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1. In t roduc t ion . Some of the m o s t i m p o r t a n t G - s t r u c t u r e s 
of the f i r s t kind (1) a r e those defined by l inea r o p e r a t o r s 
sa t i s fy ing a l g e b r a i c r e l a t i o n s . Le t J be a l i nea r o p e r a t o r 
act ing on the complexif ied space of a d i f fe ren t iab le manifold V, 
and sat is fying a r e l a t i o n of the f o r m 

J = X I 

w h e r e X is a c o m p l e x cons t an t and I is the ident i ty o p e r a t o r . 
In the c a s e X ^ 0 the manifold has an a l m o s t p r o d u c t s t r u c t u r e 
(2) which in the c a s e X = i r e d u c e s to an a l m o s t complex 
s t r u c t u r e (3). In the r e m a i n i n g c a s e , X = 0, the manifold 
has an a l m o s t t angent s t r u c t u r e (4). 

It has b e e n shown that the f ib re bundle of the tangent 
v e c t o r s to a d i f f e ren t i ab le manifold i s endowed in a n a t u r a l 
m a n n e r with an a l m o s t tangent s t r u c t u r e under " a d m i s s i b l e " 
coo rd ina t e changes (5). The n a t u r a l o c c u r r e n c e of such 
s t r u c t u r e s r e c o m m e n d s them for fu r the r i nves t i ga t i on . 

A l m o s t h e r m i t i a n s t r u c t u r e s subo rd ina t e to an a l m o s t 
c o m p l e x s t r u c t u r e have been studied in (3) and this not ion 

* The author w i s h e s to e x p r e s s his s i n c e r e a p p r e c i a t i o n to 
P r o f e s s o r H e r m e s A. El iopoulos of the Un ive r s i t y of Windsor 
for sugges t ing the sub jec t of this inves t iga t ion and for 
s u p e r v i s i n g the r e s e a r c h . The Nat ional R e s e a r c h Council 
suppor ted the au thor with a p o s t g r a d u a t e s t uden t sh ip . 
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has b e e n g e n e r a l i z e d t o the a l m o s t p r o d u c t s t r u c t u r e s in (2) . 
In the p r e s e n t p a p e r the au thor ex tends th is t r e a t m e n t to the 
a l m o s t t angen t s t r u c t u r e s . 

C e r t a i n d e g e n e r a t e r i e m a n n i a n s t r u c t u r e s s u b o r d i n a t e 
to the a l m o s t t angen t s t r u c t u r e s have b e e n s tudied in (6) 
under the n a m e of a l m o s t e u c l i d e a n s t r u c t u r e s . We wil l see 
that the " s u b o r d i n a t e a l m o s t h e r m i t i a n s t r u c t u r e s " a r e 
n o n - d e g e n e r a t e r i e m a n n i a n s t r u c t u r e s . 

2 . A l m o s t t angen t s t r u c t u r e s . We c o n s i d e r a d i f f e ren t i ab le 
00 

manifold V of c l a s s C . Le t T be the t angen t space at 
2n x 

00 
any point x e V . We sha l l a s s u m e that a field of c l a s s C 

2n 
of l i n e a r o p e r a t o r s J i s g iven on V such that at e a c h 

x 2n 
point x € V" , J m a p s T into i tself ; a l so we suppose tha t 

2n x x 
J is of r a n k n e v e r y w h e r e in V_ and s a t i s f i e s the r e l a t i o n 

x 2n 

J 2 = 0 
X 

for any x e V , w h e r e 0 i s the nul l o p e r a t o r . We then 

say that V i s endowed with an a l m o s t t angen t s t r u c t u r e (4). 

Le t J (T ) be the i m a g e of T under J . It is a v e c t o r 
X X X 

space of d i m e n s i o n n and it co inc ide s with K e r J , the 
x 

k e r n e l of the l i n e a r o p e r a t o r J . If V is a s u p p l e m e n t a r y 

space of K e r J with r e s p e c t to T , we have 
x x 

T = V © K e r J 
X X X 

and as a r e s u l t J i nduces an i s o m o r p h i s m of V with 
x x 

Ker J . In the s e q u e l we sha l l w r i t e s imp ly J, T, and V 
x 

for J , T and V r e s p e c t i v e l y , 
x x x 

Le t (e .) , i = 1, 2, . . . , 2n be a b a s i s of T w h e r e 
l 

(e ), a = 1, 2, . . . , n i s a b a s i s of Ker J and (e ^ ) , 
, a a 
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a* = a. +n a b a s i s of V. In g e n e r a l , any G r e e k index wil l take 
the va lue s 1, 2, . . . , n and any la t in index the va lue s 
1 , 2 , . . . , 2n. F (e.) i s a b a s i s such that Je , = e we 

l a* a 

c a l l ( e . ) a b a s i s a d a p t e d to t h e a l m o s t t a n g e n t s t r u c t u r e o r 

b r i e f l y a n A T - a d a p t e d b a s i s . If ( e ^ ) i s a n o t h e r A T - a d a p t e d 

b a s i s w e h a v e 

e . = A ^ . e 

= B P e . „ _ 
or1 * a** (3 a 1 * p * 

e . , = B P
f l e„ + A P * t e 

w i t h A P * = A 1 3 , . 

A T - a d a p t e d b a s e s 

( 2 . 1 ) 

T h e t r a n s f o r m a t i o n 

a r e of t h e f o r m : 

/ A 0 

( A i ' > = 
J \ B A 

w h e r e A e GL(n, R), B i s an (n, n) m a t r i x , and 0 is the 
(n, n) nul l m a t r i x . 

With r e s p e c t to the A T - a d a p t e d b a s e s the t enso r F . , 
J 

a s s o c i a t e d to J, has componen t s given by the m a t r i x 

/0 Oy 
(F1) = 

J i o 
> n ' 

w h e r e I i s t h e (n, n) i d e n t i t y m a t r i x . In o t h e r w o r d s 
n 

( 2 . 2 ) F 1 = ô i + n 

J J 

The se t of a l l m a t r i c e s of the f o r m (2. 1) is an 
a l g e b r a i c subgroup of GL(2n, R) and thus is a Lie g r o u p . 
It wi l l be denoted by G . G can be i n t r i n s i c a l l y 

c h a r a c t e r i s e d as the se t of m a t r i c e s of GL(2n, R) which 
c o m m u t e s with J . 
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The se t E (V ) of a l l the A T - a d a p t e d b a s e s a t the 
T 2n ^ 

d i f fe ren t po in ts of V has a n a t u r a l s t r u c t u r e as a p r i n c i p a l 

f i b re bundle with b a s e s p a c e V , s t r u c t u r a l g roup G , and 

p r o j e c t i o n mapp ing p : E_(V_ ) -> V_ which a s s i g n s to an 
T 2n 2n 

A T - a d a p t e d b a s i s a t x the po in t x i t se l f . 

3 . R e a l a l m o s t H e r m i t i a n s t r u c t u r e s . Le t us suppose we 
have defined on V\ a r i e m a n n i a n m e t r i c of c l a s s 

2n 
00 

C , that i s , a r e a l s y m m e t r i c t e n s o r G = (g..) for wh ich the 

componen t s in a s y s t e m of loca l c o o r d i n a t e s (x ) a r e funct ions 
oo i 

of c l a s s C of the (x ) and for which the d e t e r m i n a n t i s 
e v e r y w h e r e d i f fe ren t f r o m 0. 

DEFINITION 3 . 1 . We wil l say tha t G is h e r m i t i a n with 
r e s p e c t to J if 

(3 . 1) G t J + JG = 0 

w h e r e J i s the t r a n s p o s e of the m a t r i x J . 

In the above c a s e we s h a l l say that V is endowed with 
y 2n 

an a l m o s t h e r m i t i a n s t r u c t u r e s u b o r d i n a t e to the a l m o s t t angen t 
s t r u c t u r e . 

The h e r m i t i a n condi t ion (3 . 1) can be w r i t t e n in the f o r m 

(3.2) g.jF
J

k + g j k F J = 0 . 

T H E O R E M 3 . 1 . G i s h e r m i t i a n with r e s p e c t to J i_f 
and only if for any u, v e T we have 

(3 .3 ) (u, Jv) 4- (Ju, v) = 0 

w h e r e (, ) i s the i n n e r p r o d u c t defined by G. Condit ion 
(3 .3) s ays that J i s s k e w - s y m m e t r i c with r e s p e c t to (, ). 
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Proof . Le t u, v € T; then 

(u, Jv) + ( J u , v ) = g. . u ^ J v ^ + g . ^ J u j V 

= vi + gjkF i , u i v k 

= 0 

for a l l u, v if and only if (3.2) i s s a t i s f i ed . 

If we mu l t i p ly the condi t ion (3.1) by J we obta in 

t 2 
JG J = 0 s ince J = 0 . 

In o the r w o r d s 

? , . F k F 1 = 0. 
kl l j 

It then fol lows that for any u, v e T we get 

( J u . J v ) = g k l ( J u ) k ( J v ) 1 

g k i ( F N i ) ( F r j ) 

, r k r L i j 
= ( g k l F i F j ) u V 

0. 

We m a y then s t a t e : 

COROLLARY 3 . 1 . If G i s h e r m i t i a n with r e s p e c t to 
J then the i m a g e space J(T) = K e r J i s comple t e ly i s o t r o p i c , 
tha t i s , for any u, v e T we have 

(3 .4) (Ju, Jv) = 0. 
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A c c o r d i n g to (3 .3) we have for any u € T tha t 
(u, Ju) + (Ju, u) = 0 and thus (u, Ju) = 0. Th i s g ives us 

COROLLARY 3 . 2 . If G i s h e r m i t i a n with r e s p e c t to J 
then any v e c t o r i s o r t h o g o n a l to i t s t r a n s f o r m by J, tha t i s , 
for any u € T we have (u, Ju) = 0. 

In the r e m a i n d e r of the p a p e r we sha l l a s s u m e tha t G i s 
h e r m i t i a n with r e s p e c t to J and sha l l i n v e s t i g a t e the r e s u l t i n g 
subo rd ina t e a l m o s t h e r m i t i a n s t r u c t u r e . 

To obta in an e x p r e s s i o n for G r e l a t i v e to an A T - a d a p t e d 
b a s i s we note tha t f r o m (3 .4) we get 

g o = (e ' e J = ( J e -> J e o - ) = ° 
ap a p a^ p^ 

and f r o m ( 3 . 3 ) w e g e t 

g . - ( e • > e ) = ( e , » J e , ) = - ( J e , , e , ) = - e ^ , • 
art-p or* p a-r p* a'*- p**- ap* 

T h e s e condi t ions a r e equ iva len t to the condi t ion tha t 

0 G \ 
(3 .5) G = 

" G l G 2 

w h e r e G, = (g , ) and G^ = (g , , ). We s e e f r o m (3 . 5) 

2 
tha t det G = (det G ) ^ 0 and thus G i s r e g u l a r and so 

1 1 
i s of r a n k n. F u r t h e r , s ince G i s s y m m e t r i c we have 

t 

G = lG = 

- G and G = 
1 2 

/ 0 

'G . 
2 

" G l v 
Hence G 

1 

' 

i s that i s , G 
1 

s k e w - s y m m e t r i c and G i s s y m m e t r i c . 

COROLLARY 3 . 3 . In o r d e r that an a l m o s t t angen t 
s t r u c t u r e a d m i t a s u b o r d i n a t e a l m o s t h e r m i t i a n s t r u c t u r e i t i s 
n e c e s s a r y tha t V have d i m e n s i o n 4m for s o m e i n t e g e r 
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m , that i s , for some m we have n = 2 m . 

Proof . This follows i m m e d i a t e l y s ince G i s an (n, n) 

skew- s y m m e t r i c m a t r i x over a field of c h a r a c t e r i s t i c d i f ferent 
than 2 and i s of r a n k n . 

THEOREM 3 . 2 . If <\> i s s y m m e t r i c and n o n - s i n g u l a r on 
K e r J, then we can a lways define ijj such that \\j i s 
s k e w - s y m m e t r i c and n o n - s i n g u l a r on T; indeed, i t suff ices 
to define \\t(\i,v) = cf>( Ju, v) - c|>(u, Jv ) . 

P roof . The s y m m e t r y of <\> i m p l i e s the s k e w - s y m m e t r y 
of \\) . 

If ijj(u, v) = 0 for e v e r y v e T, then 4>( Ju, v) - (j)(u, Jv) = 0 
for e v e r y v € T . In p a r t i c u l a r cj>(Ju, v) = 0 for e v e r y v e K e r J . 
Since 4> i s n o n - s i n g u l a r on K e r J, Ju = 0, tha t i s u e Ke r J. 
But then cj)(u, Jv) = 0 for e v e r y v € T . Again, s ince <\> i s 
n o n - s i n g u l a r on Ker J , u = 0. Thus \\i i s n o n - s i n g u l a r on T . 

THEOREM 3 . 3 . If § i s s k e w - s y m m e t r i c and n o n - s i n g u l a r 
on K e r J, then we can a lways define a r i e m a n n i a n s t r u c t u r e 
(> ) 22 ^ which i s h e r m i t i a n with r e s p e c t to J; indeed, it 
suff ices to define (u, v) = 4>(u, Jv) + cj)(v, Ju ) . 

P roof . C l e a r l y (, ) i s s y m m e t r i c . Also , by an a r g u m e n t 
s i m i l a r to the above we can show that (, ) i s n o n - s i n g u l a r . 
F i n a l l y we note that for any u, v e T we have 

2 2 
(U, J v ) + ( J U , V) = CJ)(U, J V) + Cj)( JV , J u ) + <j)(Ju, J v ) + (j)(v, J U) = 0 ; 

thus (, ) i s h e r m i t i a n with r e s p e c t to J . 

F r o m (3.2) we m a y w r i t e 

a . F J F k + gM F J F k = 0 
IJ k m jk l m 

(3.6) g . j H F k - 0 . 
jk l m 

DEFINITION 3 . 2 . Le t F , = 8 . ^ ; then f rom (3.2) 
ik jk l 
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we have F . . + F . . = 0 and the (F . . ) a r e c o m p o n e n t s of a 

r e a l e x t e r i o r 2 - f o r m F which we wil l ca l l the fundamen ta l 
f o r m of the a l m o s t h e r m i t i a n s t r u c t u r e . We note tha t th i s 
def ini t ion m e a n s F(u , v) = (Ju, v ) . 

Le t the m a t r i x (g ) be the i n v e r s e of (g . . ) . Then 

f r o m (3 .6) we obta in F._ F = 0 or 
îk m 

(3 .7 ) F F . g j k = 0 
ik m j 

T H E O R E M 3 . 4 . Given a r e a l e x t e r i o r 2 - f o r m (F .) 

of r a n k n and a r i e m a n n i a n m e t r i e (g .) both of c l a s s 
^ 

00 

C and defined on V such tha t (3 .7 ) i s s a t i s f i ed , one can 
2n 

a lways define an a l m o s t t angen t s t r u c t u r e and a s u b o r d i n a t e 
a l m o s t h e r m i t i a n s t r u c t u r e wi th h e r m i t i a n m e t r i c (g. .) and 
fundamen ta l f o r m (F . . ) . 

i j 

Proo f . Le t us define a l i n e a r o p e r a t o r J on T by the 
t e n s o r 

*i - ^ • 
Then F V h = F i k g

k h
F h l g « . ( F ^ ^ g ^ g " . 0; thus 

J 2 = 0. Also r a n k J = r a n k (FJ) = r ank ( F G " 1 ) = n 

s i n c e (g ) i s r e g u l a r and (F ) i s of r a n k n . Hence , J 

def ines an a l m o s t t angen t s t r u c t u r e on V . M o r e o v e r , we have 
2n 

F k g . , + F k g = F g l k g +F g l k g = F ô ! + F . . ô ! = F . . + F . . = 0 . 
j ik i kj j l 6 k i i l 6 k j j l l i l j j i i j 

Hence (3 .2 ) i s sa t i s f i ed and (g. .) i s h e r m i t i a n wi th r e s p e c t 

to J . The r e s u l t i n g a l m o s t h e r m i t i a n s t r u c t u r e has fundamen ta l 

f o r m F . g. . = F . a s a s s e r t e d . 
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4 . H - a d a p t e d b a s e s . L e t u s c o n s i d e r t h e m a t r i x H 
d e f i n e d b y 

( 4 . 1 ) / o 0 0 

0 0 - I 

H = ( h . . ) = 
m 

V 
0 - I 0 

m 

1 0 0 
m 

n = 2 m 

w h e r e I i s t h e ( m , m ) i d e n t i t y m a t r i x . We w i l l e x a m i n e 
m 

t h e q u e s t i o n of w h e t h e r i t i s p o s s i b l e to t r a n s f o r m a r i e m a n n i a n 
m e t r i c ( g . . ) , h e r m i t i a n w i t h r e s p e c t to J , i n t o a m a t r i x of 

t h e f o r m ( 4 . 1 ) b y a t r a n s f o r m a t i o n of A T - a d a p t e d b a s e s . If 
( e . ) i s a n A T - a d a p t e d b a s i s l e t u s c o n s i d e r t h e v e c t o r s v . e T 

l l 

s u c h t h a t v = x e and v , = x e , + x e . C l e a r l y , t h e 
a a (3 a* a (3* a* (3 y 

(v . ) f o r m a n A T - a d a p t e d b a s i s . O u r q u e s t i o n m a y b e r e s t a t e d 

j 6* R 
i n t h e f o l l o w i n g m a n n e r : do s c a l a r s ( x . ) , w h e r e x , = x , 

l a* a 
P* 

x = 0, e x i s t s u c h t h a t t h e e q u a t i o n s 
a 

( 4 . 2 ) (v . , v . ) = g , l X
k x ! - h . . 

i J k l l j ij 

w i l l b e s a t i s f i e d . 

T h e s y s t e m ( 4 . 2 ) i s e q u i v a l e n t to t h e s y s t e m s : 

( 4 . 3 ) g O I x a x P = h v 
6c*(3* X \i \\±* 

or P » p ^ P = h 

( 4 . 4 ) g C ^ p * X X * X f l gQ^*pXXX|JL- g ^ P * X X X ^ L \ * | J * 

Let K = I I • G i = < V ^ Gz = K***]' 

X = (x ), and Y = (x , ) . T h e n w e m a y w r i t e ( 4 . 3) and 
X X* 
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(4 .4 ) in m a t r i x f o r m as fo l lows : 

(4 .5 ) XG *X = K 
1 

(4 .6 ) Y G t X - XG, tY + XG l X = 0 
1 1 2 

Our ques t i on now i s w h e t h e r t h e r e e x i s t s so lu t ions X and Y 
sa t i s fy ing the s y s t e m s (4 .5 ) and ( 4 . 6 ) . 

In (4 .5 ) we m a y r e g a r d K as the n o r m a l f o r m of the 
c o n g r u e n c e c l a s s of s k e w - s y m m e t r i c m a t r i c e s of r a n k 2 m . 
It then fol lows tha t one can a lways find a r egu la r m a t r i x X 
sa t i s fy ing th is s y s t e m (7). 

Given a regular m a t r i x X sa t i s fy ing (4 .5 ) we m a y w r i t e 
(4. 6) in the f o r m 

(4 .7 ) B S T + Y ^ = C 

w h e r e B = XG and C = XG Sc. Le t Z = B V ; then (4 .7 ) 

b e c o m e s 

(4 .8 ) Z + t Z = C 

which wi l l have inf ini te ly m a n y so lu t ions if C i s s y m m e t r i c . 

Since G is s y m m e t r i c then XG X = C i s s y m m e t r i c and 

(4 .8 ) a lways a d m i t s s o l u t i o n s . M o r e o v e r bo th X and G a r e 

t - 1 
r e g u l a r so tha t B i s r e g u l a r and X = (B Z) wil l be a 

so lu t ion of ( 4 . 7 ) . Hence we can a lways find s c a l a r s (x ) 
i 

such that (4 .2 ) i s s a t i s f i e d . We thus have p r o v e n 

THEOREM 4 . 1 . If_ (g. .) i s a r i e m a n n i a n m e t r i c 

h e r m i t i a n with r e s p e c t to J t h e r e a lways e x i s t s an A T - a d a p t e d 
b a s i s such that (g .) wi l l have the f o r m ( 4 . 1 ) . 

i j 

DEFINITION 4 . 1 . We s h a l l say tha t any A T - a d a p t e d 
b a s i s sa t i s fy ing the condi t ions (4 .2 ) i s adapted to the a l m o s t 
h e r m i t i a n s t r u c t u r e , or b r i e f ly i s H - a d a p t e d . 
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Let (e.) be an H-adap ted b a s i s and let (6 ) be the 
1 2 

c o r r e s p o n d i n g dua l b a s i s . We wi l l denote by ds the q u a d r a t i c 

f o r m defined by G. One then has 

2 i i , a 6* a* 0 
ds = g . .e eJ = g (e ep - ea ep) 

o r ( l ) P ( l ) ' 

w h e r e a(l) = 1, 2, . . . , m , a(Z) = ar(l)+m, ar(l)* = ar(l) + n, 
and a(2)# = cf(2) + n = #(1) + m + n. We then can wr i t e 

2 m , „ a r ( l ) ar (2)* o r ( l ) * or(2) 

*(D=i 

Also the fundamenta l f o r m can be w r i t t e n 

F = F . . G 1 A 6 J ( i < j ) = g 1 . F k e 1 A 0 j = g . 6 ° ^ 8J'(ûr*< j ) 
i j KJ l aj 

g « ( l ) P < 2 ) * a ( i ) = i 

Suppose now that (e ) and ( e . J a r e both H-adapted 
i J 

b a s e s ; then 

(4-9) gkI1, = A^AJ.g.. 

/ A 0 \ / O K 
w h e r e A = (A* ,) = I , A c GL(2m, R), and G ^ 

° k \ B A/ l - K 0 

We m a y then w r i t e (4 .9) in the f o r m 

G = A G*A 
o o 
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o r 

0 ïO 

-K 0 

0 K\ / t t 
A B 

K 0/ I 0 t 

AK A 

•AK^A B K V - A K ^ B / 

Hence , 

(4 .10) AK^A K 

(4 .11) AK^B - B K ^ = 0 

We thus see that a t r a n s f o r m a t i o n m a t r i x be tween two 
/ A o \ 

H-adap ted b a s e s i s of the f o r m w h e r e A, B sa t i s fy 
\B A J 

the condi t ions (4 .10 ) , (4 .11) r e s p e c t i v e l y . 

0 
Let G be the se t of m a t r i c e s of the f o r m 

H 
,B A 

w h e r e A, B sa t i s fy (4 .10 ) , (4 .11) r e s p e c t i v e l y . The s e t 
G i s the s u b s e t of G c o n s i s t i n g of m a t r i c e s o r t h o g o n a l wi th 

H T t 

r e s p e c t to G, that i s m a t r i c e s M such tha t MG M = G. 

T H E O R E M 4 . 2 . G__ i s a subgroup of G L ( 4 m , R ) . 
H 

P roof . It suff ices to show that if M, M ! e G then 
H 

MM' c G u and M _ 1 e G . L e t M, M» e G u ; then 
H H H 

( M M ' I G W 1 ) = M M l G t M , t M = MG M = G and 

M ' 1 G t ( M " 1 ) = M " 1 ( M G t M ) ( t M ) " 1 = G. 

_1 
It fol lows that MM' € GTJ and M e G 

H H 

Since the condi t ions (4 .10 ) , (4 .11) define G as an 
H 

a l g e b r a i c subgroup of the Lie group G , then n e c e s s a r i l y G 
JL H 

i s i t se l f a Lie g r o u p . 

126 

https://doi.org/10.4153/CMB-1968-015-3 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1968-015-3


Let E (V\ ) be the se t of the H-adapted b a s e s at the 
H 2n 

d i f ferent points of V and le t p : E f V ) -> V be the 
2n H 2n 2n 

mapp ing which to an H-adapted b a s i s a t a point x e V m a k e s 
2n 

c o r r e s p o n d x i t se l f . ETT(V ) then h a s , with r e s p e c t to p , a 
H 2n 

n a t u r a l s t r u c t u r e of a p r i n c i p a l f ib re bundle with b a s e space 
V and s t r u c t u r a l group GTT. 

2n H 

5 . H- connec t ions . We wil l ca l l H-connec t ion any 
i n f i n i t e s i m a l connec t ion (3) defined on the f ibre bundle ETT(V ). 

H 2n 
Given a cove r ing of V by ne ighbourhoods endowed with loca l 

c r o s s s e c t i o n s of ETT(V ) an H-connec t i on m a y be defined in 
H 2n 

each ne ighbourhood U by a f o r m w with va lues in the Lie 

a l g e b r a L(G ) of the group G . Such a f o r m m a y be 
H H 

r e p r e s e n t e d at x e V by m e a n s of a m a t r i x of o r d e r 2n 
^ 2n y 

whose e l e m e n t s a r e r e a l valued l inea r f o r m s at x; i t wi l l be 

denoted local ly by w = (w.) w h e r e (w.) € L(G ). 
U J j H 

To d e t e r m i n e the f o r m of the e l e m e n t s of L(G ) we 
H 

r e c a l l that G c o n s i s t s of m a t r i c e s of GL(4m, R) which 
H 

c o m m u t e with J and a r e o r thogona l with r e s p e c t to G. The 
Lie a l g e b r a of G c o n s i s t s of tangent v e c t o r s a t the ident i ty 

H 
to c u r v e s in G . Thus , by d i f fe ren t ia t ion of the r e l a t i o n s 

H 
defining e l e m e n t s of G , we find that L(G ) c o n s i s t s of 

H H 
(4m, 4m) m a t r i c e s which c o m m u t e with J and a r e skew-
s y m m e t r i c with r e s p e c t to G. Hence L(G ) c o n s i s t s of 

H 

t 
w h e r e G M + MG = 0. 

With r e s p e c t to an H-adap ted b a s i s the condi t ions (5.1) 
can be w r i t t e n 
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0 K\ / fc
A *B \ / A 0 \ / 0 K » 

+ i 
-K 0/ \ 0 t A / \ B A/ i-K 0/ 

/ 0 0 

0 0/ 

o r 

( 5 . 2 ) 

and 

( 5 . 3 ) 

K A + AK = 0 

X 
- K B + B K = 0 . 

N o w ( 5 . 2 ) c a n b e w r i t t e n 

/ 0 I W t A tA 
I m A . A 3 + 
\ - I 0 

m A2 V 

1 4 

A 
1 

A 3 

V 
\l 

A*(D 
P(D 

I" 
\ m 

+ A P ( 2 ) 
A . ( 2 ) 

I \ 
m 

0 

= 0 

0 0 

0 0 

A„ - A o = 0 
2 2 

A„ - A„ = 0 
3 3 

A * ( 1 ) A P ( 2 ) - 0 
AP(2) " A

ff(l) - ° 
A«<2J - A ^ J = 0 

(3(1) « (2 ) 

A l s o , ( 5 . 3 ) c a n b e w r i t t e n 

° l
m \ / \ ^3 / B l 

-1 ° Un 1R 
m B B 

2 4 

B . 

B 

B / \ - I 0 
4 m 

0 0 

0 0 

B - B , = 0 
1 4 

a(l) (3(2) __ 

P ( l ) * " a(2)* 

o r fcB + B = 0 w h e r e B = ( A P ), o r A ^ 2 | -t A ^ j , = 0 
2 2 a* (3(1)* or( l )* 

B + B = 0 
3 3 

A " ( 1 ) + A P ( 1 ) - 0 
(3(2)* <*(2)* 

C l e a r l y , E (V ) m a y be c o n s i d e r e d a s a s u b - b u n d l e y H 2n y 

of t h e f i b r e b u n d l e E (V ) of a l l b a s e s . T h u s a n y H - c o n n e c t i o n 
2 n 
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def ines canon ica l ly a l i n e a r connec t ion with which i t m a y be 
ident i f ied . 

(5.4) 

(5.5) 

P(D x «(2) 
w -f w 

«(1) P(2) 

wH = 0, 

a-(l) 

Conve r se ly , let us be given a l inea r connec t ion and 
a c o v e r i n g of V by open s e t s , each furn ished with a loca l 

Zn 
sec t ion of E (V ). This connec t ion m a y be defined on each 

H Zn 
ne ighbourhood by a loca l f o r m , with va lues in gl (4m, R), 

r e p r e s e n t e d by a m a t r i x (w.) whose e l e m e n t s a r e r e a l valued 

loca l Pfaffian f o r m s . In o r d e r that the given connec t ion be 
able to be ident if ied with an H- connect ion it i s n e c e s s a r y and 

suff icient tha t (w.) be longs to L(G ); that i s 
J H 

P* P 
v = w 
a* a. 

a[Z) _ 6(1) *(1) _ 
WP(1) - ° ' W . ( 2 ) - W p ( 2 ) - ° 

(5 .6 ) 

P(D »(2) n P(2) . or{2) _ . 6(1) or(l) _ 
W«{1)* ' WP(2)* = ° ' W « ( 1 ) * + W B ( 1 ) * - ° ' W . ( 2 ) * + W

P ( 2 ) * - ° 

As shown by H. El iopoulos (4) the condi t ions (5 .4 ) 

e x p r e s s that the t e n s o r J = (F.) has abso lu te d i f fe ren t ia l 

z e r o (which i s a n e c e s s a r y and suff icient condi t ion that the 
given connec t ion be an A T - c o n n e c t i o n ) . 

To i n t e r p r e t the condi t ions (5 .5) and (5 .6) let us 
i n t r o d u c e the abso lu te d i f fe ren t i a l of the m e t r i c t e n s o r , a s s u m i n g 
the condi t ions ( 5 . 4 ) . We have 

V8-- = - w - êi • " w - g - i 
v i j i kj J ik 

which l eads to 

Vg = 0 
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X7Q = - w g - w g , f r o m w h i c h w e o b t a i n : 
V ë * p * a Xp* p ffX* 

P(2) «(2) 
V g«( l )p( l ) * W«(l) Wp(D 

P(2) , a ( l ) 
V g a ( 2 ) p ( l ) * <*(2) p ( l ) 

P(D «(2) 
Vg

t t(l)p(2)* ~ "W
a(l) " P(2) 

P(D + a(D 
V ga(2)p(2)* "Wcv(2) Wp(2) 

Vgc**p = " Vg<*p* 

a * P * = - w g - w g f r o m w h i c h w e o b t a i n : 
a* Xp* P* cc*X 

p(2) . « ( 2 ) 
v g * ( i ) *p (D* W * ( D * p(D* 

P(0 , «(2) 
V g a ( l ) *p (2 ) * "War(l)* Wp(2)* 

P(2) c*(l) 
V gc*(2)*p( l ) * W * ( 2 ) * ' W p ( l ) * 

P(D <*(1) 
V g * (2 ) *p (2 ) * ~ W * (2 ) * " Wp(2)* . 

I t c a n b e s e e n f r o m t h e a b o v e e q u a t i o n s t h a t t h e c o n d i t i o n 
y g = 0 i s e q u i v a l e n t to t h e c o n d i t i o n s ( 5 . 5 ) and t h e 

#P* 
c o n d i t i o n Vg ^ , = 0 i s e q u i v a l e n t t o t h e c o n d i t i o n s ( 5 . 6 ) . 

##p# 
H e n c e t h e c o n d i t i o n s ( 5 . 5 ) and ( 5 . 6 ) a r e e q u i v a l e n t to t h e 
v a n i s h i n g of t h e a b s o l u t e d i f f e r e n t i a l of ( g . . ) p r o v i d e d w e 

a s s u m e ( 5 . 4 ) . We m a y t h e n s t a t e 

T H E O R E M 5 . 1 . A n e c e s s a r y a n d s u f f i c i e n t c o n d i t i o n 
t h a t a g i v e n l i n e a r c o n n e c t i o n o n V\ b e a n H - c o n n e c t i o n 

* 2 n 

i s t h a t t h e t e n s o r s ( F .) and ( g . . ) h a v e a b s o l u t e d i f f e r e n t i a l 
J * i j ' 

z e r o . 
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We say that a l i nea r connec t ion defined on a d i f fe ren t iab le 
manifold fu rn i shed with a m e t r i c (g..) i s euc l idean if y g . . = 0. 

The t h e o r e m 5 . 1 then s ays tha t we m a y identify the H-connec t i ons 
with the euc l idean A T - c o n n e c t i o n s . 

6 . Holonomy g roups of the H- c o n n e c t i o n s . Le t us 
c o n s i d e r an H-connec t ion ; any h o r i z o n t a l pa th c o n s t r u c t e d on 
E(V ) r e l a t i v e to the l i n e a r connec t ion ident if ied with the g iven 

Zn 
H - c o n n e c t i o n and beginning at an H-adap ted b a s i s z ends a t an 
H-adap ted b a s i s z ! . One deduces f rom this tha t the holonomy 
group (3) a t z of th is connec t ion i s a subgroup of G . 

ri 

C o n v e r s e l y , le t V be a differ en t iab le manifold fu rn i shed 
y Zn 

with a l i nea r connec t ion and le t us suppose that at a po in t 
x of V t h e r e i s a b a s i s z such that the holonomy group 

\\i of the connec t ion at z i s a subgroup of G . Le t us 
z H 

c o n s i d e r at the point x the t e n s o r s (g. .) and (F.) for which 

the componen t s with r e s p e c t to the b a s i s z a r e defined by: 

0 0 

T h e s e t e n s o r s a r e i n v a r i a n t unde r \h ( s ince \b i s a subgroup 
z z 

of GTT). By p a r a l l e l t r a n s p o r t on V" we ob ta in the t e n s o r s 
H . 2n 

(g. .) and (F.) defined on the whole man i fo ld . Now at the 

i h k k 
point x we have F . F . = 0 and F . g , . + F . g_ . = 0 and t h e s e 
^ h j j k i i t o k j 
r e l a t i o n s r e m a i n t r ue at any point of V . Thus "V" m a y be 

Zn 2n 
endowed with an a l m o s t h e r m i t i a n s t r u c t u r e s u b o r d i n a t e to an 
a l m o s t tangent s t r u c t u r e . Since the t e n s o r s (g. .) and 

(F.) a r e i n v a r i a n t under ip they have abso lu te d i f fe ren t ia l 
J z 

z e r o (3); thus the given connec t ion m a y be identif ied with an 
H- connec t ion . We m a y then s t a t e 

THEOREM 6 . 1 . A n e c e s s a r y and suff icient condi t ion 
tha t a l i nea r connec t ion in V" be an H- connec t ion of an 
. 2n 

1 3 1 
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a l m o s t h e r m i t i a n s t r u c t u r e s u b o r d i n a t e to an a l m o s t t angen t 
s t r u c t u r e is tha t the ho lonomy group of the connec t ion .be a 
subgroup of G . 

In g e n e r a l , the ho lonomy g roup i s i n d e p e n d e n t of p o s i t i o n 
only if V i s c o n n e c t e d . 

2n 

Suppose now tha t V i s a d i f f e ren t i ab le manifold 
2n 

fu rn i shed wi th a m e t r i c (g . . ) . We wi l l say tha t a b a s i s z 

defined at a poin t of \f i s adapted to the m e t r i c if the 
r 2n 

c o m p o n e n t s of the m e t r i c t e n s o r wi th r e s p e c t to z a r e 

V -K 0 ' 

T h e r e wi l l be s u c h an adapted b a s i s only if (g. .) ha s the 

p r o p e r s i g n a t u r e . L e t us be g iven on V a e u c l i d e a n 

connec t ion and let us suppose tha t t h e r e e x i s t s a t the po in t x 
of V a b a s i s z, adapted to the m e t r i c , s u c h tha t the ho lonomy 

2n 
group \\i in th is connec t ion i s a subgroup of G . By a s s u m p t i o n 

Vg . = 0; the m e t r i c t e n s o r i s thus i n v a r i a n t unde r dj . It 
' i j z 

fol lows tha t \\i i s a subgroup of G . Then, a s in t h e o r e m 6. 1, 
z H 

we m a y endow V_ with an a l m o s t h e r m i t i a n s t r u c t u r e 
2n 

s u b o r d i n a t e to an a l m o s t t angen t s t r u c t u r e for which the m e t r i c 
co inc ides wi th the i n i t i a l m e t r i c . The given connec t ion can 
then be ident i f ied wi th an H- c o n n e c t i o n . We have thus p r o v e n : 

T H E O R E M 6 . 2 . A , n e c e s s a r y and suff ic ient condi t ion 
tha t a e u c l i d e a n connec t ion in V" be an H - c o n n e c t i o n of an 

2n 
a l m o s t h e r m i t i a n s t r u c t u r e s u b o r d i n a t e to an a l m o s t t angen t 
s t r u c t u r e i s* that the holonomy group of the connec t ion be a 
subgroup of G . 
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