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WEAK SOLUTIONS FOR SEMI-MARTINGALES

J. PELLAUMAIL

1. Introduction. The fundamental theorem of this paper is stated in
Section 8. In this theorem, the stochastic differential equation dX =
a(X)dZ is studied when Z is a*-dominated (cf. [15]) Banach space valued
process and a is a predictable functional which is continuous for the
uniform norm.

For such an equation, the existence of a ‘“‘weak solution’ is stated;
actually, the notion of weak solution here considered is more precise
than this one introduced by Strook and Varadhan (cf. [30], [31], [23]).

Namely, this weak solution is a probability, so-called “‘rule,” defined
on (DY X Q), DH being the classical Skorohod space of all the cadlag
sample paths and @ is the initial space which Z is defined on: the mar-
ginal distribution of R on  is the given probability P on Q. This concept
of rule is defined in Section 3.

For a family of such rules a sequential compactness property is stated
in Section 4: this is a generalization of the classical Prokhoroff’ theorem.
This compactness property is fulfilled for the family {V: V = deZ}
(for all the predictable processes ¥ bounded in norm by 1): this is
stated in Section 7.

A sequence (R(n)),>o of rules is said to be convergent in rule to R if R
is a rule and

ER(f) = limnaoo ER(n)(f)

for some functions f which are defined on (D¥ X Q) and 7,-continuous
on DY (i.e., continuous for the Skorohod topology). In Section 6, this
same property is stated for 7,-continuous functions f on DH (i.e., for the
functions which are continuous for the uniform norm) for some sequences
of rules.

The fundamental step of our proof (see the proof of theorem in
Section 8) is much different from the one introduced by Strook and
Varadhan (cf. [30] or [31]) inasmuch as it does not need to solve first a
“martingale problem’’.

2. Hypotheses and notations. For the classical definitions such as
stochastic basis, adapted, cadlag, quadratic variation, etc. . . . we refer
to [15].
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Through all this paper, we consider:

a probabilized stochastic basis BY: = (@, %, P, (¥ )ier) with
1= [0, t,], t(m): = t, < 40 ; this basis is assumed to be complete and
right continuous; it will be called the initial basis

a Banach space K and a finite dimensional vector space H; the norm
on H is assumed to be associated with a scalar product denoted by
( , ); K’ will denote the topological dual of K

a complete subspace L of the vector space of the continuous linear
operators from K into H; the norm on L is such that

11k [l = (12l - [l%lx

a positive cadlag increasing process () adapted with respect to the
initial basis such that Q. = Qm)—

a K-valued cadlag process Z adapted with respect to the initial basis
B! which is dominated by Q in the following sense:

(2.1) Z is L-* dominated and K’-* dominated by Q, i.e., for every BZ-
predictable bounded process ¥ with values in L or in K’, one has:

fw Ydz, 2} < E{Qu_ fm[ I!Yslkzdos}

(2.2) the variation of the quadratic variation {Z] of Z is less than the
variation of Q, i.e., for s, t elements of T, s < ¢, one has

(Z], — 2], = Q. — Q, (P-ae.).

The following notations are in force through the paper:

E{ sup -

1<u

DH is the Skorohod space of all the H-valued cadlag functions defined
on 1’

7, (resp. 7,) is the Skorohod topology as defined in [4] (resp. the
uniform topology): these topologies are defined on DH,

2 M is the g-algebra of subsets of DY generated by the cylinders
fof e D f(s) € B)
with s < ¢t and B a borelian subset of H; let us define
DM = Do+ = D
and, for ¢t < t(m),

‘E%H_HZ = m Q@SH.

s>

BH: = (DHX Q28 Q@ ¥, (D, H® F,)icr) and this family will
be called the canonical basis (for the H-valued processes).
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GR (resp. GH, GX, GX') is the set of all the real (resp. H-valued,
L-valued, K’-valued) (uniformly) bounded functions, defined on
(D" X Q), (2 " ® F ,)-measurable and such that, for every element
w of Q, the function f ~»g(f, ) is r,-continuous on DY,

H H
G = Gt(m) .

&L (resp. &’K') is the set of all the L-valued (resp. K’-valued) pro-
cesses b, defined on the canonical basis B¥, uniformly bounded in norm
by 1 and which can be written as follows:

n—1

b= 2 giliso,scin)
i=1

where (s(2))1<i<n is an increasing family of elements of 7" and, for every
1, g; belongs to Gy»* (resp. Gy»¥').

In other words, b is an L-valued (resp. K’-valued) B”-predictable step
process such that, for every element (w,¢) of (@ X 7) the mapping
f ~b(f, w,t) is 7,-continuous (on D).

It is easily seen that &% (or &’¥’) generates the s-algebra of predict-
able sets with respect to the canonical basis BY.

3. Convergence in rule.

Definitions. R will be called a rule (on (D" X @, 9" @ %, P))if R is
a probability defined on (D X @, 2% @ %) such that, for every
element 4 of %, R(DM X 4) = P(4)

Let (R(n)).>0 be a sequence of rules: it will be said to be convergent
in rule if there exists a rule R such that, for all the elements g of GR,

ER(g) = lim, ER(n)(g)

(of course, Eg(g) denotes the mathematical expectation of g with
respect to the probability R).

Let X be an H-valued cadlag process defined on the initial basis BZ;
let us consider the rule defined by

R(B X F): = P(X~(B) N\ F)

for every element (B X F) of (9™ X %), X being considered as a
D"-valued function defined on ©: this rule will be called the rule associ-
ated with X.

LeEMMA. Let GR be the set of all the functions which belong to GR and
which are step functions in the following sense:

(1) g:= ;{gi*(f)gi**(w)

where I 1s a finite set and, for any element © of I, g;* 1is a real bounded
function defined and continuous on D™ and g ** belongs to L™ (2, ¥, P).
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Let A be a 1,-compact subset of D, Then, for every ¢ > 0 and for every
element g of GR, there exists an element g, of G R such that
Plo :supseglge(w, f) — glw, )| > ¢ = e

Proof. Let ¢ > 0 and g be an element of GR. The 7 ,-separability of D"
and the compactness of ¢ (in the polish space DY) imply (Ascoli-Arzela
theorem) that there exists a sequence (k,),>o of real functions, defined
and r,-continuous on 2, which is dense, for the uniform topology, in
the set of all the real functions, defined and 7,-continuous on ¢ . Let
us define:

Ay = {w: 3 f €A such that [g(f, ) — h,(f, @) > €}
B(n) : = (Q\A4,) N (Ni<n 41).

(B(n))a>o0 is a partition of Q; for every n > 0, let w, be an element of
B(n); let j be such that

P[Uﬂ§]B(n)] 21—e
The lemma is proved by defining
ge(fv w) L= Z lB(n)(w)g(fv wn)-
n<j

4. Sequential compactness for the convergence in rule.

THEOREM. Let (R(n)),>0 be a sequence of rules. This sequence admits a
subsequence which is convergent in rule to a rule R if, for every € > 0, there
exists a -compact subset A of D™ such that, for every integer n,

Rn)( X Q) =1 — e

Conversely, if the sequence (R(n)),>o converges in rule to R, the property
above holds.

Proof. This theorem is clearly a generalization of Prokhoroff’s theorem
(cf. [4]). Noticing that the convergence in rule implies the convergence
in distribution of the sequence (R(n) (. X ©2)),>0, the second part of the
theorem is a corollary of Prokhoroff’s theorem.

Conversely, let (R(n)),>0 be a sequence of rules such that, for every
e > 0, there exists a r,-compact subset # of D™ with

Rn)(X X Q) 21—
(for every integer 7). Let us define
R := > 27"R(n);
n>0

let #* be a separable s-algebra of subsets of % such that, for every
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integer 7, the Radon-Nikodym derivative dR(n)/dR’' is (9" @ F*)-
measurable.

Let .o be a countable algebra which generates % *.

For every element 4 of &7, let R, (n) be the positive measure defined

on (D¥, 9%) by
Rin)(4") : = R(n)(4' X 4).

The inequality R,(n) £ Re(n) implies that the sequence (R, (1)),>0 is
tight; then, for every element 4 of &/, Prokhoroff’s theorem holds (cf.
[4]) for the sequence (R, (n)),>¢. According to the countability of &7
and using the classical diagonal procedure, there exists a subsequence
(R(n(k)))r>o extracted from the sequence (R(%)),>0 such that, for every
element 4 of &7, the sequence (R((k)))r>o is weakly convergent to a
positive measure R, defined on (D¥, 2™) and such that R, (D®) =P(4).

For every element (4’, 4) of (9™ X .&/), let us define R(4’ X 4): =
R,(A"). One has

R(4" X A) S R(DH X 4) = P(4).

The function R is a positive function defined on (2" X .9/) which is
o-additive separately on 2% and on.oZ. This function admits a (unique)
extension which is an additive function defined on the algebra generated
by the “rectangles’” (4’ X A) with (4’, 4) element of (2™ X F*): let
us call R this extension.

This extension has the following two properties:

(i) R(A’ X A) £ P(A) for every element (4, 4) of (9™ X F*);

(ii) for every ¢ > 0, there exists a compact subset.#” of D™ such that

R((DM\A) X A) £ ¢

(for every element A of % *). Then, it can be proved, exactly as in 3.5
of [18] or in 8.4 of [15] that R is o-additive: that implies that R admits
a (unique) extension which is a ¢-additive function on the o-algebra
(9™ @ F*). Let us call R this extension.

For every element 4 of %, let A* be an element of % * such that 1,4«
is the orthogonal projection of 1,4, considered as an element of L2(Q, &,
P), onto L2(Q, #* P). For every element 4’ of ZH, let us define
R(A" X A) = R(4’ X A%*). Then, for every real bounded function g
defined and 7,-continuous on D™ and for every element 4 of %, one has:

Er(gls) = Ex(g14+) (by definition of R)
and
Erw(g1l4) = Egwm (g Lax).
Indeed, dR(n)/dR’ is (D™ X F*)-measurable and
Egp (149" @ F*) = 14
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Moreover
limg Erpan (g 1ax) = Er(g Lix).
These three equalities imply
Er(g1s) = limy Egpau (g 14).

Now, according to the lemma of Section 3, the subsequence (R(n(k)))i>0
converges in rule to the rule R.

5. r,~continuous functions. Let us recall that the topologies 7, and
7, have been defined in Section 2.

LemMA. Let A be an element of (2 ® #) such that, for every element

wof Q, the set A(w): = { [: (f, w) € A} isa r-compact subset of D™. Let ¢
be the function defined by:

& ([, w): = Skorohod's distance from f to 4 (w).
Then ¢ is (DM @ F ) measurable.

Proof. Throughout this proof § will denote the Skorohod’s distance,

__5 o9
_1—'—5 and ¢—1+¢

Let x be an element which does not belong to D™ and let us denote
DM = DM U {x}; 2. is the o-algebra of subsets of DY generated by
2", For every integer k, let (h;,).>¢ be the sequence of functions and

(Fy n)n>o be the associated sequence of sets defined recurrently as follows:

8

/";‘-‘(): =4

By o1 is @ measurable mapping from (2, % ) into (DM, 2.1 such that:
I pirt(w) € Fyifandonlyif { f: (f, w) © Frnl # ¢
Mg pei(w) = xifandonlyif { f: (f,w) € Fr,} = ¢

(such a measurable mapping exists according to section theorem: see, for
example, [7])

Frpp: = 4(f,0) 0 (f,w) € Frpprand 8 (f, by pp1(w)) = 1/k}.

For every element f of D™, let us define 8'( f, x): = 1. It is easily seen
that

(b/(f, 0)) L= infky,,, 8/(‘]’, hk'n(b))).
Thus ¢’ and ¢ are (2" @ % )-measurable.

THEOREM. Let ¢ be a (uniformly) bounded function, with values tn .
finite dimensional wvector space J, defined on (DH X @), (9" @ #)-
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measurable and such that, for every element w of Q, the mapping f ~>g(f, w)
1S Ty-CONLINUOUS.

1. Let A be an element of (2™ @ F) such that, for every element w of Q
H(w): = {f:(f, w) €AY} is a re-compact subset of D, Then, for every
e > 0, there exists a J-valued (D™ @ F)-measurable function g, (defined
on (DM X Q)) such that, for every element w of Q, f ~g.(f, w) is 7,-con-
tinuous and such that:

sup(ra ex 1€(f, ) — g (f, w)ll < e

2. Let (R(n)),>0 be a sequence of rules which converges in rule to the rule
R. Let us assume that, for every e > 0, there exists an element H . of
(9" @ F) such that, for all the elements  of <,

K@) =1{f:(fw) €X

1s a m-compact subset of D™, and such that, for every integer n,
Rm)(H ) z1— e

Then
lim, Egw(g) = Er(2).

Proof. 1. 1t is sufficient to consider the case in which g is a real function
such that 0 £ ¢ < 1. Let ¢ < 0 and # be such that ne =2 1 = (n — 1)e.
For every integer k with £ < #n, let us define:

AR = (o) s ke = g(fr0)} A
4B = (f,0) s ke 2 g(f, )] NH
AR)(w) : =1{[f: (fiw) € A(k)}
A'(k)(w) = {f: (f,w) € A"(k)}.
For all the elements w of Q, A(k 4+ 1)(w) and 4’ (k) (w) are r,-compact

(and r,-compact) disjoint subsets of DY,
For every integer &, let ¢, and ¢’ be the functions defined by:

¢ (f, ) : = Skorohod's distance from f to 4 (k) (w)
¢’ (f, w) : = Skorohod’s distance from f to A’ (k) (w).

These functions ¢, and ¢’ are (% ® Z™)-measurable (see the previous
lemma). Let g, be the function defined by:

gs © = SUDg<n {(k +1) A (¢kl/¢k+l)}-

It is easily seen that g, fulfills the properties of the proposition.
2. Let € > 0,4 . associated and g, as constructed in 1 above. Let

a: = supso [lg(f, @)
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We have: 1

[(Er — Ermw) (@) = 2ae + [[(Ex — Egw)(g)]
and this last quantity goes to zero when n goes to infinity (convergence
in rule).
6. A sequentially compact family.

THEOREM. Using the hypotheses and notation of Section 2, let Q' be the
positive increasing Bi-adapted process defined by Q': = aQ. Let € (Q') be
the set of all the H-valued cadlag processes such that:

(i) Xo = 0 and X is Bl-adapted.

(i1) The quadratic variation [ X] of X s such that

X)), — (X, 20/ — Q) fors < &

(ili) For every Bl-stopping time and for every H-valued (uniformly)
bounded predictable process YV, we have:

f}o,n (¥, dx )’ } = E{Q“‘,fm’u[ ”YszdQ,/( .

(iv) For every pair (u,v) of Bi-stopping times with u < v, we have:
E{sup,, | X, — Xu”2} < E{Q-"(Qn" — Q) lu<al-

Let (q;) ;>0 be an increasing sequence of positive numbers such that, for
every integer j,

])[Qﬂm)/ g 91] é 1/]2

and let (v;) ;>0 be the associated sequence of Bi-stopping times defined by
v;: =inf {t: Q/ > q,}.

E{supKu

For every pair (j, k) of integers, let (w(n,j, k)),>0 be the sequence of
Bl-stopping times defined recursively as follows:

‘LU(I,j, k) PE U
wn + 1,7,k) : =v; Ainf {12 Q) — Qu s > /R
(we remark that w(k®, j; k) = v;).
Let us define:
1o oy |
Njg © = [z] q; (2 + 8¢, )] .

For every integer m, let A, be the set of all the elements (f, m) of (D™ X Q)
for which the following two properties are fulfilled:
(i)’ for every triple of integers (n,j, k), with n > 0, 7] < m and k = m,
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and for every element t of lw(n, j, k) (w), w(n + 1,7, k) (w)], we have
1f @) —f @ j, k) @) = N

(”)l SUD (< vm () Hf(t) ” = MGm.
Let

iz T
Then, for every element X of € (Q'), one has:
Pllo: (X(w),w) €X4,/1) 21— 3en.
Moreover, there exists a T.-compact subset 4 ,, of DY such that:
Pllow:3f¢H mand (f, w) €X'} £ 3 en.
This implies (for any element X of € (Q')):
PX YA ) 21— 6e,

Proof. Let us define %: = ¥ (Q') and x2: = {(x,x). Let X be an
element of €'; let (u, v) be a pair of stopping times with # < v. Let 8 be
defined by:

B: = E{Supu<t<v HXZ - Xu||4}
According to property (iii), the following Ito formula holds (see [15}):

(a,—X,)" = QIM . Koo = Xy, dX) + [X], — [X]

}

which implies:
Z(XS_ — X, dX )

{SUPKo
Ju, 1

{([X]l— [X] ) 1[u<v]}

é 8E{ Qv—,j‘] ol (Xs— _Xu)des,} + ZE{ (Qv-—, - Qu,)21[u<v]} .

Let « > 0 and ¢ = 0; let us assume that, for every element w of €,
0, = qand Q,) — Q,/ £ «a; in such a situation, we have:

B = 8agE{supucic, (X; — X,)?} + 202
Moreover, property (iv) implies:

E{Supu<t<v (Xt - Xu)z} é E{Qv—/ (Qv—l - Qu,) 1[u<v]}
and, finally,
B < (2 + 8¢2).
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We remark that the important fact in this inequality is the fact that
B/a goes to zero when a goes to zero.

Let X be an element of % and (j, k) be a pair of integers; through this
part of the proof, this pair (7, k) is fixed; thus, let us put u(n): =
w(n,j, k).

According to the definition of w(n + 1, j, k) and the above, we have:

E{supu<icuen | X1 — Xuw [[*} = ¢,2(2 + 8¢,2)/k°
which implies

P{supui<icutnin [ X0 — Xumll > Nab = 1/k%%
Let us define the set B; ; as follows:

B, = {w: 3 n < k?such that supum<icutsn | X0 — Xum |l > Ny}
Remembering that «(k®) = v,, we have:

B,k = {w: 3 n > 0such that supue<cutn | X« = Xuw || > N}

The previous inequality implies that P(B, ;) < 1/52%k2
Through the following, X is an element (fixed) of % but the pair
(4, k) is not fixed. Let us define:

Co': = {o: Supl<vm<w)||Xl(w)” > MG}
Property (iv) implies:
E{sup <y, ”XIHQ} < E(Qun) = gn®
and
P(C,)) £ 1/m*.
Let w be an element of Q such that (X (w), ») does not belong to.#,,’;
this implies that either
w € Cyorw € Uj;so Upsm B
Thus, the probability of such an event is less than
1 1
—3 e = 3en
e + PZO gmjzkz = o€
which proves the first inequality of the theorem.
Now, let us define J¢,,. For every triple (u,j, k) of integers with
n < k3, let p(n, j, k) be a positive number such that
P(lw(n + 1,5, k) —w(n, j, k) < p(n,j, k) and
w(n, j, k) <wv;}) £ 1/52k5.
Let us define:

Bm,k: = inf p(”rjy k)
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this infimum being taken for all the pairs (%, j) with » < k% and j < m.
Let#,, be the set of all the elements f of D¥ such that
sup, || f()[] = mgy,

and, for every k = m,
wf/(am.k) é )‘m,k

where w/ (6) is defined as in 14.6 p. 110 of [4] (right modulus of con-
tinuity for the function f ).

This set.#,, is a 7,-compact subset of D¥ (see [4], Theorem 14.3). Let
us define:

Cr: = {w: vy(w) < t,} and
A;x: = {w: 3 n £ k¥such that w(n, 7, k) < v,and
(wn + 1,7, k) — w(n, j, k) (@) < pa,su}-

One has P(C,) = 1/m? (according to the definition of v;) and P(4,,) <
1/7%k?* (according to the definition of p, ;). Now, if (f, w) belongs to
# ..’ and f does not belong to ¢, one has either w € C, or

@ € Ujzm Ukzn 4

Thus, the probability of such a situation is less than
;%E ]gi;,z I;-él;; = 3en

which ends the proof of the theorem.

Remark. Let ¥V be an L-valued process, uniformly bounded in norm
by a and BZ-predictable; let X be the process defined by

J
X,::f vdz.
1

0,1]

Then, it is easily seen that X belongs to % (Q’) as defined in the
previous theorem (see properties 2.1 and 2.2).

7. Hypotheses and notations on a. Let us recall that the aim of this
paper is to prove the theorem of Section 8, i.e., to prove the existence
of a ““‘weak’ solution X of the stochastic differential equation:

dX (w) = a(X, w, t) dZ ,(w).

The hypotheses on the functional a are as follows:

1 a is an L-valued B¥-predictable process

2 for every element (f,w,t) of (D¥ X @ X T), |la(f, w, )] £ «

3 for every element (w,t) of (2 X T'), the mapping f — a(f, w, ) is
Ty-continuous.
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Let us remark that property 2) implies the following property (see
Proposition 6.4 in [15]):

4) let (w,t) be an element of (2 X 7°) and let (f,f’) be a pair of
elements of DM such that f (s) = f'(s) for s < t; then, a(f, w,t) =
a(f', w, t]: in other words a depends only on the strict past of the
function f.

Then @ can be approximated as follows:

PROPOSITION. Let a be a process fulfilling hypotheses 1, 2 and 3 above.
Let w(n, j, k) be the family of stopping times as defined in Section 6. For
every integer k > 0 and for every element ( f, w) of (D™ X Q), let us define:

fulw) © = Zf(zU(n,j, k) (€))Lt i1, wees1,5,11 (@)
n,J
and
ap(fyw, t) = a(fr(w), w,t).

Then, the sequence of processes (ay)r>o is a sequence of BM-predictable
processes, uniformly bounded by a, t,-continuous and ‘‘constant by pieces’
with respect to the first variable; moreover, this sequence converges to a in
the following sense:

(7.1) for every element (m, w, t) of (N X Q@ X 1) with t < v, (w)

linlk%oo Supf&fm/(w) “alc(fy w, t) - a(jv W, t) H} =0
where v,, and K, are defined as in Section 6 and

%m/(w): = {j (fr w) Ejm/}-

Proof. m, wand ¢ are fixed through this proof with j < m, & = m and
t < vp(w). When ( f, w) belongs to ¢, we have

for w(n,j, k) £t <wm + 1,7, k); this implies
sup, || fx () — fO) | = N

Let us define:
Sm(w): = {j : (fr ‘*’) € %m/ andf = f 1[0,0m(‘~')[}'

The boundness property above shows that .S,,(v) is a 7,-compact subset
of DM; thus, restricted to S, (), the mapping f ~a( f, w, t) is uniformly
continuous and this proves the proposition (indeed lim;,. A, . = 0 and
( fx, w) belongs to.2¢,).

8. Main theorem.

THEOREM. The hypotheses and the notation introduced in Sections 2 and
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7 are in force. Moreover, for every element (f, w,t) of (DM X Q X T), let
us define Z,(f,w): = Z(w), X,(f, w): = f(t) (camonical process) and
Qt(fr w): = Qt(w)'

Then there exists a probability R on (DB X Q, 9B @ F) such that:

(i) for every element A of %, R(D® X A) = P(4) (i.e., R is a rule as
defined in Section 3)

(ii) there exists a sequence (X"),>o of H-valued BT adapted processes such
that, if, for every integer n, R(n) is the rule associated with X™ (as defined
in Section 3), R is the limit in rule of the sequence (R(n))p>o

(iii) for the probability R, Z is L-*dominated and K’'-*dominated by Q in
the following sense: for every BI-stopping time u and for every BH-predictable
(uniformly) bounded process Y with values in L or in K’, we have:

o raeltzeda- [, i

(iv) for the probability R, we have:

ER{ Sup s<u

X, = a(X, w, $)dZ,
10,41
this integral being a stochastic integral which is well defined according to
property (iii) (see [15]).

In other words, X is a “‘weak solution” for the stochastic differential
equation dX = a(X) dZ in a sense more precise than the one introduced by
Strook and Varadhan (see [30], [31] and [23]).

In general, such a probability R is not unique.

Proof. Let (ai)r>0 be the sequence of BH-predictable processes defined
in Section 7. For every element w of Q, a;( f, w, t) is “‘constant by pieces”’
and depends only on the strict past of f; thus, there is a (unique) process
X* which is a (strong) solution of the (stochastic) differential equation

dX F = a(X* ., t)dZ,;

this process X* is H-valued, cadlag and B’-adapted.

For every integer k, let R(k) be the rule associated with X* (as defined
in Section 3). The problem is to state that (R(k));>¢ admits a sub-
sequence which converges in rule to a rule R and to verify that this rule
fulfills properties (i), (ii), (iii) and (iv).

According to its construction, X* is of the following form:

X" =deZ with supe,, - | V()] £ «;

thus X* belongs to % (Q') with (’: = «aQ (see the remark in Section 6);
then the theorem of Section 6 is in force: in particular, for every ¢ > 0,
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there exists a 7,-compact subset /", of D such that, for every integer
k>0,

PIX*)™H )] 21 — e

Now, according to the theorem in Section 4, there is a subsequence of
the sequence (R(k));>o which converges in rule to a rule R. Let us
assume that the sequence (R(k));>o itself is convergent in rule to the
rule R.

Let b be an element of &% or of K" and v be a B’-stopping time. For
every integer k, one has:

3}
If b(X, ., t)dZ,
10,2}

i

7

= ER(/C){QU— fw'v[ Hb(X)||2dQ_}'

(8.1) Emm{supm .

(by property 2.1). On the one hand, the convergence in rule of the
sequence (R(k))i>o to the rule R implies (remembering that b is a step
process and the proposition in Section 5):

lfm b(X)dZ g lé”‘ fm[ Hb(X)H%zQ},

f s Er
On the other hand, these same inequalities (8.1) and (8.2) are still valid
for every uniformly bounded, L-valued or K’-valued, BH-predictable
process b (see [15]).

Through the sequel of the proof ¢ is a positive number, v is a B’-
stopping time such that sup, Q,— < ¢, V= 10,9 and ¢ is a positive
number. Let m be an integer such that ¢, < ¢/a where ¢, is defined as
in Section 6. Let us recall that

A (@) ={[:(f,w) cXH,}.

Let b be a B®-predictable process bounded (in norm) by 2. Let us
define:

(8.3) (e, 1)+ =sup [Ib(f, @, 1)

(8.2) ER{sup <v®

this supremum being taken for f € ¢, (w) and

1/2
Aq'e’en + qu{ f Jon' (@, t)sz<w>}‘] :

Remembering that R(k)(#,') =1 — ¢, and R4 ') = 1 — ¢, in-
equalities (8.1) and (8.2) imply:

f b(X)dZ
10,41

(84) up:=

2}§u2

(8.5) ER(k){Sup <o "
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and

2
‘T Sl

(8.6) ER{supKv fm , b(X)dZ

Let g be an element of GY bounded by 1 in norm; the previous in-
equalities and the Cauchy-Schwarz inequality imply:

(8.7) ER(k)l{<gyf b(X)dZ—>} Su
and
, o A\
(8.8) Eﬂl<g f b(X)dZ>}! <u
| v )

Let us define:

81, n, k) : = ER{<g,fV [a(X) — (Ln(X)dZ_]>}'
B2 m k) = [Ex — f'lm,.fk>l‘{<g, f . an('JZ)dZ>}

BB, n k)= }':R(n-f-k){<g’fv (@0 = dntr) (X)d2>}

B4, n, k) = [Egmin — Erl{{g, X))
v, g): = ER‘{<g,fVa(X)dZ— — X',,_>; .

According to the definition of X"*+* one has:
g

E;R(n-{vk){<gv Xv— - fV Aptk (X)dz>} =0

which implies:

.
>:i B, m, k) = y(v, g).
j=

Now, we have to prove that, for every integer j,
llnvln,lc AB(JV ", k) :§ Ze

wiuch impliesytz, ¢) = 0.
Froperty (7.1) and mequality (8.5) imply
Ling, (%, 1, k) £ ¢,

Lotie samee way, property (7.1) and tnequality (87 aipdy thiat ther
t5 1nteger #° such that, for every integer £, we have:

S3, 0 k) < 2e
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Moreover, n’ being fixed, the convergence in rule implies that
limk—)m 3(27 77/’, k) = 0

(let us recall that, for n’ fixed, @, is a ‘‘step’’ process and the theorem
in Section 5 applies, # ,,’ (w) being a 7,-compact subset of DH).
At last, the convergence in rule implies

limn,k B(4y n, k) = 0

and we gety(v, g) = 0.
The set GH is dense in LH=(DH X Q, 98 @ % | R) (for the topology
o(L=, L')); thus we have

X, =f a(X)dZ R-ae.
14

which implies

X = fa(X)dZ
up to R-equivalence.

9. Comments. The notion of convergence in rule as defined in this
paper was introduced in [20]. Some analoguous notions were studied
before: See, for example, [25], [26], [27], [3], [17], etc.

The use of this notion in stochastic differential equations appears in
(20] and [21].

The notion of weak solutions for stochastic differential equations is
due to Strook and Varadhan and was studied by several authors: See,
for example, [30], (31], [12], [23], [13], [9], etc.

The fundamental steps of our proof originate from [22], except the
theorem in Section 5 which originates from [10]. Our proof is new inas-
much as it does not need to solve first a ‘‘martingale problem’’.
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