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Singular values of multiple eta-quotients for ramified primes

Andreas Enge and Reinhard Schertz

ABSTRACT

We determine the conditions under which singular values of multiple n-quotients of square-free
level, not necessarily prime to six, yield class invariants; that is, algebraic numbers in ring class
fields of imaginary-quadratic number fields. We show that the singular values lie in subfields
of the ring class fields of index 2¥' =1 when k' > 2 primes dividing the level are ramified in the
imaginary-quadratic field, which leads to faster computations of elliptic curves with prescribed
complex multiplication. The result is generalised to singular values of modular functions on
X (p) for p prime and ramified.

Let K = Q(\/E) be an imaginary-quadratic number field of discriminant A, and let Op be
the order of discriminant D = ¢?A and conductor ¢ in K. For a modular function f and an
argument 7 € K C C with 7 > 0, we call the singular value f(7) a class invariant if it lies
in the ring class field §2.. This is the abelian extension of K with Galois group canonically
isomorphic to C1(Op) through the Artin map o : Cl(Op) — Gal(£2./K), which sends a prime
ideal representing an ideal class to its associated Frobenius automorphism. In this paper, we are
interested in class invariants derived from multiple n-quotients, and we examine in particular
cases where those generate a subfield of the ring class field.

In §1, we define the multiple n-quotients under consideration and collect their properties, in
particular their transformation behaviour under unimodular matrices. We then proceed in § 2 to
determine conditions under which their singular values lie in the ring class field and show
how to compute their characteristic polynomials with respect to the number field extension
Q./K using roots of an n-system, suitably normalised quadratic forms of discriminant D
representing the class group. The results of §3 are at the heart of this paper: we show that if
some or all of the primes dividing the level of the multiple n-quotient are ramified in K, then the
singular values lie in fact in a subfield L of €2, of index a power of two; more precisely, the Galois
group of Q./L is elementary abelian, so that ). is a compositum of linearly disjoint quadratic
extensions of L. An alternative proof for the special case that all primes are ramified leads
to an interesting generalisation in §4, namely to functions of prime level invariant under the
Fricke—Atkin—Lehner involution. We conclude with some class field—theoretic remarks in §5,
showing how this computationally less expensive construction of subfields of . may be
completed to obtain the full ring class field.

1. Multiple n-quotients

In this section, we define multiple 7-quotients and collect their basic properties, most of which
are either well known or readily verified.

Let n be Dedekind’s function, and consider positive integers pi, ..., pg; in later sections,
they will be distinct primes, but this restriction is not needed for the time being.

The simple n-quotient of level p; is defined by

Wy, (2) = 77(772(/219)1)’ (1.1)
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and the double n-quotient of level pyps by

DE/pnE/p) W (2) _ w,(2) 1)

Wy, po(2) = = = .
b n(z/pip2)n(z) vy, (2/p2) Wy, (2/p1)
The process may be continued inductively by letting

mpl <Pk (Z)
to ey = — ) 1.3
P1s--sPk+1 mp1 ..... o (Z/pk+1) ( )

so that W, ., is a quotient of transformed n-functions with 2F factors in the numerator and
as many in the denominator.

Let F,, denote the set of modular functions of level n whose g-expansions have coefficients
in Q(¢n)- The powers of the multiple -quotients are elements of F,, for some n, which can be
determined from the transformation behaviour of 1 under unimodular substitutions. Here and
in the following, we consider unimodular matrices M = (¢ ) € I = Sl(Z)/{£1}, normalised
such that ¢ >0, and d >0 if ¢=0. We denote by -’ the odd part and by A(-) the 2-adic
valuation of a number, so that ¢ = ¢/ 2*(9); by convention, A(0) = 0/ = 1. Let

e(M) =ab+ c(d(l —a?) —a)+3d(a—1),
e(M) = e(M) + >\( )(@® — 1),

- (e

with (o4 = €27¥/2%, Note that e(M) — &(M) is divisible by 12, since a and ¢ cannot be even
simultaneously. By [13, Theorem 1.10.1],

n(Mz) =e(M)Vecz + dn(z).
So for M € T°(N) with b= Nby we have, cf. [7, Theorem 3],

e (3 8)e(2 ) m

_ <i> (N=1)(—abo+c(d(1—a?)— ))+3(N/—1)c’(a—1)+%(/\(Nc)—/\(c))(a2—1)mN(Z)’ (1.4)
N’
where M(N¢) — A(c) equals 0 for ¢ =0, and A(IN) otherwise. With s =24/ged(24, N — 1) and
e | s, we have w§ € F(,/e)n by [4, Theorem 6].
For the double 7-quotients t,, ,, of level N =p;ps and M € T°(N) with b= Nby, we
compute

-1 -1
o a pgbo a p1b0 a b() a Nbo
mth(MZ) =€ <p1c d ) € (1720 d ) € (NC d) € <C d mphpz(z)
—(p1—1)(p2—1)(abo+c(d(1—a?)—a))—3(p} —1)(ps—1)c' (a—1
— ¢ P D e D abote(d1=a") =) =3~ D (D) (1.5)

Let s=24/ged(24, (p1 —1)(p2 — 1)) and e|s. Then tof
and (1.5).
For n-quotients of order k > 2, where N = p; ... pg, the formula generalises as follows:
mpl;mmk (MZ)
—(p1—1)...(px—1)(abo+(—1)*c(d(1—a?)—a))—3(=1)*(p) —1)...(pk—1)c' (a—1
_ C24(p1 )--(Pr—1)(abo+(—1)"c(d( )=a))=3(=1)"(p1—1)...(p —1)c’( )mph o (2). (1.6)

€ Fsje)n, cf. [7, Theorem 7]

P1,p2

If s=24/ged(24, (p1 — 1) ... (pr — 1)) and e | s, then w5 € F(s/e)n
For later reference, we also recall the transformation behaviour of v = &7 and 73 =

Vi — 1728 (see [13, §2.4.3]):
2(Mz) = ¢ My (2), 13(M2) = (—1)*PDrs(2), (vors) (M2) = ¢ (ray3) (2).  (L.7)
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Since 7 has a rational g-expansion, so does t, .. For §= (), we have n(Sz/N)=
e(S)VNzn(Nz) by [7, Theorem 3], so that
n(Vz)

n(2)

has a rational g-expansion up to a factor V/N. For k>2 and N =p; ...ps, this implies
_ (_1)k . . .

Wy, p(S2) =10, . (N2) , which has a rational g-expansion.

Denote by |y the Fricke-Atkin-Lehner involution associated to T'°(N), so that f|n(z)=
f(=N/z). The previous equation can be rewritten as

wn(Sz) = VN =VNrwy(Nz)™

\E
Wp,,..., Pk|N(z):mP1 ----- Pk(z)( 2 ) (1'8)

in particular, w,, ., is invariant under the involution for even k.

k

2. Singular values of multiple n-quotients

2.1. Class invariants

A very general result on class invariants is obtained in [12, Theorem 4]: let f be modular
for T°(N) such that f and fo S have rational g-expansions. Assume that there are A and
B such that a = AZ + ((—B ++/D)/2)Z is a proper ideal of Op, N | (B? — D)/4A and N is
coprime to the conductor c. Let 7= (—B + v/D)/2A be the basis quotient of a with 37 > 0.
Then f(7) € Q.. We use this theorem to determine when singular values of powers of multiple
n-quotients are class invariants.

THEOREM 1. Let p; < ps be primes and e an integer such that one of the following conditions
is satisfied.
(1) {p1.p2}N{2,3} =0
e(pr —1)(p2 —1)=0
e(pr —1)(p2 —1)=0
(i) p1=3,p2 =5
e(p2 —1) =0 (mod 3), and
e(p2 —1)=0 (mod 4) or 21 D.
(it}) pr =2
e(p2 —1) =0 (mod 24).
Let p1, p2 be non-inert in K and not dividing the conductor ¢, and let 7= (—B + \/5)/214 be
such that pips | C = (B* — D)/4A. Then w¢ (1) € Q.

Pp1,pP2

(mod 3) or 31D, and
(mod 8) or 21 D.

Proof. The result is well known in the case e(p; —1)(p2 —1)=0 (mod 24), cf. [6,
Theorem 3.2], since then oy ., is modular for I'%(pip2). In all other cases, p; and p, are
odd, and (1.5) becomes

— -1 —1)/4)(e(M)+abo(1—
W0y, py (M2) = (g (7D DD abo(mmml)y (o). (2.1)

Consider first the case that py, ps # 3, and let h = (y2y3) P ~V@2=D/4 . From (1.7), (2.1)
and the fact that at least one of p; — 1, po — 1 and 1 — pyp> is divisible by 3, we deduce that
h is modular for T%(p1ps), cf. [13, §2.4.3], so that h(7) € Q.. Since vo(7) € Q. for 31D and
v3(7) € Q. for 2¢ D by [12, Theorems 2 and 3], and j(7) = v2(7)3 = 3(7)? + 1728 € Q,., we
have (y9y3)®P1=D@2=1/4(7) € O, under the assumptions of the theorem, which proves the

result.
If p; = 3, the function A€ is modular for T'%(p;p2) under the conditions of the theorem, and
we conclude analogously. |
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Similar results hold for higher-order n-quotients; in fact, adding odd primes makes it easier
to satisfy the restrictions modulo 8.

THEOREM 2. For k > 3, let e be an integer and p1, . . ., px distinct primes such that one of
the following conditions is satisfied.

(i) e(pr —1)...(px — 1) =0 (mod 24).

(ii) All p; are odd and congruent to —1 modulo 3, and 3t D.
Let p1, ..., py be non-inert in K and not dividing the conductor ¢, and let T = (=B + /D) /2A
be such that N =p; ...py | C = (B* — D)/4A. Then wf, (1) € Q.

5Pk

Proof. The first case is trivial. In the second case, we use the auxiliary function h =

7(71)kmpl,wpk, which is modular for T'°(N) by (1.6), (1.7), where N = (—1)¥ (mod 3), and
we conclude as in the proof of Theorem 1. O

2.2. n-systems and reality of class polynomials

In order to compute the class polynomial H fS(X ), the characteristic polynomial of a class
invariant f(7) under the action of Cl(Op), we need to explicitly determine the conjugates of
f(7) under the Galois group Cl(Op). Classically, this is done using Shimura reciprocity. The
concept of n-systems was introduced in [12]; it encapsulates Shimura reciprocity and provides
a simple way of expressing the conjugates as singular values of the same function f in basis
quotients of suitably normalised quadratic ideals.

An n-system for Cl(Op) is defined as a set of quadratic forms [A;, B;, C;] = A; X? +
B;X +C;, C;=(B? — D)/44;, ged(Ai, B;, Ci) =1 for 1<i<h(Op), such that the ideals
a; = ((7131-2/5)/2& form a system of representatives of C1(Op) and, furthermore,

ged(4;,n)=1 and B; = B; (mod 2n).

(Here and in the following, we write Z-bases of ideals as column vectors such that the basis
quotient of its two entries is the root of the quadratic form with positive imaginary part.)
Note that if n | Cy, then n | C; for all i. For any n, an initial [A;, By, C1] with ged(A;,n) =1
is easily extended to an n-system using the algorithm of [12, Proposition 3]. It is shown in
[12, Theorem 7] that if f € F, is such that fo.S has a rational g-expansion, 7; = (—B; +
\/5) /2A; are basis quotients coming from an n-system and f(71) € ., then its algebraic
conjugates are the f(7;). More precisely, if o : C1(Op) = Gal(Q,./K) is the Artin map, then

h(Op)
ahx)= [ &-rm)®= T (X-f(n)eK[X].
tcCl(Op) i=1

This characterisation can also be used to identify pairs of complex conjugate roots of the
class polynomial whenever the latter is real. We recall that |y denotes the Fricke—Atkin—Lehner
involution such that f|ny(z) = f(—N/z).

THEOREM 3. Let N and n be integers such that N |n, let f € F,, be such that f and f o S
have rational g-expansions, and assume that there is an idealn = ((—31:\1/5)/ 2) of basis quotient
71 = (=B + VD) /2A; and cofactor Cy = (B} — D)/4A; such that C; = N and f(r) € Q...

Write 1o = A1m. Then f(To) = f(Tl)a(n) € Q..

Assume that there is a proper ideal ¢ of Op such that f|n (7o) = f(70)°®). Then HJJ;(X) €
Q[X]. More precisely, if the a; are given by an n-system [A;, B;, C;] for C1(Op) with basis
quotients T; and ~ denotes equivalence in the class group, then f(r;) and f(r;) are complex
conjugates if a;a; ~ne~!. In particular, f(;) € R if a? ~nc™ L.
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This result generalises [6, Theorem 3.4], which treats the case that f|y = f (so that ¢ = Op)
and that N =n. The latter condition is used in [6] only to ensure that f(71) € Q., which we
instead added to the hypotheses of the theorem. Once the correct assumptions are identified,
the proof itself is very similar.

Proof. The proof of [12, Theorem 7] shows that
(i) = f(ro) @) (2.2)

for all i. (Here, we need the rationality of the g-expansion of f oS, which implies that all g;
equal g = f in the notation of [12].)

Denote by k the complex conjugation, and recall that Gal(Q./Q) is isomorphic to the
generalised dihedral group Cl(Op) x (k) with ko(a)x = o(a™?t) for a € Cl(Op).

We first consider ¢ =1 and use that f(z)" = f(—z") by the rationality of the g-expansion
of f. Then

o p(TBLEVDNT (Bt VDY (2N
fr) _f< 24, ) _f< 24, )_]6(31—\/E
= fln(70) = f(10)7) by assumption.

) since C1 = N

Now let ¢ and j be such that a;a; ~ne™!. We compute

Flr) = fm)7@= D% by (2.2)
= f(m)roe ) = frp)olente = p(rp)rleen i) — p(r). D

COROLLARY 4. Under the hypotheses of Theorems 1 or 2, let N =p; ... pg, s =24/ged(24,
(p1—1)...(pr —1))), e|s and n=(s/e)N. Then there is an n-system satisfying Cy = N,
which yields the roots of the class polynomial H;pl

Moreover, the polynomial is real for even k; its complex conjugate roots may be identified
by Theorem 3 with ¢ = Op.

Proof. Since none of the prime divisors of N is inert, there is an ideal of norm N or,
equivalently, a quadratic form [A;, By, C;] with C; = N. An application of Theorem 3 using
(1.8) finishes the proof. |

For f=wj  with odd k, the class polynomial is in general defined over K. As for
simple 7-quotients in [4, Theorem 21], a particular case is easily identified in which the class
polynomial is real: if n| B, which implies that N | D and that all primes dividing N are
ramified, then —B; = B; (mod 2n), and for every ideal class a; represented by an element
[A;, Bi, C;] of the n-system, the inverse class a; is represented by the element [A;, —B;, C;].
Together with the rationality of the g-expansion of f, this implies that H ]J; is real and that
f(r;) = f(m:) if a; ~ @ ~ a; ", Tt is then enough to compute only (h(Op) + ho)/2 values f(7;),
where hg is the number of real roots of the class polynomial, which is bounded above by the
size of the 2-torsion subgroup of Cl(Op). So it is generally small, and the required number of
function evaluations boils down to essentially h(Op)/2.

We show in Corollary 8 that the condition n | By is in fact too restrictive: H {) is already real
when only one prime dividing N is ramified in K.

2.3. Examples

Let D =—-215=—5-31, for which 2, 3, 7 and 11 split and 5 ramifies. The class number of
O_915 18 14, and O_915 = Z + wZ with w = (1 + vV —215)/2
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Using the double n-quotient for the primes 7 and 11, the full exponent s equals 2, but we
may use the lower exponent e =1 by Theorem 1:
H3(X) = XM — 10X 4 42X12 — 97X 4+ 144X 10 — 147X° + 89X8 4 25X 7
—124X5 + 113X° — 23X* — 28X3 + 20X? — 5X + 1.

The triple n-quotient for 2, 3 and 7 has s =e =2, and

Hf%f; (X) = X"+ (17 +w) X" + (104 + 16w) X2 + (211 + 107w) X !
+ (=573 + 379w) X 10 + (—4197 4 737w) X? + (—10 230 + 686w) X ®
— 13247X7 4 (—9544 — 686w) X 4 (—3460 — 737w) X
+ (—194 — 379w) X* + (318 — 107w) X3 + (120 — 16w) X >
+ (18 —w)X +1.
With the ramified 5 instead of the split 7, the polynomial becomes real, but one needs the
higher exponent s =e = 3:
H‘_"%f; (X) = X" 4+22X" + 175X + 578X + 819X 1% 4 2190X? + 10 130X ®
+17295X7 + 10 130.X° + 2190.X° + 819X* + 578X° + 175X 7 + 22X + 1.
Examples for n-quotients of order 4 and 5 are given by
HY52T(X) = XM — X1 —8x 12 — 12X —7X10 —4X7 —17X° — 29X7 —17X°
—4X% —7X* —12X3 —-8X? - X +1
and
H25570 (X)) = XM - 3X13 46X 435X 480X 10 + 130X + 188X % 4- 201 X7
+ 188X°% + 130X° + 80X* + 35X°% + 6X2 —3X + 1.

3. Singular values for ramified primes

3.1. Class invariants in subfields

In this section, we show that the singular values of multiple 7-quotients lie in subfields of the
ring class field when at least two of the involved primes are ramified. We first treat the case of
double n-quotients, which is slightly more involved than k > 3.

THEOREM 5. Under the assumptions of Theorem 1, let p; # py be ramified in K. Denoting
by p; the ideal of the maximal order Oa of K above p; and by o(p;) the associated Frobenius
automorphism of Q./K, we have:

(i) o5, L, (1)7®) = (p1/ph)(1/ w5, , (7));

(it) g, ,, (1)7%2) = (p2/p))°(1/w5, ,, (7)); and

(iii) fo¢ (T)U(plpg) _ {(—1)6(11;1)(:021)/4 mIeJhm (T) jf?f]hpz
P1,P2 (_1)e(p2—1)/8 mzl’pQ (7_) ifp1 —9

In particular, if | D| & {p1p2, 4p1p2} and one of the following conditions holds:
— e is even;
— p1 and po are odd and one of them is congruent to 1 modulo 4;
— p1 =2 and py = £+1 (mod 8);
then w¢  (7) lies in the subfield of index 2 of )./K with Galois group Cl(Op)/(p1p2), and

P1,p2
H;';"”’z is the square of a polynomial in K[X] (respectively Q[X] if HE’”'” € Q[X]).
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Proof. We rely on Shimura’s reciprocity law in the formulation of [13, Theorem 5.1.2]. Since
p1 and py divide the level of wp . we cannot use it directly; instead, we apply it twice for p;
on the singular value tg (7). Recall from §1 that g is modular of level n = (s/gcd(e, 5)) p2
with s =24/gcd(24, p2 — 1); the hypotheses of Theorem 1 imply that e is sufficiently large so
that p; is coprime to the level of tv§. Since N =p;ips divides C and p; does not divide ¢ by
assumption, 7 is the basis quotient of the ideal a = ((_B+‘/E)/2) and 7/p; is the basis quotient
of ap; = ap; = ((_B;?)/Q)Z; the matrix P, = (0 pl) of determinant p; sends the former to the
latter basis. By Shimura reciprocity, we have

wg, (1)7F) = (e, o (p P ))(PiT) = (10, oSoPloS)(pl)

() ones) ()

The action of Py on /ps is given by multiplication by & € {£1}, and it is trivial on the rational
g-expansion of 1(p2z)/n(z). Thus,

P1,p2

A second application of o(p1) and using p? = (pl) and ¢2 =1 yields

05,(7)
wj, (1)7?") = = . (31)
" 012 (7105, 5, (1))

The action of o(py) is again computed by Shimura reciprocity as

i (170 = (g0 ()0

Note that from the hypotheses of Theorem 1, we have ged(pr,n)=1. Bézout’s relation

between p; and n? yields a matrix M € I’ with M = (pol pgl) (mod n), so that (%1 pol) ((1) z?l)M
1

(mod n). Then

e (P O\ _ . 10 B P\" e
mp20<0 pl)—mp2o(0 p%>oM—m oM = (p'z) b, Dy (1.4).

Plugging this into (3.1) finishes the proof of the first formula of the theorem. The second formula
is shown in the same way by exchanging the roles of p; and po, and the third one follows from
quadratic reciprocity. Under the additional restrictions on e, p; and po, it immediately follows
that toy, , (7) is invariant under o(p1p2).

The Galois automorphism o (p1p2) is non-trivial unless (p1p2) N Op is principal. This can be
checked using the genus theory of non-maximal orders, or in an elementary fashion as follows:

Write | D| = pipar with 7 > 1. Then (p1p2) N Op = ((t + vv/D)/2) Op if and only if
t* +0*D| v pipar s*p1ps + v3r
4 = 4 =DP1P2 1 )
with ¢ = sp1pa. This happens exactly for s=0,v=2,r=1, |D|=pips;or s=0,v=1, r =4,
|D| = 4p1pa. So excluding these cases, wy  lies in the subfield of (). of index 2 and of Galois

group Cl(Op)/(p1p2) over K. a

p1ip2 =

For k > 3, the values of m;h JJFI’piﬂw’pk(T)"(*”) and t,, . (7)7®) are computed in
essentially the same way as in the proof of Theorem 5, but with £ and the Legendre symbols

dropped. This simplifies the argument and leads to fewer restrictions on e and the p;.

THEOREM 6. Under the assumptions of Theorem 2, in particular k > 3, let p1, ..., pj, for
2 < k' < k be ramified in K. Denoting by p; the ideal of the maximal order Oa of K above p;
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and by o(p;) the associated Frobenius automorphism of Q./K, we have

1
e o(p:) — . ,
W5y, (T) ( m for 1 <i< k.

IfK' is odd, or [D| & {p1 ... prs,4p1 . .. piv}, thenwy, . (7) lies in the subfield of index ok —1
of Q., which has Galois group Cl(Op)/({p1p; :2<j <k'}) over K. _In particular, H, o1k g
the 2F'~th root of a polynomial in K[X] (respectively Q[X] if Hp, RORRE € Q[X)).

Proof. The action of o(p;) is computed as above and implies that the singular value is
invariant under all the o(p1p;) for 2 < j < k’. The classes of these ideals generate a subgroup
of the 2-torsion subgroup of Cl(Op). By the same argument as in the proof of Theorem 5, a
product n of several pip; is principal if and only if n=p; ... py, which can only happen for
even k', and |D| € {p1 ... pr,4p1 ... pr }. O

COROLLARY 7. Under the assumptions of Corollary 4, let k¥’ > 1 of the primes be ramified in
Op. Then oy, . (71) is a unit. For k = 2, if p; is ramified (and p3—; potentially not), then the
pP1,P2

is (p;/phy_;)"M©P)/2. Under the assumptions of Theorem 5,
eh(OD)/4.

constant coefficient of H;

pP1,:P2

is (p1/vh) For k > 3, the constant coefficient of

ngl """ Pk is +1. Under the assumptions of Theorem 6 and |D| & {p1 ...pr,4p1 ...k}, the

the constant coefficient of v/ H D

. ok’ =1 w? .
constant coefficient of Hpvm is +1.

Proof. Since a; and a;p; are always inequivalent in Cl(Op), each conjugate rof . (7;)
occurs with its inverse (possibly up to sign if k£ =2) by Theorems 5 and 6 This shows the umt

property and the results on the constant coefficients of H P12 and Hp IR . The constant

coefficient of the 2-power root has the desired property as long as pp does not lie in the subgroup
of CI(Op) generated by p1p2 respectively the p1pa, . . ., p1pxs, which holds under the additional
assumptions. O

3.2. n-systems and reality of class polynomials, again

In the setting of Theorem 5, the class polynomial is the square of a polynomial with real
coefficients, and we would like to identify the elements of an n-system leading to identical
values, thus effectively cutting down the number of function evaluations to about h(Op)/4. We
know by Theorem 5 that vy, . (7;,) =ty . (7 )?®1P2) On the other hand, the proof that an
n-system yields the algebraic conjugates of g (7, ) relies on the equation w¢  (7;,)7(F1¥2) =
s . (7i,), where 7;, is the basis quotient of a;, ~ a;, (p1p2)~! ~a;n. So a;, and a;, determine
a double root of the class polynomial.

Using also Theorem 3, we see that if a;,, a;, ~a;n, a;, ~ ai_l1 and a;, ~ ai_lln correspond
to four different elements of the n-system, that is, if they are pairwise inequivalent, then they
yield twice the same pair of complex conjugate values. If a;, ~ uZB, that is, a ~ Op, then a;,
and a;, ~a; 'n yield the same real value. If a;, ~ a;,, that is, a ~n, then again a;, yields a
real value by Theorem 3, and a;, yields the same real value.

This argumentation carries over immediately to Theorem 6: for a given a;,, the 2K =1 ideals
of the n-system that are equivalent to one of a;, (p1p2)®? ... (p1pr ) with eq, ..., e € {0,1}
lead to the same value of wy . so that the function needs to be evaluated essentially
only h(Op)/ 2K =1 times. If k is even, complex conjugate values may again be identified using
Theorem 3, and the number of function evaluations drops to about h(Op)/ oK',

Yet another factor of two may be saved by exploiting the action of o(p1). According to

Theorems 5 and 6, if a;, ~ a;,py, then rog (72) =&(1/v05 (71)) with =1 for k>3
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and €= (p1/ph)¢ for k=2. This cuts down the number of function evaluations to about
h(Op)/2¥, or even h(Op)/2¥+! when k is even and thus the class polynomial is real. In
this optimal case, the 25 +1 ideals of the n-system equivalent to alopyt ..oy with eg € {£1}
and eq,...,ep €{0,1} lead to 2K =1 times the same quadruple of two complex conjugate
values and their (possibly negative) inverses, assuming that the ideals are pairwise inequivalent,
which happens generically.

Even if only one of the primes is ramified, its explicit action gives useful information.

COROLLARY 8. Under the assumptions of Corollary 4, let k be odd and p; ramified in
Op. Then the class polynomial is real, and its complex conjugate roots may be identified by
Theorem 3 with ¢ = p;.

Proof. Let 1= A7 as in Theorem 3. By (1.8) and the action of o(p;) according to
Theorem 6 we have

_ _ (p1)
mzl,m,pklN(TO) = e (10) _m;h---,pk (70)7*). U

3.3. Examples

Consider first D = —455 = —5-7-13. To simplify the presentation, we use in the following
the notation of quadratic forms, identifying the ideal ((_B+X5)/ 2)2 with the quadratic form
[A, B, C], where C = (B? — D)/4A. Let p; =[5,5,24], p2 = [7,7,18] and 3 = [2,1,57]. Then
Cl(Op) = {p1,3) = Z/27Z x Z/10Z with 3 of order 10 and py ~ 3°.

The function tvs 7 satisfies the conditions of Theorem 5 and is of level n=235. A first
element of a 35-system with C divisible by 35 is given by a; =|[1, 35,420] ~ Op. Then
71 =-175+10.66.. .4, and z; = w5 7(7) = —6.02 . .. is real. Since (é) = —1, we have another

7
real conjugate —1/2; corresponding to p;, and the same two values reoccur for p1ps ~ p13° and

p1(p1p2) ~3°.

The not yet covered ideal 3 is equivalent to as =[2,105,1435] in the same 35-system,
yielding 75 = —26.25 + 5.33 .. .4 and 2o = w5 7(72) = 0.65 ... — 2.05 .. . i. We then obtain twice
the values 2, Z2, —1/2o and —1/%,, corresponding to the ideals 3, p13%, p13, 3%, and the second
time to p13°, 37, 35, p13°, respectively.

Finally, p132 has not occurred yet; it is equivalent to ag = [3, 175, 2590] in the 35-system with
T3 =—29.16 ...+ 3.55. .. ¢ and yields twice the conjugates z3 = tv5 7(73) =1.50 ... —0.53 ... 4,
Z3, —1/2’3 and —1/23.

Let x; =%R(z;) and n; = z;Z;, and define g; to be the polynomial with coefficients in R
the roots of which are the conjugates related to z;. Then g3 = X% — (21 — 1/21)X — 1 and
gi=X*+2z;(1/n; — 1)(X3 — X) + (n; + (1 — 423)/n;) + 1 for i € {2, 3}. Multiplying g1, g2
and g3 and rounding the resulting coefficients to integers, we obtain

H = X104+ 3X% — 12X% +32X7 — 38X6 — 17X° 4+ 38X* + 32X° + 12X2 + 3X — 1.

Note the constant coefficient —1 as predicted by Corollary 7.

As an example with more ramified primes, let us consider D = —3795=—3-5-11 - 23, which
is divisible by three, and all other prime factors of which are congruent to —1 modulo 3. Its
class group is isomorphic to Z/2Z x Z/2Z x Z/4Z. 1f we wish to use a multiple n-quotient
whose level is composed of only ramified primes, then Theorems 1 and 2 imply that we need
to add an exponent of three. By including three of the four prime factors of D, we may then
gain a factor of four in the degree. For instance, one computes

3
v H 5 = Xt — 200 596X — 511 194X% — 200 596X + 1.
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Alternatively, we may add a split prime congruent to +1 modulo 3 to the level of the 7-
quotient, which enables us to drop the exponent three. This will generally result in a smaller

polynomial:
VJH 55001 = X* — 46 X3 + 2115X2 — 46X + 1.

It should be noted that the singular values of the multiple n-quotients do not necessarily
generate the subfields indicated in Theorems 5 and 6. Using the split prime 13 instead of 19
above yields

VVHESE = X 4 92X3 + 218X % 4+ 92X + 1= (X2 +46X +1)%

apparently, the prime ideals of Op above 13 and 19 act differently on the respective n-quotient,
although they are all of order 4 in the class group.

4. Other functions on X (N) in the totally ramified case

Shimura reciprocity relates the Galois action on singular values to actions on modular functions
and their arguments. In §3, we used the precise shape of the multiple n-quotients to show
invariance results when two or more of the prime factors are ramified. We may consider in
more generality functions on X (V); that is, functions invariant under T'°(N) and the Fricke—
Atkin-Lehner involution |y. Assuming less knowledge about the function, we will make the
stronger hypothesis on the imaginary-quadratic field that all prime divisors of N are ramified
and consider the image under the Artin map of the product of all ramified prime ideals. Under
similar technical conditions as before, one can then show that the singular values lie in a
subfield of index 2 of the ring class field.

THEOREM 9. Let D be a quadratic discriminant of conductor ¢ and let N be square-free,
prime to ¢ and such that N | D and |D| & {N,4N}. Then there is a primitive quadratic form
[A1, B1, C4] of discriminant D such that C;y = N and N | By. Let n = ((7312\1/5)/2) be the ideal
of basis quotient 11 associated to this quadratic form. Then n is of order 2 in C1(Op).

Let f be a modular function for T°(N) such that f and f o S have a rational g-expansion,
and such that f|y = f. Then the singular value f(71) lies in the subfield of index 2 of 2,

with Galois group Cl(Op)/(n). The class polynomial \/ HY is real and can be computed from

an N-system in which a; and a;n yield the same root, and ai_l and a; 'n yield the complex
conjugate root.

Proof. Since all primes dividing N are not inert, there is a quadratic form with C; = N.
As N divides D and is square-free, it follows that N | B; and that all primes dividing N are
ramified. The ideal n is equivalent to the ideal of norm N; it is non-principal by the same
argument as in the proof of Theorem 5.

[12, Theorem 4], given in the beginning of §2.1, implies that f(71) € Q.. Let [A;, B;, C;] be
an IN-system, associated to the ideals a; of basis quotients 7;. The class polynomial H7j, is real
by Theorem 3; precisely, the ideals a; and a; 1 yield complex conjugate roots. Now,

-N B;++vD
f(mi) = fIn(r) = f(n) = f(2C’Z/N) = f(75);
where 7; is a root of the quadratic form [C;/N,—B;, A;N] of discriminant D. From
the N-system condition and N | By, we have N |B; and —B; = B; (mod 2N). Moreover,
ged(C; /N, N) =1, since N |B;, N|C; and N is coprime with ¢. So the form is primitive
and can be assumed to occur as an element of the N-system, associated to an ideal a; ~ a;n.
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Since n is not principal, a; and a; are not equivalent and correspond to different elements of
the N-system. ]

Applied to multiple n-quotients, Theorem 9 is weaker than Theorem 5 (which also considers
powers of t,, ,, of lower exponent e < s, for which the function is of level (s/e)N instead
of N) and Theorem 6 (which treats the case that only some primes are ramified). Its interest
lies in its application to other functions invariant under the Fricke—Atkin—Lehner involution. In
particular, the suggestion was made in [11] to consider such functions A, of prime level p and of
(conjectured) minimal degree, as are used inside the Schoof-Elkies—Atkin algorithm for point
counting on elliptic curves [2, 10]. It was observed in [11] that A7; yields an asymptotic gain in
the logarithmic height of the class polynomial, compared to the polynomial for the j-invariant,
by a factor of 36 as |D| — oo; families of functions with a conjectured asymptotic gain of at
least a factor of 30 are given in [8]. The use of ramified primes has a double advantage: not only
is the degree of the class polynomial divided by two, but also the coefficients of the polynomial
have about half as many digits.

5. Class field-theoretic remarks

The main algorithmic use of class polynomials is the computation of elliptic curves over some
finite field F with a given endomorphism ring Op. If such curves exist, the class polynomial
H }; splits completely in F[X]; for each root f, there is an elliptic curve over F with complex
multiplication by Op. To compute such a curve, one considers the modular polynomial U ;(f, j),
the minimal polynomial of f over C(j), which is in fact an element of Z[f, j] for all functions
considered in this paper. So one may reduce the polynomial to an element of F[f, j], specialise
f as f and compute all the roots j € F. For all these roots, of which there may be several, one
writes down an elliptic curve over F with j-invariant j and checks whether its endomorphism
ring is indeed Op as desired. For this application, it is clearly computationally advantageous

to compute only SN HY,.
If one wishes to obtain the full class field €., one may use the subfield L= K(z)=

K[X]/( 2 H 7(X)) (assuming that the polynomial is irreducible, which need not be the
case; see the example in §3.3), as a first step in a tower of field extensions. To this purpose,
one may factor the modular polynomial W¢(x,Y’) over L. It necessarily has an irreducible
factor of degree 2K =1 which generates §./L. In general, this polynomial factorisation step
over a number field will be more costly than switching to a different class invariant that
directly generates ().. For a few functions of low level, however, the degree d; of ¥y in j is
exactly 251 and no factorisation is needed for a discriminant for which all primes dividing N
are ramified. For k=2, a degree d; =2 is obtained if and only if (p; —1)(p2 — 1) |24 by
[7, Theorem 9], that is, for {p1,p2} € {{2,3},{2,5},{2,7},{2,13}, {3,5}, {3, 7}, {3, 13},
{5, 7}}. Conjecturally, for k > 3 we have d; = 281 if and only if (p; — 1) ... (pr — 1) | 24, that
is, for {p1,...,pr} €{{2,3,5},{2,3,7}, {2, 3,13}, {2, 5, 7} }. Computation of the polynomials
via the algorithm of [3] shows that the condition is at least sufficient, and that the smallest
function with k=4, o35 7, has d; =16 > 23. A top-down approach to obtain the class field
as a tower of field extensions, starting with a generating element of 2., is described in [5, 9].
The lucky case d; = 2%=1 can be seen as a bottom-up approach, in which, moreover, the second
stage is realised by the universal modular polynomial independently of the concrete class field
under consideration.

It may also be possible to construct the missing part of 2. classically using genus theory.

Suppose that 2k/_\l/ltl‘,é(X) is irreducible. Let H = ({p1p;:2<j <k'}), and assume that
Cl(Op) is the direct product of Cl(Op)/H and H, which happens if and only if H contains no
element that is a square in Cl(Op). Then £ is the compositum of L and the genus field of K.
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For instance, consider the first example of § 3.3, where D =—5-7-13 and L/K is generated
by \/H 5. A quick computation with Pari/GP [1] shows that L > /13, but L % /5, so that
Qe = L(V5) = L(v=17).

However, the singular values of the multiple n-quotients do not necessarily generate the
Hilbert class field of a fundamental discriminant over the genus field. For D =—-3-5-11-23

and L/K generated by {/H 321", one has L 3 /=3, v/—11, and L(v/5) = L(/—23) still has
index 2 in Q..
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