ON THE CRITERION OF STASHEFF

C. S. HOO

1. Introduction. In (9), Stasheff showed that a loop space X is homotopy-
commutative if and only if the map eV: ZQX V ZQX — X may be extended to
QX X ZQX, where V is the folding map and e: ZQX — X is the map whose
adjoint is the identity map of @X. In (5), Ganea, Hilton, and Peterson showed
that this criterion does not dualize. Our aim in this paper is to give a reformula-
tion of Stasheff’s criterion, which is equivalent to it, but in a form which does
dualize. In the course of the paper, we shall discuss why Stasheff’s criterion, in
its original form, does not dualize. In (5), the authors have, of course, given an
explicit counterexample to the dual of Stasheff’s criterion in its original form.

We work in the category of spaces with base point and having the homotopy
type of countable CW-complexes. All maps and homotopies are with respect to
base points. For simplicity, we shall frequently use the same symbol for a map
and its homotopy class. Given spaces X and Y, we denote the set of homotopy
classes of maps from X to ¥ by [X, Y]. We also have an isomorphism

: [2X, V] - [X, QY]

taking each map to its adjoint. For any space X, the maps e: 20X — X,
e’: X — QZX shall be those given by 7(e) = lox, ¢ = 7(1zx).

2. Before stating our results, we shall recall some homotopy operations
which we shall be using. In (1), Arkowitz defined a generalized Whitehead
product [, ]: [Z4, X] X [2B, X] — [Z(4 A B), X]. Dually, he also defined a
product, called the dual product, [, ]: [X, Q4] X [X, @B] — [X, @(4 b B)],
where 4 b B is the flat product. Now, suppose that X is an H-space. Then in
(2), Arkowitz defined a generalized Samelson product

(2[4, X]I X [B,X]—[4 A B, X].
Dually, if X is an H’-space, in (3) he defined a flat product
(, )V [X, Al X [X, B] = [X, 4 b B].

These operations are related in the following way: If « is an element of [Z4, X]
and B is an element of [EB, X], then 7(r"1(a), 771(8)) = [a, 8]".
We now state our results.

THEOREM 1. QX s homotopy-commutative if and only if [e, e] = 0, where
e: 20X — X.
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THEOREM 2. ZX is homotopy-commutative if and only if [¢/, '] = 0, where
e: X - QzX.

The proofs of these theorems are exact duals, and we shall give the proofs
informally. We consider Theorem 1. We have the element (lgx, lox) of
[QX A QX, Q@X]. Let ¢: 2X X QX — QX A QX be the projection. Then
¢! (lax, lox) = [c], where ¢: X X QX — QX is the basic commutator. Since ¢
is a monomorphism (see 2), it follows that X is homotopy-commutative if and
only if (loy, lox) = 0. Since (lox, lox) = (r(e), 7(e)) = 7le, €], and since 7 is
an isomorphism, this proves Theorem 1. The proof of Theorem 2 is exactly dual.

We now show that Theorem 1 is equivalent to Stasheff’s criterion. Let
11, 19: 2QX — QX V ZQX be the inclusions in the first and second coordi-
nates, respectively. Then we have an element [¢1, 72] of

[Z(2X A 9X), 20X V Z0X].

It is easily seen that [e, e] = (V (e V e)4[i1, 22]) = (eV)4[¢1, 7). Let k represent
[¢1, 72]. We can consider k to be a co-fibration, if necessary, by replacing the
situation by a homotopically equivalent situation, using standard constructions
of homotopy theory. The co-fibre is then the space

(ZQX V Z0X) U CZ(2X A X).
k

The exact sequence of the co-fibration & now shows that [e, ¢] = 0 if and only
if eV extends to
(ZQX V 20X) U CZ(2X A 0X).
k

Since this last space is homotopically equivalent to ZQX X Q=X (see 1,
Corollary 4.3), we have established the equivalence between Theorem 1 and
Stasheff’s criterion.

Let us now discuss Theorem 2 briefly. Let 7y, m9: QZX X Q22X — Q=X be
the projections. Then we have that

[e,e] = ((¢ X &)A) [y, m] = (Ae)[mry, ma].

Let % represent [ry, w2]. Making it a fibration using standard constructions,
we have as fibre the space

(92X X Q=X) N PQ(EX b 3X),
k1

where, if f: X — ¥ is a map, then
X N PY = {(x,1) € X X Y such that f(x) = 1(0), [(1) = #.
s

Then, of course, the exact sequence of the fibration now tells us that
¢/, €] = 0 if and only if A¢’ can be compressed into

(2ZX X Q2X) N PQEX b =X).
k1
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However, we do not know whether or not this last space is homotopically
equivalent to QZX V Q2X. The counterexample given in (6) would indicate
that this would not be true in general. We hope that our discussion has provided
some insight into the problem.

It is now fairly easy to see how the above theorems may be generalized. In
fact, let us make some conventions about our homotopy operations. Let us
write [og, o,y .« . ., a,] for [[ay, as, . . ., ay_1], @,] whenever these operations are
defined, and write [a] = «. Similarly for the other operations. Given a sequence
of spaces {X;}%7_1, let us define

n n—1 n n
A\ Xi=< A Xi>/\Xn and Qn:I_IX'i'_> N X
i=1 i=1 i=1 i=1

by ¢, = ¢(g.—1 X 1), where ¢ is the projection of a cartesian product of two
spaces onto its smashed product. Then, according to (4, Lemma 4.1),

q,f:[ A X,G) —>[ I1 Xi,G}
i=1 | i=1
is a monomorphism for any H-space G. Dually, we define

n n—1 n n—1
i=1 i=1 i=1 =1

Let 2: A b B— A V B by the inclusion for general spaces A, B. Then we
define

: b X;— V X,
=1 =1

by 2, = (4,_1 V 1)i. According to (3, Proposition 5.1),

oo ix] =[x @ %)
i=1 i=1

is a monomorphism if X is an H’-space and the X; are l-connected. Let
A: X — II"_, X, be the generalized diagonal map, and V: V7i_1 X — X the
generalized folding map. For each # = 1, and each j such that 1 < j = #, let
1;: 2QX — V5-12QX be the inclusion in the jth copy. Then, if e: ZQX — X is

our usual map, it is easily checked that [e, e, ..., e] = (eV)4[t1, %o, . . . , T).
Now, rle,e,...,e]l = (lox, . .., lox)and ¢/ (lox, - . ., lax) = ¢4, the commu-
tator of weight # of @X. Putting the facts together, we have the following
generalization.

THEOREM 3. Let e: 2QX — X be such that v(e) = lox. Then the following
statements are equivalent:

(a) nil QX < n;

(b) the (n + 1)-fold generalized Whitehead product [e, e, . ..,e] = 0;

(c) eV: V*IiZ0X — X extends to

n+1 n+1
( \Y% EQX> U CE( AN QX).
=1 [i1 in+1] i=1

.....
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Dually, we have the following theorem.

THEOREM 4. Let X be O-connected, and let €': X — QZX. Then the following
statements are equivalent:

(a) conil ZX = #n;

(b) the (n + 1)-fold generalized dual product [¢', ¢, ..., = 0;

(c) Ae': X — II"T1Q2X can be compressed into

(li]1 92X> N Psz(";l zx),

i=1 [w,eeey Tn+1]7 i=1
where m ;2 IITIQSX — QX is the projection onto the jth coordinate.

We now consider how we may reformulate (9, Theorem 1.9). Let (X, ¢, u)
be an H-space. We assume that H-spaces are homotopy associative, have right
homotopy units and right homotopy inverses, that is, they are G-spaces in the
terminology of (7). From the multiplication ¢: X X X — X, the Hopf con-
struction (see, for example, 8 for definition) yields a map

J($): Z(X A X) — ZX.
Consider the co-fibration

TX AX) —j(—¢)—+ EX—Z> X L(J) CZ(X N X).
J (o
Let us write P (¢) for the co-fibre. Then (9, Theorem 1.9) states that (X, ¢, u)
is homotopy-commutative if and only if IV: ZX V ZX — P(¢) extends to
X X ZX. We shall show how this may be proved in terms of the generalized
Whitehead product. Let ¢y, 7:: X — ZX V ZX be the inclusions in the
appropriate coordinates. Then, as above, wesee that [V extends to ZX X =X
if and only if (IV)4[21, 7s] = 0. In order to see how the dual can be formulated,
we observe, of course, that the extension is to the space

(X V IX) U CZ(X A X).

[i1,142]

We now observe that (IV)s[ir, is] = (V (I V 1))glis, is] = [1, I]. Now,
[, 1] = (), 7(D))-
Let g: X X X — X A X be the projection. Then
@), 7)) = crDm X r(Dme)A = ¢(z (1) X 7(1)),

where ¢ is the basic commutator of the loop space QP (¢), 71, m2: X X X —» X
are the projections, and A is the diagonal map. Let us denote the basic commu-
tator of (X, ¢, u) by ¢ also. Since 7(I) is an H-map, as can be easily proved
(cf. also 9, Proposition 3.5), we have that ¢c(r(I) X 7(I)) >~ 7(l)c. Since ¢* is a
monomorphism and 7 is an isomorphism, it follows that [V extends to X X ZX
if and only if [/, I] = 0, and this last statement holds if and only if 7()c = 0.
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Since by (9, Lemma 4.2) there exists a map v: QP (¢) — X such thatovr () >~ 14,
we clearly have that [V extends to ZX X ZX if and only if [[,/] = 0, and this is
true if and only if ¢ = 0. This proves (9, Theorem 1.9) and also yields the
following reformulation which is equivalent to it.

THEOREM 5. Let (X, ¢, u) be an H-space. Then (X, ¢,u) is homotopy-
commutative if and only if [, 1] = 0, where I: ZX — P (¢) s the inclusion.

We remark, of course, that in order to use Stasheff’s result of the existence of
a map v: 2P (¢) — X such that v7(I) >~ 1y, it is necessary that right translation
in our H-spaces be a homotopy equivalence. This is always true under our
assumptions.

Using the methods above, we can generalize Theorem 5 to the following
theorem.

TureoreM 6. Let (X, ¢, u) be an H-space. Let . ZX — P(¢) be the inclusion.
Then the following statements are equivalent:

(a) nil(X, ¢, u) = n;

(b) the (n + 1)-fold generalized Whitehead product [I,1,...,1] = 0;

(c) IV: V'TIZX — P(¢) extends to

n+1 n+l
V EX) U CE< N X>,
i=1 [ in+1] i=1

where 1;: EX — V112X is the embedding in the jih coordinate.

Dually, let (X, ¢’, v') be an H'-space. From the co-multiplication
¢ X—->XVX,

the co-Hopf construction yields a map H(¢'): X — (X b X). We consider
the fibration

v H(¢")

QX N POXbHX)— QX —5 QX b X).
")
Let us write P(¢’) for the fibre. Then we can easily show that the dual product
[/,I'Y = 0if and only if Al': P(¢') — QX X QX can be compressed into
QX X 2X) N PoXbhX),

[r1,m2]”
where 71, m2: QX X @X — QX are the projections onto the coordinates. It is
easily shown that 71(/'): ZP(¢’) — X is an H'-map; see (5, Proposition 3.1).
However, we do not know whether or not 7—1(’) has a right homotopy inverse.
Because of this lack of knowledge, the methods above give us only the following
result. The converse would hold if such a right homotopy inverse exists.

TueEoREM 7. Let (X, ¢, u’) be an H'-space. Let I': P(¢') — QX be the
projection. If (X, ¢', u') is homotopy commutative, then [I',1') = 0, or equiva-
lently, Al': P(¢') — QX X QX can be compressed into

(X X 9X) N PQX b X).

[ry,m0]’

https://doi.org/10.4153/CJM-1969-024-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1969-024-6

CRITERION OF STASHEFF 255

More generally, if X is O-connected, and if conil(X, ¢', u’') =< n, then the (n + 1)-
fold dual product [I', ', ..., '] = 0, or equivalenily, the map

n+l
Al: P(¢) — I ox

i=1

can be compressed into

n+1 n+1
<I] 9X> N PSZ( b X>,
i=1 1,00, mp41]7 i=1

where = ;: IINE1QX — QX is the projection onto the jth coordinate.
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