ON THE EQUIVALENCE OF REPRESENTATIONS
OF FINITE GROUPS BY GROUPS OF AUTOMORPHISMS
OF MODULES OVER DEDEKIND RINGS

J.-M. MARANDA

1. Introduction. Let i be a Dedekind ring whose quotient field we denote
by K. If p is a prime ideal of i, let o denote the ring of all p-regular elements of
K. If M is a torsion free t-module, let KIN denote the smallest K-module into
which I can be embedded and let 09 denote the o-submodule of K9 genera-
ted by 9.

Let & be a group of finite order N and let 4, © and & denote the group
rings of & over K, o and i respectively.

If M is an F-module which is torsion free over i, then there is a unique
way of defining KM (oIM) as an 4-module (O-module) so that it is an extension
of the §-module M. If M and N are two F-modules that are torsion free over
i, we will say that 9% and N are

(1) i-equivalent if they are §-isomorphic;

(2) K-equivalent if K9 and KN are A4 -isomorphic;

(8) o-equivalent if oI and oM are O-isomorphic;

(4) of the same genus if they are p-equivalent for every prime ideal p of i.

Let & be a class of K-equivalent &-modules that are torsion free and finitely
generated over i. We will assume that & is complete in the sense that if an
S-module M is K-equivalent to an F-module in &, then I is i-equivalent to
an §-module in &. Let R, R(p) and R, denote the partitions of & into com-
plete subclasses of i-equivalent J-modules, p-equivalent §-modules and J-
modules of the same genus respectively, and let r, r(p) and r, denote the
number of subclasses of © determined by R, R(») and RN, respectively.

We will show first of all that if p;, . . ., p, are the prime ideal divisors of IV,
then

mg = Ql m(p i)
and that

T

r, = [[r).

Secondly, we will show that if for every §-module It € &, the representation
of A belonging to K is abolutely irreducible, then r = Ar,, where % is the
ideal class number of i. In the case where ¢ is the ring of algebraic integers of
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an algebraic number field K, then % is finite, and we will show .hat each r(p;)
is finite, so that r is also finite.

In §2, we will speak in terms of matrix representations of . This will not
constitute a restriction, since in this section we will speak of representations
of & over principal ideal rings.

2. Integral representations of finite groups over fields with P-adic valuations.
Let ® be a group of finite order N and let o be a commutative ring with unity
element. By an o-representation of © of degree #, we mean a homomorphism
of T of & into the multiplicative semi-group of all # X # o-matrices which
maps the identity element of ® onto the identity matrix. We will denote the
image by T' of any x € & by T..

If R is a commutative extension ring of o, then two o-representations T
and A of & will be said to be R-equivalent if they are of the same degree %
and if there is an invertible # X # R-matrix T such that I''T — TA, =0
for allx € @©. If the o-representation T of § is p-equivalent to a representation

of the type
()
0 17

where T amd T are o-representations of ©, then we say that T is reducible;
otherwise, we say that T is irreducible.

Let K be a field of characteristic zero with a PB-adic valuation ¢, that is,
¢ is non-archimedean and discrete of rank 1, and the residue class field deter-
mined by ¢ is of finite characteristic. If K is complete with respect to ¢, then K
is said to be a P-adic field. Let o denote the ring of integers of K, i.e., the set of
all elements with values <1, let P denote the prime ideal of o, i.e., the set of all
elements with values <1, and let p be a generator of P. In general, we will
denote the complete extension of K with respect to ¢ by K*. The ring of
integers of K* will be denoted by 0* and its prime ideal by P*. Let B** be the
highest power of P dividing N.

For completeness, we will state some theorems obtained previously by the
author, and refer the reader to (2) for the proofs.

THEOREM 1. If T and A are two o-representations of ©, then T and A are
o-equivalent if and only if the PB*-modular representations T and A, induced by
T and A respectively, are (0/B*)-equivalent, for any k > k.

For the proof, we refer the reader to (2, p. 347). Although in the paper
referred to one is only concerned with the case where K is complete, it is
obvious that this condition is not essential for this theorem. The argument
applied is due to Schur (3).

CorOLLARY 1. T and A are o*-equivalent if and only if they are v-equivalent.

Proof. Assume that T' and A are o*-equivalent, i.e., that T and A are of the
same degree # and that there is an # X » o*-matrix T such that I';)7 — TA,=0
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for all x € ®, and that |T| ¢ B*. Let T’ be an o-matrix congruent to T,
modulo P**. Such a matrix always exists since (o/PB*) = (o*/P**). Then

r,T7/ —T'A, =0 (mod P*)

forallx € & and |7’| ¢ PB. Taking £ > ko, by Theorem 1 T and A are o-equi-
valent.

COROLLARY 2. If (0/%) is e finite ring, them any class of K-equivalent
o-representations of & contains only a finite number of complete subclasses of
o-equivalent representations.

Proof. From Theorem 1, the number of classes of p-equivalent p-representa-
tions of & of a given degree is less than or equal to the number of classes of
(o/B¥)-equivalent (o/B*)-representations of & of the same degree, for any
k > ko, and if (0o/P¥) is a finite ring, this number is evidently finite.

THEOREM 2. If N ¢ B, and if the o-representation T of G is v-equivalent to a
representation of the type
s (P; AI>
0o r;y/’

where TV and T’ are o-representations of &, then T is o-equivalent to the represen-

tation
T, 0
x — o /-

For the proof, see (2, p. 353). The remarks made after Theorem 1 also apply
to this theorem.

THEOREM 3. If K is complete, if D is an o-representation of © and if D 1s
o-equivalent to a representation of the type

~ (3, )
20, A,

where T and A induce PF-modular representations of & and where k > 2k, then
D 1s v-equivalent to a representation of the type

x_}(ri‘ Ax>
0 A

where T* and A* are o-representations of & that coincide with T and A respect-
1vely, modulo P+,

For the proof, see (2, p. 348).

CorOLLARY. If K is complete, if N ¢ B, if T and A are irreducible o-repre-
sentations of ® of degree n and of T is a non-zero n X n o-matrix such that
I,T —TA, =0 for all x € O, then T = p™T”’, where T’ is an o-matrix and
IT'| ¢ B.
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Proof. Since N ¢ B, by Theorem 3, the B-modular representations T' and
A induced by TI' and A respectively are irreducible. Let p™ be the highest power
of p dividing all the entries of T and let T = p™T". Surely,

T — T'A, =0 (mod P)

so that by Schur’s lemma, 7’ is non-singular, modulo B, since p does not
divide all the entries of 77, i.e., |T"| ¢ .

THEOREM 4. If N ¢ B, then two o-represeniaiions T and A of ® are K-
equivalent if and only if they are v-equivalent.

Proof. Let us assume that T' and A are K-equivalent and let us first suppose
that K is complete. If A is irreducible, by (5, p. 283) T is also irreducible,
so that the statement follows from the Corollary to Theorem 3. If A is reducible,
by Theorem 2 we may assume that

B A10>
A_(O A,

where A; and A, are o-representations of ®. Since I' is K-equivalent to A,
by (5, p. 283) and by Theorem 2, T is p-equivalent to a representation of the

type
(rl 0 )
0 I

where I'; and T'; are o-representations of @ that are K-equivalent to A; and
A, respectively. If we use induction with respect to the number of irreducible
constituents of A, the K-equivalence implies the p-equivalence of T'; and T,
with A; and A, respectively, so that I' and A are o-equivalent.

Now, if we consider the general case, where K is not necessarily complete
if T'and A are K-equivalent, then we have just seen that they are 0*-equivalent,
so that by Corollary 1 to Theorem 1 they are p-equivalent.

CoRrOLLARY. If N ¢ B and if D is any o-representation of ®, then in any
reduction of O into irreducible constituents, these constituents are unique up to
order and v-equivalence.

Proof. Let
Iy * Ay *
Pz “ee and Az «.e
0 T, 0 A,

be two reductions of D into irreducible constituents. Then, by (5, p. 283),
the T'; and A; are also irreducible when considered as K-representations of .
Therefore r = s and there is a permutation %1, 43, . . . , ¢, of the indices 1, 2, ...,
rsuch that, forj =1,2,...,r, T'yis _‘K—equivalent to Ay. Then by Theorem
4, T'; is v-equivalent to A;.

https://doi.org/10.4153/CJM-1955-054-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1955-054-9

520 J.-M. MARANDA

3. On modules over Dedekind rings. Let i be a Dedekind ring, so that 1 is
an integral domain and every non-null fractional ideal of 1 is invertible, and
let K denote the quotient field of i.

Whenever we consider an t-module I, we will always assume that l.u = #,
for all # € M. If M is an i-module, the set of all &« € t for which au = 0 for
all # € M is an ideal of i which we will call the annihilator of IN.

We define the order ideal! of a finitely generated i-module IN as follows:
If I contains an element without torsion, then its order ideal is null, while if
I is a torsion module, its annihilator a is non-null, and since both chain
conditions hold for the integral ideals of i that contain a, It has a composition
series and its order ideal is the product of the annihilators of its composition
factors.

If N is an i-submodule of PN, since the ascending chain condition holds for
the integral ideals of 1, 9t is also finitely generated. We denote the order ideal
of M/M by (M: N). From the definition, it follows immediately that (MN: 0) =
D N) . N: 0) and that (IM: O) is contained in the annihilator of IMN.

Let o denote the ring of all elements of K that are regular with respect to
each element of a finite set of prime ideals of i. The ring o is a Dedekind ring,
indeed a principal ideal domain, and its ideals are just those that are generated
over o by ideals of i.

If I is a torsion free t-module, let KIN denote the smallest K-module into
which ¢ can be embedded and let oY denote the o-submodule of Kt gene-
rated by M. From the definition of the order ideal, one can verify that if 9N
is an i-submodule of M, then (OIM:oN) = o(M:MN) and (KM: KN) =
K Nn).

Lemma 1. If I is a finitely generated torsion free i-module and if o is an
integral ideal of i, then (M: aIN) = a™, where m is the rank of M (dimension of
Km).

Proof. If a = 0, then the statement is trivially true so that we may suppose
that a 0. Let us assume that o is the ring of all elements of K that are regular
with respect to each of the prime ideal divisors of (I: ad) and a.

Since o is a principal ideal domain, o9t has a linearly independent basis
%1, ..., U, OVer o, so that

oM = 2 ou,

i=1

Then
m
(00) . (o) = 3 (om)us
pam
For a general definition of the order ideal of a finitely generated module over a commutative
ring with unity element, see (6, chap. III, §3 and §5). Using the fundamental theorem of

Steinitz on modules over Dedekind rings (4, and also e.g. 1), one may show that this general
definition is equivalent to the one given above in the case of modules over Dedekind rings.
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and

o X~ 0uy .
m >~ ;1 o)z, (direct sum).
Therefore, o(M: ad) = (0I: (oa) . (0IN)) = (0a)™ = oa™, and because of the
choice of o, (W: adR) = a™.

If MM and N are torsion free i-modules, and if T is an t-homomorphism of IN
into N, then T may be extended to a K-homomorphism of K into KN in a
unique way by the following definition: T'(#/a) = (T(%))/a for all » € I,
and all @ € i, @ # 0. Of course, T induces an o-homomorphism of oI into
oM so that we may think of the i-module  of all i-homomorphisms of It into
N as embedded in the p-module &, of all o-homomorphisms of oIt into oN,
which in turn is embedded in the K-module 8 of all K-homomorphisms of
KN into KN. One can easily verify that ¢ = K and that &) = 0. Now let
us assume that I and N are finitely generated over i. For each T € &, we
define the determinant ideal §(T") of T to be (9: T (IM)).

If 69(T) and 8x(T") denote the determinant ideals of T considered as an
element of 0® and K{ respectively, then we have §3(T") = 05(7T") and 6x(T) =
K§(T). Evidently, T(I) = N if and only if §(T) = 1, and if M and N have
the same rank, 7 is biunique if and only if §(T) £ 0, so that in this case, T°
is an isomorphism of I onto N if and only if §(7) = i. Furthermore, it
is easily seen that in the case where 9t and N have the same rank,
8o(T) =o. |T| and 6¢(T) = K.|T)|.

LeMMA 2. If Ty and T, are in &, if
T,=T, (mod a%)
where o is an integral ideal of i, and if §(T1) + a = i, then 6(T2) + a = t.

Proof. We may evidently exclude the case a = 0 where the statement is
trivially true.
Since §(T) +a=1 N=N=6T)N+ aN C T:(M) 4+ aN, so that
N = T1(IM) + aN. But
Tl = T2 (mod aﬁ)

means that T (M) 4+ aN = To(WM) + aN, so that N = To(IM) 4+ aN. Let us
assume that o is the ring of all elements of K that are regular with respect to
each of the prime ideal divisors of a. We have ot = T2(oI) + (oa) (oN).

Since o is a principal ideal domain, there is a basis %y, ..., u, of 0t over o
such that ayuy, ..., au, is a basis of T2(0I®) over o, where the a; are in o.
Then

oN = 21 (o0 + (oes))s
i=
so that oa + (o)) = o0 forz=1,2,...,n But since

oN ~ 0U 4
Ty(oM) — =l oo,

(direct sum),
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8D(T2) = Doiag . . . ay, SO that 0(6(T2) + C[) = 8D(T2) + oa = 0. Then, be-
cause of the choice of o, a + 6(T) = t.

4. Representations of finite groups over Dedekind rings. Let 4 be an
algebra with unity element, of finite dimension over K, let & be an i-order of
A and let © = 0.

We propose to study representations of & by rings of i-endomorphisms of
finitely generated torsion free i{-modules, that map the unity element of &
onto the identity transformation, i.e., we propose to study -modules that are
finitely generated and torsion free over t.

If I is such an J-module, then there is a unique way of defining K and
oI as an A-module and an O-module respectively so that they are extensions
of the J-module I, explicitly, by setting (a/a)(u/B8) = (au/aB) for all
a € Fallu € Mandalla, B € 1, a = 0 # B.

Two J-modules I and N will be said to be t-equivalent if they are J-iso-
morphic; they will be said to be K-equivalent if Kt and K9 are A-isomorphic
and p-equivalent if oI and o are O-isomorphic.

Let & be a class of K-equivalent §-modules, complete in the sense that
if an &-module M is K-equivalent to an F-module in &, then M is t-equivalent
to an §-module in &, and let m denote the common rank of the i-modules in
&. Let R denote the partition of & into complete subclasses of i-equivalent
&-modules, and if o is the ring of all elements of K that are regular with respect
to each of the prime ideals s, ..., p, of 1, let R(py, ..., p,) denote the parti-
tion of & into complete subclasses of p-equivalent J-modules. Finally, let
r and r(py, ..., D, denote the number of subclasses of & determined by R
and R(py, ..., p, respectively.

THEOREM 5. If I and N are two J-modules in &, then
M=N (mod R(by,...,»))

if and only if there is an Y-homomorphism T of M into M for which 6(T) + p, =1
forv=1,2,...,r.

Proof. Since I and N have the same rank,
M=N (mod R(p1,...,»n))

if and only if there is an O-homomorphism 7" of oI into oM for which (oN:
T(oM)) = o0, and we may evidently assume that T maps I into N. But it is
also evident that T is ©-admissible if and only if it is $-admissible, when
considered as a mapping of I into N, and since (7)) = (EN: T (©XIMN)) =
o(M: T (M) = 05(T),69(T) = oifandonly if 6(T) + p, = ifori = 1,2, ..., 7.

THEOREM 6. If each prime ideal p, . . ., 9, is different from each prime ideal
q1y - -+ qsy then

m(ply"'rpﬂql!"')qs)=m(pl)"'rpr)mm(qlr"’)qs)
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Proof. 1t is clear, from the preceding theorem, that
RO, .o Py 0) S ROy ooy 9) N R(G, -+ q0)
Suppose that M and N are -modules in & and that
M=N (mod RMy, ..., 0) NR@y, --.,qs)

This means that there are §-homomorphisms 77 and T of IN into N for
which

Ty +p=iGE=12,...,7), 6(T)+aq,=1(G=12,...,9).

Since pips . . . P, is relatively prime to qiqz. . . q;, we may set 1 = a; + a,
Where a1 € plpz e p, and as € qidz . . . Qs Then if we set T = ang + ale,
T is an §-homomorphism of N into N, and furthermore, if { denotes the
i-module of all §-homomorphisms of I into N,

T =7T; (modpips...», Y, T =T, (mod q1g2 . . . q.%),

so that by Lemma 2,

(M) +p=1@=12,...,7), (T +q,=1
G=1,2...,9).
Therefore
M=N (mod Ry, ..., Pr Qiyv v+, qs)

THEOREM 7. If M and N are S-modules in S, and if each prime ideal
Py, ..., D, 1s different from each prime ideal qu, . . . , qs, then there is an S-module
M € S such that

M=P (mod Ry, ...,»)), W =N (mod R(qy, ..., qs))-

Proof. Since M and N are K-equivalent, there is an A-isomorphism T of
KM onto KN, and we may evidently assume that 7 maps I into N.

Let o be the ring of all elements of K that are regular with respect to the
prime ideal divisors of 6(T) = (N: T(M)).

Since o is a principal ideal domain, there is a basis uy, . . ., %, of 09t such
that an#y, . . . , @uity is a basis of T (0I), where the a, are in o, and furthermore,
since T is non-singular, 85(7") = pdaias . . . am # 0. We may even assume that
the @, are in 1.

Let oa; = B,€,;, where the 8, and €, are integral ideals of o such that
B,+C;=0, B;+op,=0 and €E;+oqu=0 for ¢=12,...,m,
j=12,...,7rand k= 1,2,...,s, Let B denote the intersection of the B,.
Then since

DB T (oM)) = BT (0M)) € BT (oM),

BT (oM) is an O-module.
Let M = NN BT (oM). Then P is surely an F-module, and since

o =N N B TOM) = }_:1 (0 N B 'as)us
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o has the same rank as 09t so that I’ has the same rank as M and therefore,
P is an F-module in &. But since BB, 1+ €, =9, Ba, 1+ 0 = €71, so
that B~ 'a; Mo = €, and therefore

DEUE’ = Z:l @iut

Since T(M) C W, T may be considered as an F-homomorphism of M into PN’
whose determinant ideal is (J: T(IN)). But o (M': T (M) = (0W: T (oIM)) =
581%2 . e %m so that

o((M: T(DY) + p)) = o(D: T(M)) + op; = BiB2. .. B + 0p; = o,
and therefore, because of the choice of o,
M:TE) +p; =1
and this for j = 1,2, ..., r. Therefore
M =P (mod R(py, ..., 0r)

Furthermore, the determinant ideal of the identity mapping of I’ into N
is (M: M) and since

(M) = (oN:oM') = C1Cs. .. Cpy o (N: M) + qx)
= §;Cs...C,+o0q, =0
so that by the choice of o,

((Sﬁ;iml)‘l'%):i, k=1y2y--°rsr

and therefore
M =N (mod R(qy, . . -, q0))-

COROLLARY.

r(ply ey P qu ..., QS) = r(plv ceey pr)-r(qu ceey qs)
Theorems 6 and 7 may evidently be extended by induction so that

m(ply ey pf) = Ql ER(pl)
and
r(ply s ey pr) = g. r(pi)

DEeFINITION. Two S-modules I and N will be said to be of the same genus?
if M and N are o-equivalent for every ring o of all elements of K that are regular
with respect to a single prime ideal of 1.

?We could say that )t and I are of the same genus if the corresponding representations are
unimodularly equivalent over all -adic extensions of K, but because of Corollary 1 of Theorem
1, this is equivalent to the above definition.
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Let R, denote the partition of & into complete subclasses of F-modules of
the same genus. Then, by definition,

R, = Q R(p)

where the intersection extends over all prime ideals p of i. Let r, denote the
number of subclasses of © determined by R,.

From now on, we will assume that 4, O and & are the group rings of the
finite group © of order N over K, o and i respectively.

Let v1, . . ., p, be the prime ideal divisors of NV in 1. By Theorem 4, we know
that if p does not divide NV and if o is the ring of all p-regular elements of K,
then two §-modules are p-equivalent if and only if they are K-equivalent, so
that in this case, R(p) determines only one subclass of &, namely & itself.
Therefore

T

ER{I = le(pt) = Sﬁ(ph I} pf)v rﬂ = I__Ilr(pi)

Now let a be a non-null integral ideal of 1 and let It be an J-module in &.
Since J(aM) = a(IM) C aM, aM is an J-submodule of KM, and since
adt has the same rank as I, eIt € &. Then there is a non-null integral
ideal b of 1 such that ab = (a),a € i, # 0 and b + (V) = i. The function
T mapping each # € I onto au is an F-homomorphism of IN into eI and
since

(De: o) = (PE: aM) (a2 2IN), a™ = g™ . 6(T),
so that 6(7T) = b™ and therefore
M = o (mod R,).

Now let us assume that the §-modules M € & are such that the representa-
tions of 4 belonging to Kt are absolutely irreducible. Let I and N be two
S-modules in © and suppose that

M =N (mod R,).

This means that there is an §-homomorphism 7" of IN into N for which
8(T) + (N) = i. Let

3(T) = ql'ad" ... qF
be the decomposition of §(7") into prime ideals in i. Since the representations
of @ belonging to K and KN are absolutely irreducible, they are irreducible

over the P-adic extensions of K determined by the q;, so that by the corollary
to Theorem 3, each f; is divisible by m and

T €qi™. 2

If we set
Ji/m Ja/m Je/m
1 2

b=gq coeqe

-q
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we have T € bR and 6(T") = 6™ Therefore T(M) C HN and since

" =6(T) = (M:T(M) = (N: dN) (bN: T(M)) = ™ (bN: T (M)),
GN:TM)) =1,

so that T(M) = bHN.

Let & be a complete subclass of & determined by R, and let I be an
F-module in &'. By the preceding argument, we may assume that &' just
consists of all the J-modules bR where b is a non-null integral ideal of t.
If b and b’ are two such ideals of i and if b and b’ are in the same ideal class,
then there is an ¢ € K, a # 0 such that the mapping 8 — a8, for all 8 € b,
is an i-isomorphism of b onto b’. Then it is easily seen that the mapping
u — au, for all # € bBIM, is an J-isomorphism of HIP onto H'IN.

Conversely, if T is an J-isomorphism of 6IR onto b’I, since the representa-
tion of 4 belonging to KIM = Kb = KH’'M is absolutely irreducible, it
follows that T multiplies each element of b9t by some scalar @ € K, a # 0, so
that b9 = «bM and therefore, b’ = ab, i.e., b and b’ are in the same ideal
class.

THEOREM 8. If each J-module I € & is such that the representation of A
belonging to KIN is absolutely irreducible, then v = hr,, where k is the number
of classes of isomorphic ideals of i.

If i is the ring of algebraic integers of an algebraic number field K, then &
is finite and also, since each integral ideal of 1 has a finite index in i, by Lemma
2 of Theorem 1, each r(p;) is finite, so that if & satisfies the condition of
Theorem 8, the number

£ =9Tr(o

is finite.
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