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Throughout this note, rings will mean associative rings with identity and all modules
are unital. A ring R is called right artinian if R satisfies the descending chain condition for
right ideals. It is known that not every ideal of a right artinian ring is right artinian as a
ring, in general. However, if every ideal of a right artinian ring R is right artinian then R
is called hereditarily artinian. The structure of hereditarily artinian rings was described
completely by Kertész and Widiger [S] from which, in the case of rings with identity, we
get:

A ring R is hereditarily artinian if and only if R is a direct sum S @ F of a semiprime
right artinian ring S and a finite ring F.

This result plays a basic role in the study of radicals in the class of all hereditarily
artinian rings (cf. Widiger and Wiegandt [9], Widiger [8]). On the other side, this is a
generalized form of the Wedderburn—Artin structure theorem. Hence it would be
possible to give ring and module characterizations for hereditarily artinian rings as one
has done for semiprime artinian rings.

Let M be a right R-module. M is called completely infinite if for any distinct
submodules X oY of M, X/Y is infinite. Now, the purpose of this note is to prove the
following result.

THEOREM 1. For a ring R the following conditions are equivalent:

(a) every ideal of R is right artinian;

{(b) R is right artinian and every prime ideal of R is right artinian;

(c) R=SDF, where S is semiprime artinian and F is finite;

(d) R is right artinian and the Jacobson radical J of R is right artinian;

(e) R is right artinian and J/J? is finite,

(f) every cyclic right R-module M is a direct sum E @ H of a completely infinite
injective right R-module E and a finite right R-module H .

Proof. (a)=> (b), (c)=> (e) are obvious and (a) < (c) & (d) is proved in [5].

(b)=> (c). Since the prime radical and the Jacobson radical J of a right artinian ring
coincide, we get

J=PN...NP,, (1)

where each P, is a prime ideal of R. If, for every P, the factor ring R/P, is finite then, by
(1), R/J is isomorphic to a subring of the finite ring R/P,® ... ® R/P,,. By [3, Corollary
3, 4°], R is then finite, proving (c).

Assume now that R is infinite. Then there are exactly ¢ prime ideals of R in (1), say
Py, ..., P, such that R/P, is infinite, j=1,...,¢. Hence for each P, R/P, is an infinite
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prime artinian ring. On the other hand, since P, 2J and F, is right artinian as a ring, F, is
contained in a direct summand P; of R with finite P;/P, by [7]. Hence P;=F, and
R=¢Re;® P, withe?=¢ e R foreach j=1,...,¢. From this we get

R=eRe,®.. DeReDF,

where each ¢Re; is an infinite prime right (and left) artinian ring and F is a finite ring, i.e.
(c) holds.

(e)=>(c). By [4, Theorem 1], condition (e) implies that R is right and left artinian.
Then [3, Theorem 4(a)] allows R to have a direct decomposition R =S @ F, where F is
finite and S is completely infinite as a right (and left) S-module. Denote by J' the
Jacobson radical of S. Then the condition (e) yields that J'/J'? is infinite; hence J' =J'?,
i.e. J' = (0), proving (c).

(c)=>(f). Suppose R =S @ F, where S is semiprime artinian and F is finite. Without
loss of generality, all simple right S-modules are infinite. Let X =xR be a cyclic right
R-module. Then X = xS + xF. Clearly x§ and xF are submodules of X, xS is completely
infinite and xF is finite. Thus xS NxF =(0), i.e. X =xS @ xF. Moreover it is also clear
that x§ is an injective right R-module.

(f)=>(c). By hypothesis R=E @ F, where E is a completely infinite faithful
injective right ideal and F is a finite right ideal of R. Let § be the sum of all finite right
ideals of R. Then S is an ideal of R with S o F and S N E = (0). It follows that S = F. Let
f e F and suppose fE #(0). Then fE=E/D, where D={x|xeE,fx=0} and E/D is
non-zero and finite, a contradiction. Thus FE = (0) and E is an ideal of R. Finally E is a
semiprime artinian ring by Osofsky’s theorem [6].

The proof of Theorem is complete.

It is known that a ring R is semiprime artinian if and only if every simple right
R-module is projective. Let K be a finite field. Then the polynomial ring R = K[x] has the
property that every simple right R-module is finite. This shows that there are non-artinian
rings whose infinite simple right modules are projective. Hence it would be interesting to
determine the class of all rings R satisfying the condition that all infinite simple right
R-modules are projective. In the noetherian case we can prove the following proposition.

ProprosITION 2. Let R be a right noetherian ring such that every infinite simple right
R-module is projective. Then the artinian radical A of R is a hereditarily artinian ring.

Proof. For the definition and properties of the artinian radical of a noetherian ring,
we refer to Chatters and Hajarnavis [2]. Let X be a submodule of the right R-module A
such that A/X contains an infinite minimal submodule Y/X. Then, by assumption,
Y=Y, @0 X, where Y, is an infinite minimal right ideal of R, Y, =y R =R/D with
D={r|reR,yr=0}. Hence, as a right R-module, R=Y,® D; therefore Y, is
idempotent. From this it is not difficult to see that A is a hereditarily artinian ring (not
necessarily with identity).

Concerning the question stated before Proposition 2 and Theorem 1, we would like to
mention an interesting result of Chatters [1] which says: A ring R is right noetherian if
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and only if every cyclic right R-module is a direct sum of a projective module and a
noetherian module.

For any ring R and right R-module X there is a unique maximal completely infinite
submodule C of X by Zorn’s lemma. By [3, Theorem 4(a)], if R is a right and left artinian
ring then, for each right R-module X, X = C & X'. In general, it would be interesting to
consider the question: when is C a direct summand of X for each right R-module X? In
particular, for which rings R is every cyclic right R-module the direct sum of a completely
infinite submodule and a finite submodule?

I wish to thank the referee for many helpful suggestions.
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