
SOME REMARKS ON TRANSFORMATIONS IN METRIC SPACES 

J a m e s S. W. Wong 

( r e c e i v e d D e c e m b e r 12, 1964) 

1. In t roduc t ion . Recen t ly A. Ha imov ic i [1] h a s p roved 
a g e n e r a l fixed point t h e o r e m of t r a n s f o r m a t i o n s in m e t r i c 
s p a c e s f rom which he obta ined ex i s t ence t h e o r e m s for c e r t a i n 
t y p e s of o r d i n a r y and p a r t i a l d i f fe ren t i a l equa t ions . Howeve r , 
both the r e s u l t and the proof a r e given for a r a t h e r s p e c i a l c a s e . 
One of the p u r p o s e s of t h i s p r e s e n t note is to put h i s r e s u l t on 
a m o r e c o n c r e t e b a s i s and give a s t r o n g e r c h a r a c t e r i z a t i o n of 
the kind of t r a n s f o r m a t i o n s used in [ l ] . ( T h e o r e m 3). 

In p rov ing the e x i s t e n c e of so lu t ions to g e n e r a l o r d i n a r y 
and p a r t i a l d i f f e ren t i a l e q u a t i o n s , the me thod of s u c c e s s i v e 
a p p r o x i m a t i o n s is common ly used . ( E x a m p l e s for o r d i n a r y 
d i f fe ren t ia l equa t ions a r e n u m e r o u s . F o r p a r t i a l d i f fe ren t ia l 
e q u a t i o n s , see for example [2]. ) It hence s e e m s d e s i r a b l e to 
c o n s i d e r t r a n s f o r m a t i o n s for which e v e r y sequence of i t e r a t e s 
c o n v e r g e s , to a c e r t a i n unique fixed point. In c e r t a i n i n t e r e s t i n g 
c a s e s , t h e s e t r a n s f o r m a t i o n s a r e in fact c o n t r a c t i o n s . (We 
r e f e r to [3] in c a s e of o r d i n a r y d i f fe ren t ia l equa t ions and to [4] 
for the c o r r e s p o n d i n g c a s e of p a r t i a l d i f fe ren t ia l equa t ions . ) 
It i s i n t e r e s t i n g to note that t hese t r a n s f o r m a t i o n s f o r m 
v a r i o u s s u b s p a c e s of the space of a l l bounded cont inuous t r a n s 
f o r m a t i o n s in the given m e t r i c s p a c e . We p r e s e n t s i m i l a r 
c h a r a c t e r i z a t i o n s for t he se t r a n s f o r m a t i o n s a s in the c a s e of the 
fixed point t r a n s f o r m a t i o n s in t roduced in [1]. F ina l l y , a long 
the s a m e line we p r e s e n t an open p r o b l e m r e l a t i n g th i s w o r k 
to the c o n v e r s e of the c o n t r a c t i o n mapp ing p r i n c i p l e . 

2. The space of bounded cont inuous t r a n s f o r m a t i o n s . 
Let X be a c o m p l e t e m e t r i c space with m e t r i c denoted 
by p , and T a t r a n s f o r m a t i o n of X into i tself . We ca l l T 
a bounded t r a n s f o r m a t i o n if T(X) i s bounded. Denote by X* 
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the set of a l l bounded cont inuous t r a n s f o r m a t i o n s of X into 
i tself , and define a m e t r i c d on X r by: 

d (A ,B) = sup p (Ax ,Bx) (*) 
x € X 

for any p a i r of e l e m e n t s A, B € X ' . C l e a r l y d i s f ini te and 
s a t i s f i e s the following: 

(i) d(A, B) =0 if and only if A = B , 

(ii) d (A ,B) = d ( B , A ) , 

(iii) d (A,B) < d (A ,C) + d ( C , B ) , 

for a r b i t r a r y A, B , C € X ' \ In fac t , we have the fol lowing 
s t a t e m e n t : 

T H E O R E M 1. X' i s a c o m p l e t e m e t r i c space wi th m e t r i c 
defined by (1). 

Proof . Let {A } be a Cauchy sequence in X . F r o m 
n 

the defini t ion of d , we conc lude tha t for e a c h x € X, { A x } 
n 

i s aga in a Cauchy sequence in X and hence h a s a l i m i t , say x . 
Define the t r a n s f o r m a t i o n A by x = Ax for e a c h x € X , and 
o b s e r v e tha t for any x, y * X , we have : 

p(Ax,Ay) < p(Ax,A x) + p(A x, A y) + p(A y , A y ) . 
— n n n n 

Since e a c h A i s bounded and con t inuous and {A x} t e n d s to 
n n 

Ax for e a c h x e X , we conc lude tha t A i s bounded and con
t i n u o u s . T h i s c o m p l e t e s the proof. 

3. F ixed point t r a n s f o r m a t i o n s . A t r a n s f o r m a t i o n T 
defined on X into i t se l f i s sa id to have a fixed point x € X 

o 
if and only if T x = x . Denote by $ the set of a l l bounded 

o o J-
cont inuous t r a n s f o r m a t i o n s which have at l e a s t one fixed point . 
In t e r m s of our t e r m i n o l o g i e s , the m a i n r e s u l t in [ l ] m a y be 
s ta ted a s fol lows: 
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T H E O R E M 2. $ i s c losed in X*. 

Proof. Let { A } be a Cauchy sequence in $ , and 
n ~ 

denote i t s l imi t in X'% by A . F o r e a c h n , le t x be some 
n 

fixed point of A , i. e. , A x = x . Since we a lw ays have 
n n n n 

p(x , x ) < d(A ,A ), it follows tha t { x } is a l s o a Cauchy 
n m — n m n 

sequence in X . Denote by x the l imi t of { x } and o b s e r v e 
n 

tha t 

p(Ax, x) < p(Ax, Ax ) + p(Ax , A x ) + p(A x , x) 
— n n n n n n 

< p ( A x , A x ) + d ( A , A ) + p ( x , x) . 
— n n n 

Since e v e r y t e r m on the r igh t t ends to z e r o a s n t ends to 
infini ty, A € ^ and the proof i s c o m p l e t e . 

THEOREM 3. A € <£ if and only if: 

(i) T h e r e e x i s t s a sequence A e X*r such tha t 
n 

d(A , A) -> 0 a s n -^ oo ; and 
n 

(ii) T h e r e e x i s t s a c o m p a c t sequence { x } in X such 
1 n 

tha t p(A x , x ) < — . (Reca l l a c o m p a c t sequence is one which 
n n n n 

A) 
con t a in s a c o n v e r g e n t s u b s e q u e n c e . ) 

Proof. The condi t ions a r e c l e a r l y n e c e s s a r y . To show 
suff iciency, let { x } be the conve rgen t subsequence conta ined 

n. 
i 

in { x } and x denote i t s l imi t . We c l a i m tha t Ax = x. To 
n 

see t h i s , we w r i t e down the following e s t i m a t e : 

The n e c e s s a r y and sufficient condi t ions given h e r e a r e 
m o t i v a t e d f r o m the w o r k of J . V. Wehausen [5]. 
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p ( A x , x ) < p ( A x , A x ) + p ( A x , A x x ) + p(A , x ) + p ( x , x) 
"~ n . n . n . n . x n . n . 

l 1 1 1 n . l l 
i 

and o b s e r v e tha t e a c h of the t e r m s on the r igh t t e n d s to z e r o a s 
i t e n d s to infinity. Hence A € J . 

2) 

4. T r a n s f o r m a t i o n s wi th p r o p e r t y ( S , x ). A t r a n s f o r m a 

t ion T i s sa id to have p r o p e r t y (S, x ) if for each x € X, 

p(T x, x ) -+ 0 a s n ->oo for a unique fixed e l e m e n t x € X. 

Denote by S the set of a l l bounded con t inuous t r a n s f o r m a t i o n s 

which have p r o p e r t y ( S , x ) ; and S the se t of T ! s having 

p r o p e r t y ( S , x ) for s o m e x € X. It i s ev ident tha t 2 ' s 
f x f 

s e p a r a t e 2 into d i s jo in t s u b s e t s in the s e n s e tha t 2 = S . 
f f 

if and only if x = x' . A s equence of m a p p i n g s { A } in X"̂  
i f n 

i s ca l l ed a C - s e q u e n c e if for e v e r y € > 0, t h e r e c o r r e s p o n d 
two pos i t ive n u m b e r s 6(€ ) and N(*) such tha t p ( x , y ) < 6(e ) 
i m p l i e s p(A x, A y ) < e for e v e r y n > N(* ). A s u b s e t 

n n — 
E C X i s c a l l e d C - c l o s e d in X ' if e v e r y Cauchy C - s e q u e n c e 
c o n v e r g e s to some point in E . F r o m the def ini t ion of S 

Xf 
it i s c l e a r tha t S ÇZ $ • M o r e o v e r we have the fol lowing 

x f 
d e s c r i p t i o n for S 

x
f 

T H E O R E M 4. S i s C - c l o s e d in .X*. 
Xf 

Proof . Let {A } be a Cauchy C - s e q u e n c e in S , and 
nJ x 

denote i t s l imi t in X'% by A. We now w i s h to e s t i m a t e the 
following e x p r e s s i o n : 

, n . , n n , n 
p(A x , x r ) < p(A x , A x) + p(A x , x j 

f — m m f 

for a r b i t r a r y x € X . Let O 0 be given. Since {A } i s a 
m 

2) 
F o r a d i s c u s s i o n on C - s e q u e n c e s , see A. E d r e i [6] . 
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^ •> th r n
 Ï • r 

C - s e q u e n c e , the s equence of n i t e r a t e s ( A ) aga in f o r m s 
m 

a C - s e q u e n c e . Note tha t for each m , A c o n v e r g e s to the 
m 

cons t an t mapp ing T defined by Tx = x for a l l x e X . Hence 
n n € 

we m a y choose m > M(e ) such tha t p(A x, A x) < — for a l l 
— m 2 

n > N (€ ) . Now A € S i m p l i e s that t h e r e e x i s t s N (* , m) 
— 1 m x 2 

such tha t n > N^(* , m) i m p l i e s p(A x, x j <— . Choose 
— 2 m f 2 

n > Max(N , N ) , and obtain p(A x, x ) <€ . Since € i s 

a r b i t r a r y , t h i s c o m p l e t e s the proof. 

T H E O R E M 5. A € S if and only if: 
Xf 

(i) t h e r e e x i s t s a C - s e q u e n c e A € X*̂  such tha t 
n 

d(A , A) -> 0 a s n -* oo ; 

(ii) t h e r e e x i s t s a sequence {x } in X, p(x , x ) -> 0 a s 

n -> oo and p(A x , x ) < € J^O a s n->oo for e a c h i t e r a t e 

m 
A ; and 

n 

(iii) t h e r e e x i s t s a conve rgen t subsequence {A } C {A } 
n. n 

l 

m m . 1 
such that p(A x, A x ) < — for i sufficiently l a r g e , 

n. n. n. m 
l i i 

Proof. The condi t ions a r e c l e a r l y n e c e s s a r y . To show 
suff ic iency, we c o n s i d e r the following inequal i ty : 

/ * m v / A 1 1 1 m * , A m A m v / A n i 
p(A x , x r ) < p ( A x ,A x) + p(A x ,A x ) + p(A x , x 

i — n. n n. n. n. n n ) 
l i i i l i i 

+ p(x , x ) 
n. i 

i 

for an a r b i t r a r y x€ X . Let € > 0 be given. By ( i i i ) , we m a y 
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c h o o s e , for suff icient ly l a r g e i ( say i > I ), a n u m b e r M(e ) 

such tha t m > M(€ ) i m p l i e s p(A x, A x )<— . Since {A } 
— n n n. 4 n 

l i i 
i s a C - s e q u e n c e , so is {A } for e a c h m . Hence we m a y 

n 
choose I (€ ,M(c) ) such tha t i > I i m p l i e s p(A x, A x) < — 

I — 2 n. 4 
for a l l m > M(€ ). F r o m (ii) it fol lows tha t t h e r e e x i s t s a n u m b e r 

I (€ , M) such tha t i > I i m p l i e s p(A x , x ) <— for a l l 
3 — 3 n. n. n . 4 

i i l 

m > M(€ ). F i n a l l y , s ince p(x , x) -> 0 a s n ->oo, we can choose 
— n f 

i > T (€) such tha t p(x , x j < - ho ld s . Le t i > Max(I , I ,1 ,1 ) 
— 4 n. f 4 — 1 2 3 4 

l 

and m > M(€ ). We conc lude tha t p(A x, x ) <€ . Since € is 

a r b i t r a r y and M(* ) -> oo a s € -*0, t h i s c o m p l e t e s the proof. 

3) 
5. X - c o n t r a c t i v e t r a n s f o r m a t i o n s . A t r a n s f o r m a t i o n 

T i s ca l l ed X - c o n t r a c t i v e if t h e r e e x i s t s a cons t an t X , 
0 < X < 1 , such tha t for e v e r y p a i r of x, y € X , 
p(Tx, Ty) < Xp(x ,y) (X is independent of T ). As a c o n s e 
quence of the c o n t r a c t i o n m a p p i n g p r i n c i p l e ( see for e x a m p l e [3]), 
e v e r y X - c o n t r a c t i v e t r a n s f o r m a t i o n T b e l o n g s to 2 for 

Xf 
some e l e m e n t x € x , which is the unique fixed point of T . 

Denote by A the se t of a l l X - c o n t r a c t i v e t r a n s f o r m a t i o n s 
x f 

having x a s t h e i r fixed point , and A the se t of a l l 

X - c o n t r a c t i v e t r a n s f o r m a t i o n s in X ' . S i m i l a r l y , A ' s 
x

f 

s e p a r a t e A into d i s jo in t s u b s e t s in the s e n s e tha t A = A f 
Xf Xf 

if and only if x„ = x ! . A l s o , if / M deno te s the se t of a l l y f f 
u - c o n t r a c t i v e t r a n s f o r m a t i o n s in X ' , w h e r e 0 < \i < 1 , and 
X < (UL , then A (T /^[ . F i n a l l y , it i s aga in a rou t ine m a t t e r to 
show the following s t a t e m e n t . 

3) 
T h i s t e r m i n o l o g y is adopted h e r e a f te r [7]. In fact t h i s is 
ca l l ed un i fo rmly X - c o n t r a c t i v e in [7] . 
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T H E O R E M 6. A i s c losed in X*. 

6. A p r o b l e m on c o n t r a c t i o n s . Denote the given c o m p l e t e 
m e t r i c space by the pa i r (X, p). F o r e v e r y equiva len t m e t r i c 
p we m a y a s s o c i a t e a s in sec t ion 2 the space ( X ' , d) , w h e r e 
d i s defined in t e r m s of p by (*). The s e t s ( § , d ) , ( 2 , d) and 
( A , d ) a r e defined s i m i l a r l y , and sa t is fy the inc lus ion s t a t e m e n t : 
A C S d $ C X*. 

Along an e n t i r e l y d i f ferent a p p r o a c h , the au thor p r o p o s e d 
the following p r o b l e m in [7]: "What a r e the n e c e s s a r y and suf
f ic ient cond i t ions on T (or on X , or both) such that 
T € ( S , d ) O (A , d) for s o m e d ? , f The s t a t e m e n t i s obvious ly 
f a l se without i m p o s i n g any condit ion a t a l l . The following 
e x a m p l e shows tha t the s t a t e m e n t i s not t r u e even if X i s a 
c o m p a c t m e t r i c space:-5 / 

Le t X be the c i r c u m f e r e n c e of the unit c i r c l e on the 
c o m p l e x plane wi th the o r d i n a r y Euc l idean m e t r i c , and T be 

i0 i(p 
the mapp ing which m a p s z = e into Tz = e w h e r e 

0 ? 
<p = (— ) and 6 i s r e s t r i c t e d to 0 < 6 < 2TT . It is c l e a r 

tha t T € Z w h e r e z = ( 1 , 0 ) and tha t T f A for any X 
z o z 

o o 
0 < X < 1 . A s s u m e t h e r e e x i s t s a m e t r i c p equ iva len t to the 
Euc l i dean m e t r i c on X such tha t for e v e r y pa i r x, y € X, 
p(Tx, Ty) < X £(x , y) for some X , 0 < X < 1 . Now c o n s i d e r 

~ - 1 ii|i / I f 
the unique i n v e r s e of T defined by T z = e , \\t -A/~Z-~ » and 
o b s e r v e tha t for any x, y € X , x ^ y we have : 

p (x ,y) < X n p ( T " n x , T~ ny) < M X* 

w h e r e M i s the d i a m e t e r of X under f> . Le t t ing n tend to 
infinity we a r r i v e a t the d e s i r e d c o n t r a d i c t i o n . 

4) 
Cf. L. J a n o s [8] , [9]. 
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