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APPROXIMATION OF SMOOTH MAPS
BY REAL ALGEBRAIC MORPHISMS

WOJCIECH KUCHARZ AND KAMIL RUSEK

ABSTRACT. Let GpÒq(F) be the Grassmann space of all q-dimensional F-vector sub-
spaces of Fp, where F stands for R, C or H (the quaternions). Here GpÒq(F) is regarded
as a real algebraic variety. The paper investigates which C1 maps from a nonsingular
real algebraic variety X into GpÒq(F) can be approximated, in the C1 compact-open
topology, by real algebraic morphisms.

1. Introduction and results. Let us recall that the term affine real algebraic va-
riety designates a locally ringed space isomorphic to an algebraic set in Rn, for some
n, endowed with the Zariski topology and the sheaf of R-valued regular functions [2,
Section 3.2]. Real algebraic varieties (not necessarily affine) are defined in the usual way
[2]. It is well known that every Zariski locally closed subvariety of the real projective
spacePn(R) is actually affine [2, Theorem 3.4.4, Proposition 3.2.10]. Real algebraic mor-
phisms are called regular maps. Important examples of affine real algebraic varieties are
Grassmannians. More precisely, let GpÒq(F) be the Grassmann space of all q-dimensional
F-vector subspaces of Fp, where F stands for R, C, or H (H denotes the quaternions). As
in [2, Sections 3.4, 13.3], we regard GpÒq(F) as an affine real algebraic variety.

Every real algebraic variety can be equipped with the topology determined by the
usual metric topology on R. Unless explicitly stated otherwise, all topological terms
related to real algebraic varieties will refer to this topology.

Let X be an affine real algebraic variety. An algebraic F-vector bundle ò on X is called
strongly algebraic if ò is algebraically isomorphic to an algebraic F-vector subbundle
of the trivial F-vector bundle with total space X ð Fp for some p (cf. [1] or [2, Sections
12.1, 12.6, 13.3] for equivalent definitions). The universal F-vector bundle çpÒq(F) on
GpÒq(F) is strongly algebraic [2]. Every strongly algebraic F-vector bundle of rank q on X
is algebraically isomorphic to the pullback F-vector bundle f ŁçpÒq(F) for some p ½ q and
some regular map f : X ! GpÒq(F) [2, Theorem 12.1.7]. A topological F-vector bundle on
X is said to admit an algebraic structure if it is topologically isomorphic to a strongly
algebraic F-vector bundle (cf. [3]).

Given two real algebraic varieties X and Y, we let R (XÒY) denote the set of all regular
maps from X into Y. If X and Y are nonsingular, which will always be the case in this
paper, we regard R (XÒY) as a subset of the space C1(XÒY) of all C1 maps from X
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into Y; the latter space is equipped with the C1 compact-open topology (the weak C1

topology in the terminology used in [5]).

Let us set d(F) = dimR F. The aim of this paper is to prove the following.

THEOREM 1.1. Let X be a nonsingular affine real algebraic variety and let f : X !
GpÒq(F) be a C1 map with p Ù q ½ 1. If

dim X �
�
p + 1 � min(qÒ p � q)

�
d(F)Ò

then the following conditions are equivalent:

(a) f belongs to the closure of R
�
XÒ GpÒq(F)

�
in C1

�
XÒ GpÒq(F)

�
;

(b) f is homotopic to a regular map from X into GpÒq(F);
(c) f ŁçpÒq(F) admits an algebraic structure.

We do not know if any assumption which puts constraints on dim X, p, and q is
necessary. No such assumption is needed if X is compact [2, Theorem 13.3.1]. Further-
more, no such assumption is required for the equivalence of conditions (a) and (b) [6].
Condition (c) is of interest since in many cases it can be directly verified, while there is
no reasonable way of explicitly verifying either (a) or (b).

Theorem 1.1 implies immediately the following.

COROLLARY 1.2. Let X be a nonsingular affine real algebraic variety and let f : X !
GpÒq(F) be a C1 map with p Ù q ½ 1. If dim X � 2d(F), then the following conditions
are equivalent:

(a) f belongs to the closure of R
�
XÒ GpÒq(F)

�
in C1

�
XÒ GpÒq(F)

�
;

(b) f is homotopic to a regular map from X into GpÒq(F);
(c) f ŁçpÒq(F) admits an algebraic structure.

Let us observe that if either dim X Ú d(F) or dim X = d(F) and X has no compact
connected component, then every topological F-vector bundle of constant rank on X is
trivial, and hence Corollary 1.2 implies that R

�
XÒ GpÒq(F)

�
is dense in C1

�
XÒ GpÒq(F)

�
for all p Ù q ½ 1.

We shall now specialize to dim X = 1 and F = R.

COROLLARY 1.3. If X is a nonsingular affine real algebraic variety with dim X = 1,
then R

�
XÒ GpÒq(R)

�
is dense in C1

�
XÒ GpÒq(R)

�
for all p Ù q ½ 1.

PROOF. By Theorem 1.1, it suffices to show that every topological R-vector bundle
ò of constant rank on X admits an algebraic structure. We may assume that X is a Zariski
open and dense subset of a compact nonsingular affine real algebraic variety X̃. Since
dim X̃ = 1, there exists a topological R-vector bundle ò̃ on X̃ whose restriction to X is
isomorphic to ò. By [2, Theorem 12.5.1], ò̃ admits an algebraic structure, and hence so
does ò.
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458 W. KUCHARZ AND K. RUSEK

REMARK 1.4. Denote by Sd the unit sphere in Rd+1,

Sd = f(x0Ò    Ò xd) 2 Rd+1 j x2
0 + Ð Ð Ð + x2

d = 1g

It is well known that G2Ò1(F) and Sd(F) are isomorphic as real algebraic varieties, and that
ç2Ò1(F) corresponds to the Hopf F-line bundle on Sd(F). In particular, Theorem 1.1 and
Corollary 1.2 yield the obvious results on maps with values in S1, S2 and S4.

One easily sees that every topological R-line bundle on S1 ð R (up to isomorphism
there is only one such R-line bundle) admits an algebraic structure. Hence, in view of
Corollary 1.2, R (S1 ð RÒ S1) is dense in C1(S1 ð RÒ S1).

On the other hand, R (XÒ S1) is not dense in C1(XÒ S1), where X = R2 n f0g. Indeed,
the C1 function f : X ! S1, defined by f (x1Ò x2) = (1Û

q
x2

1 + x2
2)(x1Ò x2) for all (x1Ò x2) in

X, does not belong to the closure of R (XÒ S1) in C1(XÒ S1) (cf. [6, Remark 1.5]).

The paper was prepared during the second author’s nine-month stay at the Department
of Mathematics and Statistics of the University of New Mexico in Albuquerque. He
wishes to thank the Department of Mathematics and Statistics for the invitation and the
warm hospitality.

2. Proof of Theorem 1.1. It is known that (a) and (b) are equivalent [6], while (b)
obviously implies (c). Thus it remains to prove that (c) implies (a). Since GpÒq(F) and
GpÒp�q(F) are isomorphic as real algebraic varieties, we may assume, and do so below,
that q � p � q.

Suppose that (c) holds, that is, there exists a strongly algebraic F-vector bundle ò and
a topological isomorphismß: ò ! f ŁçpÒq(F). Since f is of class C1, we may assume that
ß is also of class C1 [5, p. 101, Theorem 3.5]. Denote by ¢ the trivial F-vector bundle
on X with total space X ð Fp; thus ¢x = fxg ð Fp is the fiber of ¢ at x in X. The image
f (x) is a q-dimensional F-vector subspace of Fp and the fiber

�
f ŁçpÒq(F)

�
x

of f ŁçpÒq(F) at
x satisfies �

f ŁçpÒq(F)
�

x
= fxg ð f (x) � fxg ð Fp = ¢x

It follows that õ: X ! Hom(òÒ ¢), defined by

õ(x)(e) = ß(e)

for all x in X and all e in the fiber òx of ò at x, is a C1 section. Obviously, the F-linear
transformation õ(x): òx ! ¢x is injective for every x in X. Let N be a neighborhood of õ
in the C1 compact-open topology on the space of all global C1 sections of Hom(òÒ ¢).

ASSERTION. There exists a regular section s: X ! Hom(òÒ ¢) such that s belongs to
N . Furthermore, if dim X ½ 2, then s can be chosen in such a way that the F-linear
transformation s(x): òx ! ¢x is injective for every x in X.

Suppose for a moment that the assertion is proved. Let

D(s) = fx 2 X j s(x) is not injectiveg
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and define g: X n D(s) ! GpÒq(F) by

g(x) = ö
�
s(x)(òx)

�

for x in X nD(s), where ö: XðFp ! Fp is the canonical projection (g is well defined, s(x)
being injective for all x in X n D(s)). Clearly, D(s) is a Zariski closed subset of X. Since
ò is strongly algebraic and s is regular, it follows that g is a regular map on X n D(s) (cf.
[2, Proposition 3.4.9 and Theorem 12.1.7]). If dim X ½ 2, then D(s) is empty and hence
g is defined on X. If dim X � 1, then g can be extended to a regular map on X, which we,
abusing notation, also denote by g (indeed, existence of such an extension is obvious for
dim X = 0, while for dim X = 1 it follows from the fact that GpÒq(F) is a projective real
algebraic variety). Thus we have a regular map g: X ! GpÒq(F) defined for dim X ½ 0.
Obviously, g is arbitrarily close to f in the C1 compact-open topology, provided that N
is a sufficiently small neighborhood of õ. Hence the assertion implies (a).

Now we proceed to proving the Assertion. We begin with the observation that there
exists a regular section s: X ! Hom(òÒ ¢) that belongs to N . The argument is straightfor-
ward. Since Hom(òÒ ¢) is a strongly algebraic F-vector bundle (cf. [2, Proposition 12.1.8]),
there exists a strongly algebraic F-vector bundle ë on X such that the F-vector bundle
ê = Hom(òÒ ¢) ý ë is algebraically isomorphic to a trivial F-vector bundle on X (cf.
[2, Theorem 12.1.7]). It therefore follows from the classical Weierstrass approxima-
tion theorem that there exists a regular section t: X ! ê, arbitrarily close in the C1

compact-open topology to the C1 section õë: X ! ê defined by õë(x) =
�
õ(x)Ò 0

�
for

all x in X. If t is sufficiently close to õë, then the regular section s = ô Ž t belongs to
N , where ô: ê ! Hom(òÒ ¢) is the canonical projection. This completes the proof of the
observation.

In particular, the observation implies the Assertion for dim X � 1. Henceforth we
assume dim X ½ 2. Some extra care is now necessary because for a regular section
s: X ! Hom(òÒ ¢), selected at random in N , the F-linear transformation s(x): òx ! ¢x

need not be injective for every x in X. There is no difficulty if X is compact, since then
every regular section s sufficiently close to õ satisfies the injectivity condition; recall that
õ(x) is injective for all x in X. Therefore we also assume that X is not compact.

Now we prove the Assertion (with X noncompact and dim X ½ 2) in six steps.

STEP 1. We show that there exist a compact nonsingular affine real algebraic variety
X̃ and a strongly algebraic F-vector bundle ò̃ on X̃ such that X is a Zariski open and dense
subset of X̃, the algebraic subvariety X̃ n X of X̃ is a divisor with normal crossings, and
ò is algebraically isomorphic to the restriction ò̃jX of ò̃ to X.

Since ò is a strongly algebraic F-vector bundle, we can find a positive integer n and
a regular map h: X ! GnÒq(F) such that hŁçnÒq(F) is algebraically isomorphic to ò. We
may assume that X is a Zariski locally closed subvariety of the k-dimensional projective
space Pk(R) for some positive integer k. Let X̄ be the Zariski closure of X in Pk(R). Let us
also recall that GnÒq(F) is a projective real algebraic variety. Considering h as a rational
map of X̄ into GnÒq(F) and applying Hironaka’s theorems on resolution of singularities
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and resolution of points of indeterminacy [4], we obtain X̃ having the desired properties
and a regular map h̃: X̃ ! GnÒq(F) that is an extension of h. Setting ò̃ = h̃ŁçnÒq(F) we
complete the proof of Step 1.

STEP 2. Denote by ¢̃ the trivial F-vector bundle on X̃ with total space X̃ðFp. Identify
¢ with ¢̃jX and ò with ò̃jX. Let K be a compact subset of X and let ï: X̃ ! R be a C1

function such that ï = 1 in a neighborhood of K in X and ï = 0 in a neighborhood of
X̃ n X in X̃. Then õ̃: X̃ ! Hom(ò̃Ò ¢̃), defined by

õ̃(x) =
(
ï(x)õ(x) for x 2 X
0 for x 2 X̃ n X

Ò

is a C1 section satisfying õ̃ = õ in a neighborhood of K in X. In particular, õ̃(x): ò̃x ! ¢̃x

is injective for all x in K. If the compact K is sufficiently large, then K contains all the
compact connected components of X and there exists a neighborhood Ñ of õ̃ in the C1

compact-open topology on the space of all global C1 sections of Hom(ò̃Ò ¢̃) such that
for every section ú in Ñ , the restriction újX belongs to N . Select K and Ñ with these
properties so that, in addition, each connected component of X̃ nK contains a connected
component of X̃ n X and every C1 section v: X̃ ! Hom(ò̃Ò ¢̃), with vjK = ujK for some
section u in Ñ , is also in Ñ .

STEP 3. Let H be the total space of Hom(ò̃Ò ¢̃). Every element of H is an F-linear
transformation from ò̃x into ¢̃x for some x in X̃. Given an integer r satisfying 0 � r � q,
set

Hr = f‡ 2 H j rank ‡ = rg

It is well known that Hr is a C1 submanifold of H of (real) codimension (p�r)(q�r)d(F).
Since q � p � q, we have dim X̃ � (p � q + 1)d(F), and hence

dim X̃ Ú codim Hr for 0 � r � q � 2Ò

dim X̃ � codim Hq�1

Set

HŁ =
q�1[
r=0

Hr

By a standard transversality result (cf. [5, p. 83, Exercise 13]), there exists a C1 section
ã: X̃ ! Hom(ò̃Ò ¢̃), arbitrarily close to õ̃ in the C1 compact-open topology, such that ã
is transverse to Hr for 0 � r � q. Obviously,

ã�1(HŁ) = ã�1(Hq�1)

and this set is finite (possibly empty). Note that HŁ is a closed subset of H and õ̃�1(HŁ) �
X̃ n K. We may therefore assume that ã is chosen sufficiently close to õ̃ so that

ã 2 Ñ and ã�1(HŁ) � X̃ n K
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Recall that each connected component of X̃nK contains a connected component of the
hypersurface X̃ nX. Since ã�1(HŁ) is a finite set contained in X̃ nK and dim(X̃ nX) ½ 1,
it follows from [5, p. 181, Theorem 1.7] that there exists a C1 diffeotopy ít: X̃ ! X̃,
t 2 [0Ò 1], such that í0 is the identity map of X̃, ít(x) = x for x in a neighborhood of K
and all t in [0Ò 1], and í1

�
ã�1(HŁ)

�
� X̃ n X. Set † = í�1

1 and consider the C1 section

†Łã: X̃ ! †Ł Hom(ò̃Ò ¢̃)

The total space of †Ł Hom(ò̃Ò ¢̃) is

†ŁH = f(xÒ ‡) 2 X̃ ð H j †(x) = pr(‡)gÒ

where pr: H ! X̃ is the projection of the bundle Hom(ò̃Ò ¢̃), and

(†Łã)(x) =
�

xÒ ã
�
†(x)

��
for x in X̃

Since í�1
t is a diffeotopy and † = í�1

1 , there exists an isomorphism

ñ:†Ł Hom(ò̃Ò ¢̃) ! Hom(ò̃Ò ¢̃)

such that ñ(xÒ ‡) = ‡ for all (xÒ ‡) in (†ŁH)\ (KðH) (cf. the proof of Theorem 2.4, p. 97
in [5]). Set

å = ñ Ž (†Łã)(1)

Note that å: X̃ ! Hom(ò̃Ò ¢̃) is a C1 section satisfying åjK = ãjK, and hence

å 2 Ñ(2)

(recall that ã is in Ñ and see Step 2). Furthermore, by construction,

å�1(HŁ) = †�1
�
ã�1(HŁ)

�
� X̃ n X(3)

It is convenient to observe that ã in the above construction can be chosen to be real
analytic. Indeed, by a standard transversality result (cf. [5, p. 84, Exercise 15]), every
global C1 section of Hom(ò̃Ò ¢̃) sufficiently close to ã is transverse to Hr for 0 � r � q,
and hence ã can be replaced by such a section. Since ã can be approximated by regular
sections (cf. the beginning of the proof of the Assertion), we may assume that ã itself is
a regular, thus a real analytic, section.

The next step is a general remark.

STEP 4. Let B = fy 2 Rd j kyk � 1g, where k � k stands for the Euclidean norm
on Rd. Denote by M(m ð nÒ R) the space of all m ð n real matrices. Given a C1 map
F: B ! M(mðnÒ R), where n � m, and a point y in B, we may regard F(y) as an R-linear
transformation from Rn into Rm. Set

D(F) = fy 2 B j F(y) is not injectiveg
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Obviously, if F#(y) is the sum of squares of all the n ð n minors of the matrix F(y), then
F#: B ! R is a C1 function and

D(F) = (F#)�1(0)

Assume now that F is a real analytic map. We claim that if

D(F) = f0gÒ

then there exist a positive integer k and a neighborhood M of F in the C1 compact-open
topology on C1

�
BÒM(m ð nÒ R)

�
such that each map G in M with the same k-jet as F

at 0 satisfies

D(G) = f0g

Indeed, since F# is a nonnegative analytic function and (F#)�1(0) = f0g, it follows
from the Łojasiewicz inequality [7] that one can find a positive real number c and a
positive integer k such that

F#(y) ½ ckykk for y 2 B

Now, if G: B ! M(mðnÒ R) is a C1 map sufficiently close to F in the C1 compact-open
topology and if G has the same k-jet as F at 0, then Taylor’s theorem implies

G#(y) ½
c
2
kykk for y 2 B

In particular, D(G) = (G#)�1(0) = f0g, and hence the claim is proved.

We return to the proof of the Assertion. We shall use the sectionsã and å constructed
in Step 3.

STEP 5. We show that there exist a positive integer k and a neighborhood U of ã in
the C1 compact-open topology such that for each section u in U with the same k-jet as
ã at every point of ã�1(HŁ), one has

u�1(HŁ) = ã�1(HŁ)

To this end let us first recall that ã is a real analytic section and

ã�1(HŁ) = fx 2 X̃ j ã(x): ò̃x ! ¢̃x is not injectiveg

Consider ò̃ and ¢̃ as real analytic R-vector bundles, and the ã(x) as R-linear transforma-
tions, x 2 X. Since ã�1(HŁ) is a finite set, the conclusion follows from Step 4.
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STEP 6. We complete the proof of the Assertion and hence finish the proof of Theo-
rem 1.1.

Let k and U be as in Step 5. It follows from (1) that

V = fñ Ž (†Łu) j u 2 Ug

is a neighborhood of å in the C1 compact-open topology. By construction, if v is in V
and v has the same k-jet as å at every point of å�1(HŁ), then

v�1(HŁ) = å�1(HŁ)

Furthermore, in view of (2), if we take U sufficiently small, then

V � Ñ 

Since å�1(HŁ) is a finite set, arguing as at the beginning of the proof of the Assertion,
we can find a regular section b: X̃ ! Hom(ò̃Ò ¢̃) such that b is in V and b has the same
k-jet as å at every point of å�1(HŁ). In particular, b�1(HŁ) = å�1(HŁ). Note that s = bjX
is a global regular section of Hom(òÒ ¢) that belongs to N (see Step 2 and use the fact
that b is in Ñ ) and, by virtue of (3), the F-linear transformation s(x): òx ! ¢x is injective
for every x in X. Hence the Assertion is proved.
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