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§ 0. Introduction

The purpose of this paper is to investigate way of dependency of
Gaussian random fields X(D) indexed by a domain D in d-dimensional
Euclidean space R¢. Our main tool is variational calculus, where the
boundary of a domain varies and deforms and we appeal to the white
noise analysis. We therefore assume that X(D) is expressed white noise
integral of the form

0.1) X(D) = X(D, W) = L F(D, Wwdu

where W is the R‘-parameter white noise and the kernel F(D,u) is a
square integrable function over R? and where D is a bounded domain
with smooth boundary.

Our first interest is in the canonical property of the representation
(0, 1), which claims that the white noise W can be obtained from X(D)
by certain linear operations. In case this is realized, then the W plays
a role of the innovation for a Gaussian process with one-dimensional
parameter.

Profound and, in fact, interesting results have been obtained in line
with the canonical representation theory for Gaussian processes. Among
others two approaches will be presented in this paper as are mentioned
below:

1) The parameter D is taken to be a ball

B, = {ueR*; [u]f < (u, o)}, ae R*,

and F(D, u) is assumed to be of the form F(q, u) = F(B,, u) which vani-
shes on the boundary of B,. Set X(B,) = X(a), a = (a,, a, - - -, @) € R%.
If the partial derivatives of X(a)
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exist, then they give us, as is prescribed in Section 2, the white noise
W (see Theorem 2.3). There the Hole theorem plays an important role.
We shall see further that a property like multiple Markov property is
proved for fields with kernel functions of particular type.

2) The second case is concerned with variational calculus. To fix
the idea, we shall restrict our attention to the two dimensional parameter
case (in Section 4 and Section 5). The random fields to be discussed are
expressed in the form

0.2) x(C,]) = jw F@)W(wd,

where [C,] = B, is a disk with boundary circle C, with diameter oa.
The circle is deformed by conformal transformations and their infinitesimal
deformations give us variations of X([C,]). As a result, we are given a
Gaussian random field of the form

0.3) Y(C,) = JC F(u(s)) W(u(s)ds .

Again, by applying certain conformal transformations to the parameter,
the white noise W is formed out of Y(C,). The well known theory of
irreducible unitary representation of linear groups provides an essential
tool for our purpose.

It is our hope that our discussion would be generalized to the case
where the parameter space is more higher dimensional.

§ 1. Background

This section is provided for a brief review of some known facts on
white noise analysis.
We start with a Gel’fand triple:

E C IXR*) C E*,

where E is a nuclear space and E* is the dual space of E. For a given
characteristic functional

(LD C(&) = exp [—-;—nsuz], ek, |-| the LXR*-norm,
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a probability measure yx is introduced in the space E* in such a way
that

1) C® = [ exp licx, ©)du®.

The measure p is called a white noise measure and p-almost all xe E*
are viewed as sample functions of white noise.

The Hilbert space (L?) = LXE*, p) is the collection of all the func-
tionals of a white noise with finite variance. A member of (L?) is often
called a Brownian functional or a white noise functional.

A rotation g of E is a linear isomorphism of E such that

lg&ll = l¢ll,  for any §e K.

The collection of all rotations of E, denoted by O(E), forms a group.
This group O(E) is called the rotation group of E, or sometimes it is called
an infinite-dimensional rotation group without specifying E.

For any ge O(E), we can find the adjoint g* of g in such a way that

(1.3 (x, 8&) = (g*x, &), xeE* ¢ek.

The collection of all such g* with ge O(E) again forms a group and is
denoted by O*(E*):

O*(E*) = {g*: ge O(E)}.
If we define the product g*ou by
(8*op)(B) = g*B), BCE*,
then the equality
(1.4 grop=p

is valid for all g* € O*(E*), i.e. the g is O*(E*)-invariant.

Coming back to the rotation group O(E), there are some important
subgroups of O(E) called whiskers: They are one-parameter subgroups of
O(E) satisfying the following conditions.

a8 (1) @)W = )| -2 vw|"  uek,

where a‘{’z=<%) Lj=1,---,4d, d’z:(‘!f%”‘!f?)

ou ou,

(ll) 8i°8s = Biss
(iil) g, is continuous in ¢.
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We are specifically interested in the following four kinds of particular
whiskers:

(1.6) (1) shifts S .
(S#8)(w) = &(u — tey), e, = (0, %, -, 0eRr, j=1,---,d
(2) isotropic dilation z,:
(z8) (W) = §(e'w)e*”, ue R,
(3) rotation 7¢,:
(1, £) @) = &(ri ),
where r!, e SO(d) stands for the rotation of Euler angle 6 in the (x,, x,)-
plane, i #j, i,j=1, ..., d.
(4) special conformal transformations &/ = wS{tv:

2
W0 = oM ) 0 gt e, =1
where v is the reflection with respect to the unit sphere.

There are good commutation relations among their infinitesimal gen-
erators of these whiskers, which form a {d(d + 3)/2 4+ 1}-dimensional real
simple Lie algebra. Specially three classes of whiskers (2), (3) and (4)
have an important property, which is the so-called “Conformal invariance
property” of white noise. For details, see [10].

§ 2. Canonical representation

In this section we discuss canonical representations of Gaussian
random fields in terms of white noise, where the parameter space is R¢,
d > 2. We are particularly interested in the ‘“canonical property” of a
Gaussian random field given by white noise integral of the form

2.1) X(a, W) = LdF(a, WWwdu, aeRe,

where F(a, u) is a (locally) square integrable function of u indexed by a.
Having been suggested by Hida’s theory of representation for one-
dimensional case (see [4]), we shall adopt the following definition.

DerinITION 2.1. The expression (2.1) of a Gaussian random field
X(a, W) is canonical if for any r > 0, the following equality holds:

@2 olX( W): aeSO) = of [ 1 (We Wwdu: ¢ e LYST)} ,
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where X5, is the indicator function of the ball S(r) with radius r and where
o{ } means the g-field generated by the random variables in the bracket.

It seems difficult to find the canonical property of a general Gaussian
random field of the form (2.1), so that we start with Gaussian random
fields having special kernels. Such kernels do not come accidentally,
but they do under the view of conformal invariance property of white
noise, where the kernel [(a, u) — |u[] plays an important role (see [10)).
Hence we propose the following Gaussian random field:

2.3) X(a, W) = j %o P(a, w) — [uf)f()W(wdu,

where B, is the ball with diameter oa.
Before we come to this Gaussian random field, we cite

THEOREM 2.1 (Hole Theorem [18]). Let f be a continuous function
with compact support. Suppose that the Radon transform Rf of f vanishes
on every hyperplane not intersecting a fixed compact convex set X. Then
[ is zero outside of K.

We are now in a position to state

THEOREM 2.2. The Gaussian random field (2.3) is canonical if f is
not equal to zero almost everywhere and rapidly decreasing at zero, and if
P satisfies the following conditions: there exists a natural number k such
that

PeC® gnd PO)=.--=P*20) =0 P*90) 0.
Proof. 1If (2.3) is not canonical, then there exist r, > 0 and g e L}(S(r)),
g #+ 0, such that
(2.4) [ 12.0Pl@, 0 — [P fewdu = 0,

for every ae S(r,). In order to use spherical harmonics expansion, let
the product X, (w)P([a, u) — |uf] be expressed in terms of the polar coor-
dinates:

Is[lallu|(a’, ) — uf] = %, (WPla, w) — |ufl,

where o’ = afla|, W' = uflul. Then Pe L}[S*!' x S*-'] as a function of a’
and v. By the Funk-Hecke Theorem (cf. [16]), we have

(2.5) Pllafu|(a, w) — uf] = i, Prllal 141y, (@) S, ()

https://doi.org/10.1017/5S0027763000003135 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000003135

98 KE-SEUNG LEE
where 4 = {(m, k); m >0, 0 < k < h(m)} with

h(m) = 2m+d~—2(m—|—d——2),
m+d—2 m

and where
26 palal|ud = ku [ Plallult — [uFICE-2ROQ — ty->rdt.
lul/la]

Here C@-?7 ig the Gegenbauer polynomial of degree m, and k, is the
normalizing constant.
Similarly, for Q[lu|u'] = f(u)g(u), we have

@7 Quiwl = 3 dusludSuslw),

where gua(u) = Fu [ QUulw)Su()do(w) .
Now, inserting (2.5) and (2.7) into (2.4), we get

2.8) ST RIS, (@) ﬂ' pollal, 9gnu&s*ids =0,  |a] < 1.

(m,k)

This yields the equation
@9 [“pulal 9guuestids =0, 0<lal<n, (mBed.
0

From (2.6) and (2.9) we have

lal

qm,k(s)sd-l{f . Pllajst — £1CL-22()(1 — z?)w-wdz}ds =0,
0 s/la}
for any (m, k)e 4.
By changing the order of integration, we get
(2.10) f e 1 — By )dt =0, (m k)ed,
0
where {x} is a function of ¢ expressed in the following form:
lalt

2.11) . qm,k(s)ls[lalst — s']s?ds.

By [15], the expression (2.11) must be a polynomial of ¢ with degree
less than m. But g, .(s) is a rapidly decreasing function of s and therefore
we come to know the expression (2.11) must be zero i.e.,
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2.11) f CgonPxs — )s*ds =0, 0<x=lalt<r, (mked.
0

This is a well known Volterra integral equation. The hypothesis on P
guarantees that ¢, () =0, 0 < s < r, for any (m, k)e 4. (See [19]). We
then conclude that @(u|uw’) = f(w)g(u) = 0.

While the hypothesis on f(u) #+ 0 implies that g(u) must be zero,
which contradicts the choice of g(u) is not zero. This completes the proof.

Remark. The function P(y) in Theorem 2.2 can be replaced by R(y)
such as

R(y) =y *R(y), 0<p<1, ReC® RO #0.

(Also see [19)).
The simplest example of P(y) in Theorem 2.2 is P(y) = y~, that is,

Pl(a, u) — [uf] = [(@, u) — |uf]".

Then the Gaussian random field
(2.12) X@ = [ L@, w) — [uf1*f)W(wdu

is N-times differentiable for any f satisfying the assumption given in
Theorem 2.2. For such a random field, a partial converse holds.

THEOREM 2.3. Let a Gaussian random field X(a) be given by
(2.13) X(a, W) = f Fla, Wf()Wwdu,
Ba

where F(a, u) is a polynomial in the variables of a and u, where f(u) # 0
is a rapidly decreasing function at zero.
(1) If X(a) is N-times differentiable, then F(a, u) must be of the form

F(a,u) = [(a, u) — [uf]"Fy(a, u),

where Fy(a, u) does not vanish almost everywhere on the boundary of B,.
(2) If 9%/(8a,0a,, - - - 9a,,)X(a) is an additive process for some iy, iy,
-, iy, then the kernel Fy(a, u) in (1) must be independent of a.

Proof. (1) Suppose that (2.13) is differentiable. Then, the difference
X(@) — X(a) = L [F(a’, u) — F(a, wlf(w)W(w)du

+ j (o (12) — Xa (W)F(, 0) () W()du
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should have the variance of order O(a’ — aff). Noting that
[ sut) = 25,01 du

is order O(la’ — a|), we can see that F(a, u) must be zero on the boundary
of B,. Hence we can claim that F(a, u) has a factor (e, u) — |uf:

F(a, u) = [(a, w) — |u[]F\(a, w), F,: a polynomial.

Repeating this argument as many times as N, we finally come to the
conclusion.
(2) For the proof, we refer to [11].

Remark. The random field defined by (2.12) may be said to be an
(N + 1)-ple Gaussian Markov field in the restricted sense, being a higher

dimensional generalization of this notion introduced in the paper [4] by
Hida.

§ 3. Restriction of parameter

We now pause to prepare some background in order to apply the
linear operator to Gaussian random fields. The basic idea is the following:
When we apply variational calculus for Gaussian random fields, we are
given their values on the boundary of a domain in question. Namely,
the parameter is restricted to a lower dimensional manifold. Further,
we have to deal with the field even when the boundary is made to
deformed. We therefore provide necessary background systematically in
order to carry on the analysis of fields when the parameter is restricted.

There is a convenient tool, for this purpose, called the causal calculus.
As in [6], [14] we introduce stochastic partial differential operator such
as

(3.1) 0,; teR”.

It actually stands for a partial differential operator 3/(0W(t)) acting on
functionals f(W) of white noise. Since f(W) can be thought of as
f(W(¢), te R?), where W(?), te R?, is taken to be the system of variables
of f, it is reasonable to introduce a partial derivative in the variable
W(t), t being fixed.

The adjoint operator 9Ff for 9, can be defined in a usual manner.
Namely,
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(3.2) 0. f(W), g(W)) = {f(W), 5fg(W)).

It can easily be seen (see [13], [14]) that each &f plays the role of the
creation operator acting on the space of generalized white noise func-
tionals.

We have, in particular,

(3.3) f,w f(@)oF1dt = jm fOW®dt,  fe LNRY).

Denote the operator J f(®)oF1dt by W(f).
Rd

As is discussed in the paper by Hida, Lee and Si Si [11], the integrand
f can be a generalized function, which is often taken from the space
H-“*v2(R?) the Sobolev space over R® of order —(d + 1)/2. For example,
in the case where the generalized function is supported by a manifold
M (C R?), the integral (3.3) may be viewed as a smeared Gaussian random
variable by a generalized function defined on the parameter set M. Note
that M may be a lower dimensional manifold.

The above assertion can be justified by the following observation.
Suppose f in (8.3) is an H-“*Y*(R%)-function. Then, we can provide a
test functional which is a Gaussian random variable given by

(3.4) js(x)wmdt = W),

where & ¢ H¢*V/%(R%). The bilinear form (W(f), W(¢)) has the value {f, &
as is well known. Note that (f, & = {f, £€¥) holds, where &¥ is the
restriction of & to M. This means that f may be viewed as a (generalized)
function on M. Now, coming back to W(f), we understand that, so far
as f runs through the class of generalized functions with support M, W(f)
can be dealt with as if it were a linear functional of the white noise on
M evaluated at f, although it can never be an ordinary white noise
functional. For details, see [9].

Remark. Here one can also see an advantage of using the integral
representation introduced in [5].

§4. Subgroup of 6(2)

In this section we restrict our attention to the two-dimensional
parameter case. The conformal group is now C(2), which involves two
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shifts, the isotropic dilation, the rotation on R* and two special conformal
transformations. Now introduce a notation § which denotes a diffeomor-
phism of R? = R*U{o} such that ge C(2) can be expressed in the form

(88)(w) = &(gu)|J(gu)|”, J being the Jacobian.
We set
C@ = {& g C@)}.

Let S be the collection of all plane circles and let S, be the subset
of S which consists of circles passing through the origin. There are two
interesting subgroups of C(2) in connection with S,:

I,={geC@®: 8S,= Sy,
KC,)=1{geC®: gC,=C,}, C.eS,
where C, is the circle having ¢ as the antipodal point to the origin.

It is easy to see that I, is generated by {7, 7., B3, #2}. This group L,
acting on S, is transitive.

The family {I(C,); a € R%} is a system of subgroup of the I, such that
e)nie,) = {identity map}, ¢ #+ b. Every member of the I(C,) comes
from the suitable combination of {#,, #}, #}}. To find an expression of the
member of I(C,), a = (a,, ), set
(41) gf = flog(l—att)x‘ii i = 1, 2 s
where r is a function of {. Noting the commutation relation

’5273 = Tsxg-exp[s]y
we take r to be (log(l — a;t))fa, so that g! becomes a one-parameter
group, ¢ = 1, 2.

The infinitesimal generator «, of gi, turns out to be

(4.2) w=-2g| =ac—x i=12
dr =0

where ¢ and &' are infinitesimal generators of z, and i, respectively.
The commutation relation between «,, i = 1, 2, is

(4.3) [oy, o] = Qo' — ai?

= Ay — Qoly.

If we set § = a0, — a,o,, then we have
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la, Bl = a,p, i=1,2
Summing up these results, we obtain

ProposiTiON 4.1. Let C,, a = (a,, a,), be given. Then the infinitesimal
generators {a;} of {gi} span a two-dimensional Lie algebra:

(4.9) View, ol = Vew, 8, a #0,
= V[am AB]y a, + O’

where V is the vector space with the product in (4.3).

§ 5. Variational calculus based on conformal group

We are now in a position to investigate the Gaussian random field
X(a), a e R*, by exploiting the one parameter groups that have been pre-
pared in §4.

Let X(a) be given by

(5.1) X(a) = L Fu)W(wdu

where F(u) is a locally square integrable function.
First, we apply «; to X(a) to obtain

(5.2 (uX)(@ = L (X))
- j ) F(u)%lmle(u)da + L ' F) () W(w)du,,

where the dii, in the first integral, denotes the line elements ds and
where W(u), in the first integral, must be understood as the restriction
of W to the boundary C, as was discussed in Section 3,

Similarly, applying £ and z, to (5.1), we get

63 0.0@=2E0)|

- f ) F(u)%;uIZW(u)da + j (2F) (w)W(w)du,
and

(5.4) 6.X)(a) = &

dt
— L F(u)% W(u)di + L (cF) (@) W(w)du,

@0@|
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respectively.

In the equations of (5.2), (5.3) and (5.4), the two integral can be
discriminated by evaluating their variances; more precisely, the first term
is of infinite order from our understanding that the kernel function is a
generalized function, while the second term has order O(v6a), where da
denotes the differential of ae R:. We can therefore choose the first
integral terms which are dominant.

Now the first integral can be rewritten as the following expression:

5.5) Y(@ = Y(C) = | Gla, uls) W(u(s)ds,

where we should note that G(a, w)(1/|u|)* is a square integrable function.
This looks like an ordinary Gaussian random field. We can therefore
apply to the Y(a) the transformations that come from the prepared one
parameter groups {g} and we obtain the following expressions:

For g!, we have

(5.6) @mm:%mmaﬂ
T

=wamwmmw+WWW@,

where r = @,cosd + a,sinf, r' = —a,sinf + a,cosf, and where 6 = s/|a|
— tan~Y(a,/a,).
Similarly, for g2 we have

CX) (GaY)(C) = (@€

= JG (. D) (W) W(w)(r* + r')**du(s) .

Without loss of generality, we may set a = (0, a,) to avoid unessential
complexity. With this assumption we observe the following transforma-
tions. By the reflection v, the elements uw = (u,v)eC,, glueC,, and
g'ue C, are transformed to

~1—<—l£, 1), #1~<—Li + ., 1) and ._1_<e'“2f_u_, 1),
az v ag 1 az 1]

respectively.
Then g}, plays as translation operator, while g%, does as the dilation

operator. If we add the operator ;e\fi, which is the reflection with respect
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to the line passing through the origin and its antipodal point a, then the
group €, generated by the subgroups {g},, &}, gfa} admits an irreducible
unitary representation on the Hilbert space spanned by the W(f), f being
a function on C,. Thus, if we invoke the result by Gel’fand and Naimark
[3], we can pick out the white noise W(u), ue C,, and eventually W(u),
ue R out of the original random field X(a), a € R®. From this result,
the {W(u)} may be thought of as a generalization of “innovation” using
the action of the group 6‘(2).
Now we summarize the above results as a theorem:

THEOREM 5.1. Let X(a) be the Gaussian random field given by the
formula (5.1). Then,

(1) we can ferm Gaussian random fields Y(a) as in (5.5) by applying
1(C,) to X(a) in (5.1):

(2) we can recover the original white noise W(w) by applying the
transformation group €, to Y(a).

Concluding Remark

Before closing this article, we state some remarks.

In Section 4 and Section 5, we have used variational calculus for
only two-dimensional case and the domain of integration are chosen from
much restricted class i.e. C,, a e R%.

It seems that there are at least two directions for further development
in line with our approach:

(1) generalization to higher dimensional case, and

(2) generalization of the choice for domains of integratic~

For the first direction, an innovation process may be obt: d, using
C(d), d > 3, by a similar but somewhat more complicated mewnod with
the same idea.

For the second direction, we note that some results for a more general
class of curves are reported in Si Si [17] and in Section 5 of Hida and
SioSi [12].
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