) = BY(A°(X)) = BY(A°(X)) = B (A°(X)) .

The first equality is the Choquet barycentric theorem [7] (see also [1, Theorem 1.2.6)).
The inclusion 2(X) N By (X) C B¥(X) follows from the aforementioned [18, Théoréme
80] and the remaining inclusions are trivial.
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REMARK 3.4. If f is a bounded Baire—one function on a compact convex set X, u(f)
> f(r(w)) for every u € M'(X) (see (20, Theorem 3]). In other words, f is an
A°(X )—convex function.

With these facts in mind, we can rewrite the preceding Theorem 3.1 for the “convex
case” in the form laid down in Corollary 3.5.

COROLLARY 3.5. Let X be a compact convex set in a locally convex space.
Consider the following assertions:
(i) X is a Choquet simplex and ext X is an F,—set;
(ii) for any bounded Baire—one function on ext X there exists an affine Baire-
one function h on X such that f = h on ext X;

(iii) for any bounded Baire-one function on X there exists an affine Baire-one
function h on X such that f = h on ext X;

) X is a Choquet simplex and the operator T maps B}(X) into By (%°(X));
) f is an affine Baire-one function for every convex function f € Bb(X);
(vi) Bi(™°(X)) is a lattice in the natural ordering.
(i) = (ii)) = (iii) & (iv) = (v) = (vi). If X is supposed to be
metrisable, then the assertions (i)—(v) are equivalent.
We start with a preliminary well-known result called the minimum principle for
Baire concave functions.
PROPOSITION 3.6. Let f be an H—concave Baire function on K such that
f=Z00onChy K. Then f 20 0n K.

PROOF: Let f be an H—concave Baire-one function on K which is positive on the
Choquet boundary Chy K. Suppose that f(z) < 0 for some z € K. Then
L:={yeK: f(y) < f(2)}

is a Baire set not intersecting Chy K. According to [1, Corollary 1.4.12 and the sub-
sequent Remark], (L) = 0 where p is a maximal measure representing . Then the
following inequalities

@) 2 ulf) = /K > /K @)= 1

yields a contradiction and concludes the proof. 0
LEMMA 3.7. Let H be a simplicial function space on a compact space K and f
be a bounded H-convex Baire—one function on K. Then f = f on Chy K.

PROOF: Let z be a point in the Choquet boundary of H. We fix a strictly positive
€ and set
f(l') +e, y=rz,

I(y) =
) C, otherwise ,
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where C > 0 is chosen so that f + & < C on K. Then ! is a lower semicontinuous
‘H-concave function.

As f is a Baire—one function, we can find a bounded sequence {u,} of upper semi-
continuous functions on K so that, for eachn € N, u, < fand u, 7 f. Fory € K we
find a measure u € M, () so that u(l) = l.(y) (see [6, Lemma 1.1]). Then

W) 2 L) =pl) >u(f) 2 f(y) >unly), neN.

Thus u, < l.. An easy compactness argument gives the existence of a continuous
‘H—convex function k,, (k, is even in —W(#H)) such that u, < k, < L,.

Since k; € ! and H is simplicial, the analogue of Edwards’ “in-between” theorem
[6, Theorem 3.2] provides an H-affine continuous function a, so that k; < a; < I. In the
second step we construct an H-affine continuous function a; so that ks Va; € a; < L.
If we proceed with this inductive construction, we obtain an increasing sequence {a,} of
‘H-affine continuous functions satisfying u, < a, < l. By setting a := lima,, we obtain
an #i-affine Baire—one function such that f < a < I. Thus fs a, in particular

fl@) < alz) < fla) +¢.

As ¢ and z are arbitrary, f = f on Chy K. 1}

PROPOSITION 3.8. Suppose that A(H) N B(K) is a lattice in its natural or-
dering. Then H is a simplicial function space and T(f V g) is the least upper bound in
A(H) N BY(K) for every couple f and g of H-affine Baire-one functions.

Conversely, let % be a simplicial function space such that T(f V g) is a Baire—one
function for every f,g € A(H) N BY(K). Then A(H) N BY(K) is a lattice in its natural
ordering.

PRrROOF: In order to prove the first assertion we need to verify that f* is an H-affine

- function for every f € —W(H). Let f = fV---V f, where fi,..., fn € H. Thanks to

the assumption there exists an H-affine Baire-one function h such that h > f and h is
the least H—-affine Baire-one function with this property. In particular,

h<inf{g:geH, 92 f}=f".

We are going to prove the reverse inequality. For a given £ € K we use [6, Lemma
1.1} and find a measure p € M (H) so that f*(z) = u(f). Then

fH(=z) = p(f) € p(h) = h(z)

which gives the equality h = f*. Thus the upper envelope f* is H-affine for every
f € —W(H) and H is simplicial according to the characterisation of simplicial spaces
mentioned in Section 2.
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Moreover, Tf = f* = h is a Baire-one function for every H—convex continuous
function f € —W(H). It follows from the uniform density of W(H) — W(H) in C(K)
that T(C(K)) C B*(K). Thus Tg is a Baire function for any bounded Baire function g
on K. .

Further, let f, ¢ be H-affine Baire—one functions on K and h be the least upper
bound of f and g in A(H)NB(K). According to the definition, (m) = h. Lemma 3.7
yields that h = f vV g on Chy K. Hence h = T(f V g) on Chy K and Proposition 3.6
applied to the functions h — T(f vV ¢g) and T(f vV g) — h gives that h = T(f vV g) on K.

It remains to prove the converse assertion. Let ‘H be a function space satisfying the
assumption in the statement. If f and g are H-affine Baire-one functions, then T'(fVvg) is
an H-affine function because T'(B*(K)) C A(#). Thanks to the hypothesis, it is a Baire~
one function. It immediately follows from the minimum principle (see Proposition 3.6)
that f v g < T(f V g) < h for every h € A(H) N BY(K) satisfying h > fV g. Thus
(m) = T(f V g) and the space of all #—-affine Baire-one functions is a lattice in the
natural ordering. 0

In order to clarify the core of the proof of Theorem 3.1, we construct a simple
example of a metrisable Choquet simplex X such that ext X is not an F,—set. This
example serves as a guide for the proof of the most difficult part (the implication
(v) = (1)) of Theorem 3.1. Namely, we suppose that Chy K is not an F,—set and
try to find a closed set F' which “looks” like X.

The standard technique is to construct a suitable function space H and then set X
to be the state space S(H) of H. It can be shown that S(#) shares with # a lot of
properties and thus the behaviour of S(#) is determined by the function space H. Below
we briefly described this construction. Details can be found in [1, Chapter 2, Section 2],
[2, Chapter 1, Section 4] or [8, Chapter, Section 29).

If H is a function space on a compact space, we set

S(H)=={pe W : ol = (1) =1} .

Then S(#) endowed with the weak-star topology is a compact convex set which is metris-
able if K is metrisable. Let ¢ : K — S(H) be the evaluation mapping defined as
#(x) = s, = € K, where s;(h) = h(z) for h € H. Then ¢ is a homeomorphic embedding
of K onto ¢(K) and ¢(Chy K) = ext S(H).

Let ® : H — A°(S(H)) be the mapping defined for h € H by ®(h)(s) := s(h),
s € S(H). Then & serves as an isometric isomorphism of H into 2°(S(#)), and ® is onto
if and only if the function space H is uniformly closed in C(K'). In this case the inverse
mapping is realised by

®~(F)=Fo¢, Fe2A(S(H)).

Further, according to [4, Theorem), S(.A°(#)) is a Choquet simplex if and only if H is
simplicial.
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Let X stand for the compact convex set S(A°(H)) and ¢: K — X and & : A%(H)
— 2°(X) be the mappings defined above (here we deal with the function space .A°(H)
instead of H). If H is a simplicial function space, we can use methods of [15, Propo-
sition 6.1 and Corollary 6.2] to deduce that any function f € A(H) is even completely
A°(H)-affine, that is, u(f) = 0 for every u € (A‘(’H))L. According to [22, Theo-
rem 4.3], there exists an isometric isomorphism I of the space A(#) of all completely
A¢(#)-affine functions onto the space of all bounded Borel functions on X satisfying the
barycentric formula. Moreover, I = ® on A°(H) and I"'F = Fo¢ for any bounded Borel
function F on X satisfying the barycentric formula. The restriction of I onto the space
A(H) N B(K) (denoted likewise) serves as an isometric isomorphism mapping
A(H) N BY(K) onto By (A°(X)). Since I(1) = ||I| = 1, If > 0 if and only if f > 0.
Hence [ is even a lattice isomorphism between A(H) N BS(K) and B, (2°(X)).

From the view of the previous paragraphs the following proposition is not surprising.

PROPOSITION 3.9. Let #H be a function space on a compact space K and X
denotes the state space S(A°(H)). Then A(H)NB,(K) is a lattice in the natural ordering
if and only if B, (%°(X)) is a lattice in the natural ordering.

PROOF: Let ¢ : K — X and @ : A°(#H) — A°(X) be the mappings defined above.

If A(H) N B,(K) is a lattice, then H is a simplicial function space due to Proposi-
tion 3.8. According to Remark 3.2, A(H) NBY(K) = A(H)NB(K). Using the isometric
lattice isomorphism I : A(H) N By (K) — B, (A°(X)) we easily deduce that B, (A°(X)) is
a lattice as well.

. Conversely, if B;(°(X)) is a lattice, we use Proposition 3.8 and obtain that
A¢(X) is a simplicial function space, that is, X is a Choquet simplex. Hence A°(H)
and consequently H is a simplicial function space and we can use again the mapping
I: A(H) N BY(K) = B;(2(X)) to verify that A(H) N BY(K) is a lattice in the natural
ordering (we remind that A(H) N BY(K) = A(H) N B(K) again). 1]

- EXAMPLE 3.10. There exists a metrisable compact convex set X such that ext X is not
an F,-set and B; (%°(X)) is not a lattice in the natural ordering.

PROOF: Let {¢,} be an enumeration of rational numbers contained in [0,1]. We
define a subset K C R? as follows:

:= ([0,1) x {0}) U {(gn,n""), (s, —n"") : n € N} .

(We write (a,b) for a point in R? with the coordinates a and b.) Obviously, K is a
compact set in R? (considered with the usual Euclidean topology). Let

H= {f € C(K) : f(qrn = '(f(‘bn +f(qna l)):ne N} .

Then H is a correctly defined simplicial function space, Chy K N ([0,1] x {0}) = {(z,0)
€ K : z is irrational } and H = A°(#). The verification of these assertions is analogous
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to the one used in Example 3.17 where a similar construction is used as a counterexample
to the implication {vi) = (i) of Theorem 3.1.
Unlike Example 3.17, the space A(H)NB2(K) is not a lattice in the natural ordering.

Indeed, let
1, b>0,
fla,d):=<0, b=0,
-1, b<0.

Then f is an H—affine Baire—one function but

0, b=0 and a is irrational ,
T(fv-f)a,b)=

1, otherwise

is not a Baire-one function because T'(f V — f) has no point of continuity on [0, 1] x {0}.
According to Proposition 3.8, A(H) N BY(K) is not a lattice in the natural ordering.

The sought compact convex set X is defined as the state space S(H) of H. It follows
from the general properties of a state space cited above and in Proposition 3.9 that ext X
is not an F,-set, X is a Choquet simplex and By (%°(X)) is not a lattice in the natural
ordering. 0

The main construction needed in the proof of Theorem 3.1 begins with the following
two lemmas.

LEMMA 3.11. Let K be a metrisable compact space and F be a Gs—subset of
K such that F = K =K\ F. Let {K.} be a sequence of compact subsets of F. Then
F\U, Kn is dense in K.

PROOF: We claim that each K, is a nowhere dense subset of F. Indeed, let n be
a fixed positive integer and suppose that K, is not nowhere dense in F. Then we can
find a nonempty open set U C K such that UNF # @ and UNF C K,,. Since K\ F is
dense in K, we may find a point £ € U N (K \ F). Due to density of F in K there is a
sequence {z;} of points of F' such that z = limzj. Since z € U and U is open in K, we
may assume that z; € U N F for each integer k. AsUNF C K, and K, is a closed set,
z € K, C F. This contradicts the fact that z € K \ F.

Since K \ F is dense in K, every K, is nowhere dense in K. Since F' is a residual
subset of K as well as K\ |J, K,, the set F\|J, K, is residual in K. According to {9,
Theorem 3.9.3}, F\ U, K, is dense in K. 0

LEMMA 3.12. Let H be a function space on a metrisable compact set K, z be
a point in Chy K and {z,} be a sequence of points converging to z. Then p, — €, for
every sequence {un} where pu, € M, (H).

ProoOF: If we suppose the contrary, then there exists a measure p # £; and a
subsequence {gn,} so that p,, — u. It is straightforward to verify that p is an
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H-representing measure for z. Since 4 is not the Dirac measure at z, we have arrived to
a contradiction with the assumption that z € Chy K. 0

PROPOSITION 3.13. LetH be asimplicial function space on a compact metric
space (K, p) such that Chy K is not an Fy—set. Then there exists a nonempty closed set
F C K with C := F \ Chy K being a countable set and compact sets {K, : y € C} so
that

(@ C=FNChyK=F;

(b) K, C Chy K for every y € C;

(c) KynF=0ifyecCand KyNK,=0ify,z€C,y#z;
(d) {y€C:08,(K,) <1-c¢} is finite for every € > 0; and
(e) {ye€C:K,ZU.F)} is finite for every e > 0.

PROOF: Since Chy K is assumed not to be an F,—set, we can use Hurewicz’ theorem
(see [12, Theorem 21.22]) and find a closed subset H of K such that

HﬂChuK=H\ChuK=H

and H \ Chy K is countable. For every y € H \ Chy K we find an increasing sequence
{Lym} of compact subsets of Chy K such that 6,(U,, Ly,m) = 1. We enumerate the
countable family

{Lym:meN,ye H\ChyK}

into a single sequence {Li}. We pick an arbitrary point zo € H\|J, L« and set
o0
Fy:={zo} and I:=HNChyKn|[(H\L).
k=1
It follows from Lemma 3.11 that the set I is dense in H.

We construct by induction sets Uy, Vi, Ay, Bk, Fk, Kk j, k,j € N, so that, for every
k €N,

(i) Ae={zxj:J €N} CI, By ={yx;:j€ N} C H\ChyK, both sets
consists of distinct elements, the set Fy := A, U B satisfies

Fkn(FoU"'UFk-l):@ and derA =derB,=FyU:--UFy_;,
(ii) Uy, Vi are open subsets of K,
UL, MnNn---nV)d(FeU---UF,) and UinNV,=0;
(ili) Kij, j €N, is a compact set,
[+ <]
KejC lJ Lyym, and Kijy NKiyyy =0

m=1

if1 <k <ky<korifj,jo €N, j #Jjo;
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(iv) for every j € N,

1 1 1
p(Tkj Ykj) < %’ Ky C U(Iw, ]—k) , and &, (Ki;)>1- i

In the first step of the construction we find a couple of disjoint open sets U;, Vi.in
K so that L, C U, and z¢ € V). Using density of I we select a sequence {z;;} of distinct
points of I NV} such that z,; = zo. Let r; > 0, j € N, be positive numbers such that
1. r;< 1/4,
2. U(zy,rj) C W,
3. the family {U(zu,rj) : j € N} is pairwise disjoint, and
4. 7o & U(z14,75)-
Now we use density of H\ Chy K in H and Lemma 3.12 to find points 4,; € U(zy;,7;)
N(H\ Chy K), j € N, such that 8, , (U(zy,7;)) > 1 — (1/5). Since

= 1
6111»)( CL'I,J,T] ﬂ U Ly“’m) !/l.J (U(l‘l‘j,Tj)) >1- ; ,

we can use the regularity of J,, ; and find a compact set -

o0
Kyj C Uz ,r) N U Ly, ;m

m=1
so that 1
0y, (K 5) >l—3 .
Obviously,
der A, =der{z,;:j € N} = {zo} = Fp,
as well as

der31 = der{yu ] € N} = {xo} = FO .

Since the validity of the remaining properties (ii)-(iv) follows directly from the construc-
tion, the first step is finished.

Suppose now that the construction has been completed for every integer 7 < k. It
easily follows from (i) that the set Fy U ... F is closed and does not intersect |J, L.
Thus we can find a couple of disjoint open sets Uy and Vi, so that Ly, C Uiy and
FyU---UF; C Viyy. Since H contains no isolated points and Fy U - - - U Fy, is countable,
this set has an empty interior in H. Now we are going to construct a countable set
Ags1 = {Zk415 : § € N} of distinct points of I so that

(l) Ak+1n(FoU"'UFk)=@ and derA,,, =FU---UF;.
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To this end, let { N} be a sequence of finite 1/m-net of FoU- - -UFx. We use density
of I in H and the fact that Fy U --U F; has an empty interior in H and inductively find
finite sets

My C (INVi)\(FoU---UF), meN,

so that

N,,,CU{U(I,%) 2 €Mp} and Mpn (MyU--UMpsi) =0

for each m € N. If we enumerate points of |J,, M,, into a single sequence {zy;;} and
define Ag41 := {Zx41, : j € N}, we obtain a set satisfying (1).
As above we get from (i) and (iv) that the set

(2) FRu---UFRU| J{Kij:1<i<kjeN}

is closed and does not intersect Ax4;- Hence we can find strictly positive numbers r; so
that

"1 <1/(5k),

U(Tk41,5:75) C Vigrs
the family {U(x+1,4,7;) : j € N} is pairwise disjoint, and

LN

U(Zk+1,5, j) does not intersect the set (2).

As in the first step of the construction, for every integer j we pick a point
Yk+15 € U(Zrsr, 1) 0 (H \ ChyK)

and a compact set

oo
K41 CU(Tk41,4,m5) N U Lw:u,j,m

m=1
. so that .
Jy.,+1_j(Kk+l,j) >1- :7-7‘:' .
By setting Bi+1 := {¥k+1,; : J € N} we finish the inductive step of the construction.
We set

- o0 - o0 '
F:=|JF:,and C:=|JB:.

k=0 k=1
Then (ii) yields

o0 o0 oo

UBRcNV%ck\UU:.

k=0 k=1 k=1
Since the latter set is closed,

fCK\DUk

k=1
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as well. Thus F does not intersect Ux Lk which together with (iii) gives that
(3) FNnK,;=0, kjeN.

The property (i) implies that C is a dense subset of Uy Fx and thus also of F. By the
same reasoning we get that Fn Chy K is dense in F. We claim that F n Chy K is not
F,-separated from 5, that is, there exists no F,—set Z satisfying ﬁﬁChu KcZcK \5

Indeed, if ﬁnChu K were separated from c by an F,—set Z, then the sets F NChy K
and ﬁ\ Z would be a couple of disjoint dense Gs—sets in F. But this is impossible as F
is a Baire space.

Hence we can use [12, Theorem 21.22| again and find a closed set

Fc(FNnChyK)uC

such that

(4) FNChyK =F\ChyK =F .

Obviously, C = F\Chy K is a countable set. For every y € F\Chy K we set K, := Ky, ,
ify=yej k,jEN

We claim that F' and compact sets {K, : y € F \ Chy K} posses all the required
properties.

Indeed, property (a) is stated in (4) and properties (b) and (c) follows from (iii), (3)
and from the choice of compact sets L.

It remains to verify (d) and (e). To this end, let £ > 0. Let ko be an integer satisfying
1/ko < €, If y € C then y = y; ; for some k, j € N. Then the condition (iv) implies that
Oy, ;(Kkj) >1—¢€ifk > koand j € Norif j > ko and 1 < k < ko. Hence the set
{y € C:6,(K,) < 1-—¢} is finite.

Similarly we get from the condition (iv) that

Kk,j C U(zk'j,jik) C U(yk,,-,k%.) C U(F)

if k 2 2ko and j € Nor 1 € k < 2k and j > 2ky. This observation completes the proof
of the proposition. 0

Now we are ready for the proof of the main theorem.

PROOF: [Proof of Theorem 3.1] For the proof of the implication (i) =>(ii), suppose
that # is simplicial and Chy K is an F,-set. Thus we can write Chy K = |J,, Fn where
{F.} is an increasing sequence of compact sets. Let f be a bounded Baire—one function on
Chy K and {f,} be a sequence of continuous functions on Chy K converging pointwise
to f. We may assume that || f||, ||fx|| are bounded by a positive number M. According
to {6, Corollary 3.6), there exists a sequence {h,} of H-affine continuous functions on K
such that h, = f, on F, and ||h,]| = || fxll-
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The proof will be completed by showing that the sequence {h,} converges pointwise
to the function h(z) := 6,(f), £ € K. Notice that the definition is meaningful since
maximal measures are carried by Chy K due to (8, Lemma 27.14].

For a fixed z € K and € > 0 we find an integer ng such that / If — faldd; < €

Chy K
and 6.(F,) > 1 —e¢ for all n > ny. Then, for n > ng, we have

Ih(z)  hal2)| = ‘ [ -tas,
s/p |f—f,.|d5,_.+/K oM dé,

ng \Fno
Se+e2M,

which proves the required statement and concludes the first part of the proof.

Since the implication (ii) ==>(iii) is obvious, we proceed to the proof of (iit) = (iv).
Let H be a function space on a compact K satisfying the condition (iii). First of all we
verify that H is simplicial.

Indeed, for a given continuous #~convex function f on K we find an H-affine Baire—
one function h with A = f on Chy K. Thanks to Proposition 3.6, h > f on K. For a
given z € K, [6, Lemma 1.1] yields the existence of a measure u € M (#H) such that
u(f) = f*(z). Then

£*(8) = u(f) < (k) = h(z) .

On the other hand, let g € H satisfy g > f. Then g > hon Chy K and thus g > A

on K, which again follows from Proposition 3.6. Hence

h(z) < inf{g(z): g€ H,g > f} = f*(z) .

Thus f* = h is ‘H-affine for every H—convex continuous function f and H is a simplicial
function space.

It remains to check that T f is a Baire-one function for every f € B2(K). Thanks to
the previous paragraph, T f is a Baire—one function for any H{—convex continuous function
f. Hence T(C(K)) C B*(K) which gives that Tg is a Baire function for any bounded
Baire function ¢ on K.

If f is a bounded Baire—one function on K, let h be an H-affine Baire one function on
K with f = hon Chy K. Then h = T f on Chy K and the application of Proposition 3.6
yields that h =T f on K. Thus Tf is a Baire-one function as required.

As the implication (iv) = (iii) is obvious, the next step will be the proof of the
implication (iv) = (v). Let f be an H-convex Baire—one function on K. Due to the
condition (iv), T'f is an H-affine Baire-one function. Moreover, Tf = f on Chy K and
Tf = f on K by Proposition 3.6. Thus T'f > f
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On the other hand, given an H-affine Baire-one function A with h > f, the minimum
principle laid down in Proposition 3.6 gives that A > Tf. Thus Tf < fa.nd f=Tfis
an H-affine Baire—one function.

In order to prove (v) = (vi), let f and g be H-affine Baire-one functions. Since
h = (fV g) is an H-affine Baire—one function, h is obviously the least upper bound for
the couple f and g in A(H) N B(K). Thus A(H) N B{(K) is a lattice in its natural
ordering.

It remains to prove the implication (v) = (i) provided K is metrisable. Since
(v) => (vi), we know from Proposition 3.8 that H is a simplicial function space. We fix
on K a compatible metric p.

If we assume that Chy K is not an F,-set, let F, C and {K, : £ € C} be sets
constructed in Proposition 3.13. By setting

f:{l, on U{K. :z€C},

0, otherwise,

we get a Baire—one function on K.

Indeed, the set H := F U|J{K; : z € C} is closed according to the condition (e) of
Proposition 3.13. Thus f = xg \ xr is a Baire—one function.

It follows directly from the definition that f is an H-convex function on K. We
conclude the proof by showing that fis not a Baire—one function on F.

To this end we pick an arbitrary € € (0,1). If h € A(#H) N B, (K) satisfies h > f,
then

hz) = b62(h) > 8:(f) > 1—¢

for all but finitely many points z € C. We denote this exceptional set by C..

On the other hand, given a point z € Chy K N F, the function k, := xx\(;) is an
‘H-concave lower semicontinuous function. Thus Tk, = (k,). is a lower semicontinuous
H-affine function satisfying f < Tk, which gives 0 f (2) £ Tk,(2) = 0.

Hence we have obtained that

f=0on FNChyK and f>1-con C\C..

Since

FNChxK =FN(C\C.) =F,

the function fhas no point of continuity on F' and hence cannot be of the first Baire—class.
This concludes the proof. 0

REMARK 3.14. We note that the proof of (ii) = (i) in Theorem 3.1 for metrisable
compact sets can be substantially simplified, namely we do not need Proposition 3.13.
We briefly indicate this simplification.
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We assume that K is metrisable and the condition (ii) of Theorem 3.1 holds. It is
easy to check that H is a simplicial function space. If we assume that Chy K is not an
F,—set, we proceed as in the proof of Proposition 3.13 and find a closed set H so that
HNChy K =H\Chy K = H and H \ Chy K is countable. For every z € H\ Chy K
we find an F,-set K, C Chy K such that §,(K,) =1. Then

A:= HNChyK\| {K; : z € H\ ChyK}

is not F,-separated from H \ Chy K, that is, there is no F,-set Z C K satisfying AC Z
and ZN(H\Chy K) = 0. (Otherwise HNChy K would be an F,-set which is impossible.)
Another use of [12, Theorem 21.22] provides a compact set F C AU(H \ Chy K) so that
FNA=FN(H\ChyK)=F. Then xr is a bounded Baire-one function on K and

1, on FNChyK ,
T{xr) =
0, on F\ChyK .

Thus the function T(xr), lacking a point of continuity on F, is not of the first Baire
class. Since T(xr) is the only possible H—affine extension of xr [ Chy K, the function
xr | Chy K has no H-affine Baire—one extension on K.

REMARK 3.15. We remark that for a function space # on a metrisable compact space
K another “in-between” condition equivalent to (i) in Theorem 3.1 can be formulated.
Namely, Theorem 3.1 (i) holds if and only if for every couple f, —g of bounded Baire-one
H-convex functions with f < g there exists an H-affine Baire—one function h so that
f < h € g. (This condition is a Baire—one analogue of Edwards’ “in-between” theorem
(6, Theorem 3.2].)

We sketch the proof of the assertion. If A is a simplicial function space and Chy K is
an F,-set, Theorem 3.1 (iv) and Proposition 3.6 easily yields the validity of the condition
cited above. '

A Conversely, suppose that the “in-between” condition holds. First we have to prove
that H is simplicial. To this end, let f be an H—convex continuous function on K. If
p € Mg(H) represents z € K and € > 0, we use the generalisation of the Lebesgue
monotone convergence theorem (see [10, Theorem 12.46}) and find an #—concave contin-
uous function k such that f < k and u(f*) > u(k) — . An appeal to the “in-between”
property provides an H-affine Baire—one function h so that f < h < k. As in the proof
of Proposition 3.8 we get that h(z) > f*(z). Thus

p(f) 2 uk)—e>uh)—e=hz)—c> f*(z) - €.

As € is arbitrary, u(f*) = f*(z). Since the converse inequality is obvious, pu(f*)
= f*(z) and f* is H-affine. According to the characterisation of simplicial spaces cited
in Section 2, H is simplicial.
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To finish the proof we have to verify that Chy K is an F,—set. Assuming the contrary,
Proposition 3.13 provides sets F', C and K, z € C, with the corresponding properties.
We split C into a couple of disjoint dense sets C; and C,. By setting

1 K,:ze€(C,}, 0 K;: Ca},
;= on [J{ z € Cy} and g= on |J{ z € Cp}
0 otherwise , 1 otherwise ,

we obtain a couple of Baire—one functions (see the proof of (v) = (i) of Theorem 3.1)
such that f € g, f is H-convex and g is H—concave. Obviously, any H-affine function
h satisfying f < h < g has no point of continuity on F and thus cannot be of the first
Baire—class. This contradiction finishes the proof of the remark.

REMARK 3.16. We consider X to be Poulsen’s simplex (see [2, Chapter 3.7} for its
construction and properties). Then ext X = X and thus ext X cannot be an F,—set. We
remark that B; (%°(X)) is not a lattice in the natural ordering.

Indeed, the compact convex set constructed in Example 3.10 is affinely homeomor-
phic to a closed face F of X (see [2, Theorem 7.6]). Thus B, (2°(F)) is not a lattice in
the natural ordering. We use [14, Theorem 3.6] and find an affine retraction r of X onto
F, that is, r : X — F is an affine continuous mapping and r(z) = z for every z € F.
If f, g are affine Baire—one functions on F, the functions f or, g o r are affine Baire—one
functions on X. Assuming that B; (%°(X)) is a lattice, we can find an affine Baire—one
function h on X so that h > fV g and h is the least affine Baire—one function with this
property. It does no harm to verify that A [ F is the least affine Baire—one function on
F which is greater or equal to f V g. But this contradicts the fact that B, (A°(F)) is not
a lattice in the natural ordering.

The following example shows that the implication (vi) => (i) of Theorem 3.1 need

not hold in general. The construction is a slight modification of Example 3.10.

EXAMPLE 3.17. There exists a metrisable Choquet simplex X such that B, (%°(X)) is
a lattice in the natural ordering but ext X is not an F,—set.

PRrOOF: First of all we shall construct a function space % on a metrisable compact
space K such that:
(a) Chy K is not an F,—set;
(b) H is a simplicial function space;
(c) H=A(H); and
(d) A(H)NB(K) is a lattice in the natural ordering.

Let {g,} be an enumeration of rational numbers contained in [0,1]. We define a
subset K C R? as follows:

K = ([0,1] x {0}) U {(gn,n""), (gn,—n"") : n € N} .
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Obviously, K is a compact set in R2. Given a natural number n, for the sake of brevity
we shall write g3, ¢} and g instead of (gn,0), (gn,1/n) and (gn, —(1/n)), respectively.
The function space H will consist of all continuous functions f on K which satisfies

1 1

0N — 2 £l 2 +
(5) 1@ = ~fg)+(1-2)fla), neN.
Obviously, H contains the constant functions. In order to check that H separates points
of K we can consider the following family of functions:

h:o(xa y) = 'I - $0| y Zo € [0, 1] s

4
0, (z.y=gqs,
hq;.r(z,y):=ﬁn, (zay)——_q;.—) neN;
1, otherwise,
0, (zy)=gq;,
hq;(z’y) :=<L’ (1"1y)=q'-:.1 neN.

1, otherwise ,

Thus H is a function space.

We claim that Chy K = K \ {¢% : n € N}. Indeed, no point of the set {2 : n € N}
lies in the Choquet boundary # of K. On the other hand, functions defined above show
that for every point in K \ {¢? : n € N} there exists an H-exposing function and thus
K\{q® : n € N} = Chy K. It follows that Chy K is not an F,~set and the property (a)
is proved.

Concerning the property (b), it is enough to prove that, for every n € N, the measure
(1/n)e,- + ((n — 1)/n)e 4 is the only maximal measure 8,9 representing the point ¢3. For
n € N it immediately follows from the definition of A, that any measure representing g2
is supported by the set {¢%, g, ,q;}}. Clearly,

1 n—1
Og = o + T et
and H is simplicial.
For the proof of (c), let f be an H-affine continuous function. Since any

H-representing measure for a point g3 is supported by {g2,¢,,q7}, we get that
(6) qu‘(H)=CO{qu,5qg}, neN.

Thus f, being an H-affine function, satisfies the equalities (5) and f € H according to
the definition.

In order to check the last assertion (d), it is enough to prove that T(f V g) is a
Baire-one function for every couple f and g of H-affine Baire—one functions (see Propo-
sition 3.8). Let f and g be such functions with values in [0,1] and set h:= fVv g. We
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claim that
(7) |h(g}) — h(g9)] <
Indeed, for a fixed integer n we have

7@~ £ = |£(a) - 5(a) - (1= =) F(a)

< l-If(q?{)—f(q;)l < 2

n

for every n € N.

S|

By the same argument, I 9(gt) - )| 2/n. We need to check this inequality for the
function h. The only nontrivial case is when h(g}) = f(g) and h(q?) = g(¢®) (or vice
versa). Then

hg¥) = f(gF) = flg¥) — (@) + f(a) < flgt) - f(ad) + 9(d)

2 2
= ==+ h(q°
n+g(qn) ~+ (qn) »

and

h(gn) = g9(an) = 9(an) — 9(g¥) + 9(g}) < g(qd) — 9(g}) + f(g})
< %+f(q:) =%+h(q,.) -

Combining these inequalities together we get (7).
Applying this inequality (7) we obtain

(Th(g2) ~ had)] = | -hlar) + (1 = =) hla?) = higd)

_ I%(h(q;) ~ h(g})) + h(g?) — h(c2)
2 4

2
<E+Z==.
n n n

Hence the set
{z € K : [Th(z) - h(z)| > e} = {q?, €10,1] x {0} : |Th(g?) — h(¢®)| > e,m € N}

is finite for every ¢ > 0. By virtue of Theorem 2.1 (f) and Proposition 3.8, Th is a
Baire-one function and the space A(#) N B%(K) is a lattice in the natural ordering.

According to Proposition 3.9, X := S(H) is a compact convex set such that
ext X = ¢(Chy K) is not an F,-set and B;(2°(X)) is a lattice in the natural order-
ing. 0

The following example shows that Theorem 3.1 is not true in general if we omit
the assumption of the metrisability of the compact space K. Namely, we verify that the
simplex constructed by Talagrand in [23] satisfies the condition (ii) of Theorem 3.1 but
the set of all extreme points is not even a K-Borel set (the smallest family containing all
compact sets and closed with respect to taking countable unions and intersections).
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EXAMPLE 3.18. There exists a simplex X such that ext X is not a KX-Borel set and
every bounded Baire—one function defined on ext X can be extended to an affine Baire—
one function defined on X.

PROOF: We recall M. Talagrand’s construction from [23]. Let T := NNU {w} where
w is a point not belonging to NN. Let A be a family of sets in NN such that
1. every A € A is a closed discrete set in NN considered with the usual topol-
ogy;
2. the family A is almost disjoint, that is, A N B is at most finite for every
couple A, B € A of distinct sets.

We consider T endowed with a topology 7 that makes each point of NN open and the
neighbourhoods of w are of the form T'\ B, where B is the union of a finite set and finitely
many elements from A.

Talagrand proved that T is a completely regular space which is K s in its Stone-
Cech compactification. In particular, T is a K-analytic set, that is, it is the image of NV
under an upper semicontinuous compact-valued map (see [19, 2.1]). According to {19,
Theorem 2.7.1], T is a Lindel6f space.

Let K be the compactification of T such that closed sets in K can be identified to
the algebra £ generated by A and finite sets of NN. (The compactification K is obtained
as the closure of (T) in {0, 1}, where p(z) = {x(z)}, ., € T)

Then every set A" is clopen in K (here A% stands for the closure of A in X ) and
T \ {w} is an open subset of K. It follows from almost disjointness of A that every set
A € A determines a unique point {a4} = ax \ T and vice versa, every point z € K \ T
is of the form a4 for some A € A.

The most important step in the construction is a careful choice of the family .A which
ensures that T is not a X-Borel set in K.

For every A € A a couple of points b4, c4 € NN is chosen so that these points are all
distinct and they do not belong to any member of A. Let

o= {f € C(K): flan) = 5(f(ba) + flen), A € A}

It is easy to show that Chy K =T and H = A°(H) is a simplicial function space.

After recalling M. Talagrand’s construction we have to verify that every bounded
Baire-one function on T can be extended to an H—affine Baire—one function.

To this end we prove the following claim: Any countable set S C K\ T is a Gs-set
in K.

Given a countable set S C K\T, S = {a, : n € N}, let A,, n € N, be sets in A
such that {a,} = ax \T. Then G :=|J, A," is an open subset of K. If {z¢} is an
enumeration of | J, A, we define Gy := G\ {z,,...,zx}. Then Gy are open subsets of K
and S =, Gk. Thus S is a Gs—subset of K as desired.
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Let f be a bounded Baire-one function on T', and T f the extension of f to K defined
by saying that (T f)(aa) = (f(ba) + f(ca))/2 for A € A. We claim that Tf € B}(K).

According to Theorem 2.1 (d), we may suppose that f is the characteristic function
of aset F C T. We can also assume that w € F. Since T\F = {z € T: f(z) =0} is an
F,-set in T and T is Lindelof, T \ F is a Lindel6f space as well. As T\ F is a discrete
space, it is a countable set.

Obviously,

{zre K:Tf(z)=0}=(T\F)U{as € K\T :ba,ca €T\ F}
is a countable and thus also an F,—set. Similarly,

{:zGK:Tf(:z:)=-;—}={aAeK\T:bA€T\F,cA€F}
U{aa€e K\T:bs€ Fica€T\F}

is countable likewise. As the set
G:= {:):E K\T:Tf(z)=0}U{z e K\T:Tf(z) = %}

is a countable subset of K \ T, the italicised claim yields that G is a Gs—subset of K.
Since T\ F is an open set in K, we get that

{reK:Tf(z)=1} =K\ ((T\F)UG)

is an F,—set in K. Due to Theorem 2.1 (¢), T'f is a Baire—one function on K and we have
proved that any bounded Baire-one function on Chy K can be extended to an H-affine
Baire-one function on K.

As in the previous examples, the required compact convex set X will be the state
space S(#) of H. Then X is a simplex and ext X = ¢(Chy K) is a K—analytic set which
is not K-Borel. Let F be a bounded Baire-one function on ext X. We find an H-affine
Baire—one function g on K such that ¢ = F o ¢ on Chy K. As was mentioned in the
paragraph above Proposition 3.9, any H-affine function in a simplicial function space
is completely A°(H)-affine function. Since H = A°(H), {22, Theorem 4.3] yields the
existence of an affine Baire—one function G on X such that g = G o ¢. Then G is the
desired affine Baire—one extension of F and the proof is finished. 1]
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