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Abstract In this paper, we study the validity of the sub-supersolution method for the equation

—div(K (2)Vu) = K(z)|z|*"2 f(z,u)in RN,
u > 0in RV,

where N > 3, K(z) = exp(|z|*/4), @« > 2 and f is a continuous function, with hypotheses that will be
given later. We apply the method to cases where f is singular, where f behaves like a logistic function,
showing in both cases the existence and uniqueness of a positive solution.
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1. Introduction

In this paper, we consider a general quasilinear elliptic problem given by

A= Sl (@ V) = |22 () in B, (L)

u > 0in RV,
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where N >3, a > 2 and f is a continuous function on RY x (0, c0).

As shown by Haraux and Weissler in [14], the operator that appears in problem (1.1)
with o = 2 arises when we seek self-similar solutions, that is, solutions of the form
w(t,z) =t~ P=2y(t=1/2z) for the parabolic problem

wi — Aw = |w[P"2won (0,00) x RY. (1.2)
In such a case, w satisfies (1.2) whenever u satisfies
—Au — (z-Vu) = f(z,u)in RN

with f(z,u) = |u[P~2u + ﬁu.
If we set K(x) = exp(|z|*/4), a simple computation demonstrates that problem (1.1)
is equivalent to

—div(K (z)Vu) = K(z)|z|* 2 f(x,u) in RV,

(1.3)
u>0in RV,

Haraux and Weissler, in [14], examined problem (1.2) with the aim of establishing
nonuniqueness results for the Cauchy problem associated with (1.2) in the case N = 1.

Escobedo and Kavian [4] investigated variational problems related to the existence
of self-similar solutions of (1.1) with o = 2. To achieve this, they proved compactness
results for the embedding H'(Ky) C L?(Kjy), where H'(Kjy) and L?(Kj) are the weighted
Sobolev and Lebesgue spaces, respectively, with weight given by Ky(x) = exp(6(x)), with
0 € C2(RN,R,).

A more general formulation of this class of problems was studied by Catrina, Furtado
and Montenegro in [3]. They established the existence of positive, rapidly decaying
solutions for the equation

—div(K (z)Vu) = K(2)u? ' + AK (z)|z|*?u in RV,

where N > 3, K(z) = exp (1|z|%), & > 2 and A is a parameter.

Problems with nonlinearity of the concave-convex type for this class of problems were
studied by [1, 8, 9, 16, 17].

Further works addressing the existence and multiplicity of positive or nodal solutions
for this class of problems can be found in [5-7, 10-12, 13, 15] and the references therein.

In order to show the existence and uniqueness of a solution to problem (1.3), we define
the space X as the completion of the space of smooth, compactly supported functions
C°(RY) with respect to the norm

Jul? = /RN K (@)|Vul? da.
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As quoted in [3], X is a Banach space and the weighted Lebesgue space

1/s
L (RY) = {u measurable in RY : ||ul|s x = </ K(z)|x|o‘2u|sdm> < oo}
RN

is such that the embedding X — L3 (RY) is continuous for s € [2,2*] and compact for
s €[2,2%).

We say that u € X is a positive weak solution of problem (1.3) if u > 0 in RY and
satisfies

/ K(z)Vu- V¢ dox — / K(z)|z|* 2 f(x,u)pdz = 0, for all ¢ € X.

Next, we define the concept of a sub-supersolution pair for (1.3), which we will later use
to prove the existence of a weak solution of (1.3).

Definition 1.1. We say that the pair (u, @) is a sub-supersolution for problem (1.3),
respectively, if u,u € X with

(1) O<u<uinRY,
(2) For each ¢ € X with ¢ >0,

/

K(z)Vu-V¢ dr < / K(x)|z|* 2 f(z,u)¢ dx

N N

and

/ K(z)Vu-V¢ dr 2/ K(2)|2|*2f(x,7)¢ du.

Now, we present our main results.

Theorem 1.1 Assume that there exists a pair of sub-supersolution (u,w) of (1.3) and
If(z,u)| < G(z) € L% RY)  Vu € [u,7)]. (1.4)
Then, (1.3) has at least one positive weak solution u € X (C?(RYN) satisfying
0 < u(z) < u(x) <u(x), a.ein RY.

As an application of the previous result, we present two interesting problems. First,
we consider the following problem

—div(K (z)Vu) = AK (x)]2|*2h(z)uVin RY, (1.5)

where v > —1 and h satisfies
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(h) There exist 0 < Cy < Cq, 61 > d2 > 0 such that
Chre 011" < h(z) < Coe 021217,
Theorem 1.2 Assume v > —1, that h satisfies (h) and:

(1) if v >0, suppose

¥ 1
) = < 6y < 6y, 1.6
T, T3S Ed (16)
(2) if =1 <y <0, suppose
1
% < 09 < 07. (17)

Then, there exists at least a positive solution of (1.5) in X NC?(RY) if and only if A > 0.
Moreover, there exist positive constants C > 0 and p > % such that

u < CePlel” (1.8)

Furthermore, there exists at most one positive solution of (1.5) for v > 0 and p >
(02 —1/8)/~ in (1.8) if v < 0.

Second, we consider the logistic equation
—div(K (z)Vu) = MK (z)]z|*"2(Au — uP)in RY, (1.9)
where p > 1. For this equation, we need to analyse the eigenvalue problem
—div(K (z)Vu) = AK (z)|z|* 2uin RY. (1.10)
We denote by A the principal eigenvalue of (1.10)

Theorem 1.3 1.3 Assume p > 1. Then, there exists a positive solution of (1.9) in
XN C2(RYN) if, and only if, X > Ai. Moreover, there exists a unique positive solution
of (1.9), and there exist positive constants C > 0 and p > % such that

u < Ce Pl (1.11)

In this article, we complement the existing literature in the sense that, to the best of
our knowledge, this is the first paper to study this class of problems using subsolution and
supersolution techniques. Moreover, in Theorem 1.2, when considering the case v > 0,
we address a strongly singular problem, which is a novelty in the study of this topic.
Furthermore, when considering —1 < v < 0 in the aforementioned theorem, we are
dealing with the sublinear case, which had not been previously considered. On the other
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hand, equation (1.9) was analysed in [4] in the particular case o = 2, using variational
methods.

The paper is organised as follows. In Section 2, we apply the classical theory for compact
and self-adjoint operators to study an eigenvalue problem more general than (1.10).
Section 3 is devoted to the proof of an abstract result of the sub-supersolution type, which
proves Theorem 1.1. The uniqueness of the positive solution of the problems considered
in this paper is proved in Section 4. Finally, in Sections 5 and 6, we prove Theorems 1.2
and 1.3, respectively.

2. Eigenvalue problem

In this section, we study the following eigenvalue problem
—div(K (z)Vu) + K (z)|z|*?m(z)u = AK (2)|2|* ?uin R, (2.1)

where m € L>=(RY).
We can apply the classical theory for compact and self-adjoint operators and deduce
the following Theorem

Theorem 2.1 There exists a sequence of eigenvalues of (2.1)
AM <A< <A =+ as k — +o0.

Moreover,

2 a—2 2
/RN K(x)|Vul —|—/RN K(x)|z|**m(z)u |

| (2.2)
ueX\{0} / K(x)|x|a72u2
RN

Proof. Since m € L>(RY) there exists a positive constant C' > 0 such that m(z)+C >
0 for all z € RY. Then, (2.1) is equivalent to
Lu = —div(K (z)Vu) + K (x)|z|* 2 (m(z) + C)u = (A + C)K (x)|z|**uin RY.

Observe that £71 is a self-adjoint, compact and positive operator, and then by the
standard spectral theory for compact operators, there exists a sequence of eigenvalues of

L
0<pr <po <o < g — 00 as k — oo.

Observe that A; = u; — C are eigenvalues of (2.1). This completes the proof. O
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In general, the sign of A;(m) depends on m. However, when m = 0 we can see in ([3,
Section 2]) that

1
AL = /\1(0) = Z(O&—Z—FN) > 0,
and an eigenfunction associated with Ay is ¢1(z) = exp(—|z|*/4).
In the following result, we show some properties of A\ (m).

Lemma 2.1.

(1) The map m +— A\1(m) is increasing.

(2) Assume that ¢ is an eigenfunction associated with A1(m). Then, ¢ does not change
sign. In fact, we can take p(x) >0 for all x € RV,

(3) Assume that \y(m) > 0 and that

—div(K (x)Vu) + K (x)|z|*?m(z)u >0 in RV, (2.3)

Then, u > 0 in RY.
(4) Assume that there exists ¢ > 0 in RN such that

—div(K (2)V) + K (z)|z|*2m(z)p = MK (z)|z|*2¢ in RY.
Then, A = A1(m).

Proof. 1. It follows from the variational characterisation of A;(m), see (2.2).

2. Observe that if ¢ is an eigenfunction associated with A;(m), then w := |¢| is also
an eigenfunction associated with A;(m). Hence, w > 0 in RY. Assume that there exists
xg € RY such that w(zg) = 0. Take R > 0 such that w > 0 in B(wzg, R). Then, we can
apply the strong maximum principle in B(zg, R) to conclude that w = 0 in B(xg, R), a
contradiction. Then, w(z) = |¢|(z) > 0 for all z € RY and we can take ¢(z) > 0 for all
r € RN,

3. By contradiction, assume that «~ # 0. Taking v~ in (2.3) we get

/ K(x)|Vu|? +/ K(x)]z|*?m(z)(u™)* < 0.

RN RN

On the other hand, by the variational characterisation of A\;(m), (2.2), we obtain

0<Xim) [ K@l 2w < [ K@+ [ K@l @) <o
RN RN RN

a contradiction.
4. Taking as test function @1, a positive eigenfunction associated with A\;(m), we get

M(m) [ K@l 2eer =2 [ K@)l %opn

Since ¢, p1 > 0, we conclude that A = Ay (m). O
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3. Sub-supersolution method - Proof of Theorem 1.1

Proof. Consider the function
g(x,t) = { f(x,1), @( ) t < u(z) (3.1)

It is clear that g is a continuous function, and using (1.4) there exists a function H
such that

lg(z,t)] < H(z) € L% (RY), forall t > 0. (3.2)

Define the map T : L% (RY) — L2 (R") such that T(w) := u, where u is the unique
solution of

—div(K (z)Vu) = K (x)|z|* 2g(z,w)in RV, (3.3)
From the Lax—Milgran Theorem [2], we conclude that T is well defined. Now, we show

T is compact and continuous. Indeed, let (w,) be a bounded sequence in L% (RY) and
set u, = T(wy). Hence

ol = [ K@l gta,wn)unds < [ K@lal* @) unde < Ol Aok

Then, (u,) is bounded in X and, in consequence, in L% (RY). Then, up to a subsequence,
U, —u in X
and
T(wy) = uy, — u in L% (RY),

which implies that T is compact. Note that with the same previous arguments, we can
prove that T is continuous.

Moreover, by (3.2), there exists M > 0 such that

|T(w)|la.c <M for all w € L3 (RY).
Then, if we define B(0, M) := {u € L3 (RN) : |jul|2,x < M}, it is clear that
T(B(0,M)) C B(0, M).

The Schauder Fixed-Point Theorem shows that 7T has a fixed point u, and then wu is
solution of
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—div(K (z)Vu) = K (z)|z|* 2g(z,u) in RV, (3.4)
We show that u <« <@ and then u is a solution of (1.3). Indeed, observe that
—div(K (2)V(@ - u)) > K(2)|z|*7*[f(z,7) - g(z, u)].

Denote by z := (u — u)~, then

K@)V < / K ()|} 2[f (2, 1) — g, w)] (T — )~ < 0.
RN ]RN

The regularity of u € X follows by a direct adaptation of [4, Theorem 3.12]. This
concludes the proof. d

4. Uniqueness of positive solution

In this section, we give two uniqueness results for positive solutions to (1.3) under the
general condition

u >0 is decreasing for a. e. z € RV, 4.1
g

f(z,u)
u
The first one assumes that the two solutions are ordered. Its proof follows the arguments

of Proposition 3.13 of [4].

Proposition 4.1. Assume that f satisfies (4.1) and that (1.3) possesses two positive
solutions u,v € X such that 0 < u < v in RN. Then, u=v.

Proof. Assume that 0 < u < v. Taking u as a test function in the equation of v and
vice versa, we obtain

K(x)|sc|o‘_2f(x’u) uv = / K(x)|x|a_27f(m’v)uv
RN u RN v
However, by (4.1), we have f(x,u)/u > f(x,v)/v, which is a contradiction. O

In the second one, we do not need the solutions to be ordered, but we require some
regularity on f and bounded solutions.

Proposition 4.2. Assume that f is a continuous function, f(x,0) = 0, f € Lipic

and satisfies (4.1). Let uw € L*>(RY) be a positive supersolution and u € L>®(RY) be a
positive solution of (1.3). Then,
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u<u in RV,

Proof. First, observe that, since f(z,0) = 0 and f € Lipjo., we get that f(x,u)/u €
L>(RY) and since u is a positive solution of (1.3), we have

—div(K (z)Vu) + K (z)|z|*? (_f(:c,u)) u=0,

and then by Lemma 2.1 4.,

U
Take now
Z:=uU—Uu
Then,
—div(K (z)Vz) + K (2)|z|**m(z)z > 0,
where

Observe that m € L>®(R"™) and by (4.1)

m(z) > —

Using now Lemma 2.1 1 and (4.2), we obtain

A (m) > Ay (M> =0.

u

Lemma 2.1 2 completes the proof. O

Corollary 4.1. Assume that f is a continuous function, f(x,0) =0, f € Lipi,. and
satisfies (4.1). Then, there exists at most one bounded positive solution of (1.3).

Proof. Assume that u,v are two positive solutions of (1.3). Then, u is a supersolution
and then v > v. Analogously, v is a supersolution and v > u. O
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5. Proof of Theorem 1.2

Before proving Theorem 1.2, we present a useful result. Observe that problem (1.5) is
equivalent to

Lo (u) = Mz|*?h(z)u™7,
where
o a—2
Lo(u) = —Au— Z\x| (x - Vu).
The next result follows from a straightforward computation.
Lemma 5.1. Denote by
wp(x) := exp(—plz|®),

where p > 1/8. Then, w, € X and
a—2 a 1
Ly(wy) = palz|* ™ w, IN +a -2+ |z|% 1P|
Proof of Theorem 1.1. We employ Theorem 1.1 with f(z,u) = Ah(z)u™" and
_ 1
U= €Wy, U:=Muw,, with 3 < p2 < p1,

with € and M positive constants to be chosen. Observe that 0 < u < @ for € small or M
large. On the other hand, taking u € [u, @], if ¥ > 0

|f (@, u)| = Ah(z)u™ < Ah(z)u™" < Ceap(—(d2 — yp1)|z|*) = Gi(x),
while if v < 0

|f(z,u)] = Ah(z)u™ < A(z)a~" < Ceap(—(d2 — yp2)|x]*) := Ga(2).
Observe that Gy € L% (RY) provided that

L1/
Y

o’ (5.1)

On the other hand, Gy € L% (RY) if

1
15
g~ 2 (5.2)

P2 >
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Moreover, w is a subsolution if
La(w) < Me|*~2h(x)u~

Using Lemma 5.1, u is a subsolution provided that

1
T praexp((61 — (1 +v)p1)|z|*) |N +a — 2 + |2« (4 - pl)] < CiA
for which it is sufficient that

01
— < and ¢ > 0 small enough. 5.3
1+~ P1 g (5.3)

On the other hand, 7 is a supersolution provided that
1
M paacap((Ba (14 )p)lal*) [N+ =24 [ol"a (§ - p2) | 23
for which it is sufficient that

o
T4 > pa, p2 <1/4 and M > 0 large. (5.4)

We separate the proof into two cases:

(1) Assume 7y > 0 and (1.6). Then, we can take py < py satisfying (5.1), (5.3) and (5.4).
(2) Assume —1 < v < 0 and (1.7). In this case, we can take py < pp satisfying (5.2),
(5.3) and (5.4).

Finally, we show the uniqueness results. We distinguish three cases:

(1) Assume that v = 0. In this case, (1.5) is a linear equation, and then the uniqueness
follows directly.

(2) Assume that v > 0. Observe that ©~7 is decreasing. Then, if there exist two positive
solutions u; # us, then

up — ug) xO‘Q T — gy (ur — ug) <0.
[ K@V =l = [ K@l h@)l T =)~ ) <0

This implies that u; < ug. Analogously, us < u; and we conclude the uniqueness.

(3) Assume —1 < v < 0. Due to the lack of regularity of the map v~7, we cannot apply
Proposition 4.2. Hence, assume that there exist two positive solutions u,v € X such
that

https://doi.org/10.1017/50013091525101235 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091525101235

12 G. Figueiredo, C. Morales-Rodrigo and A. Sudrez
u,v < Ke Plel", p> (62 —1/8)/~. (5.5)
First, observe that
wi=u+veX
is a supersolution of (1.5). Indeed, since 0 < —v < 1 we get that
(u+v) 7 <uT4ov 7.
Now, we define the sequence w,, with wy := w,
—div(K (z)Vw,) = K(z)|z|* 2 f(z,w,_1)in RN, (5.6)
where
f(z,u) = Ah(z)u™".
We show that
f(z,w,_1) € L% (RY) (5.7)
and
{u, 0} <+  <wpp1 <wp < <wy=w=u+v. (5.8)
First, observe that f(z,w) = f(x,w) = Ah(x)(u +v)~7 € L%(RY) by (5.5), and
then, wy is well-defined.
Observe that, using (5.6) and that w is supersolution of (1.5), we get
—div(K (z)V(wg — wy)) > 0,

and then wq < wp in RY.
Assume now that there exists w,_1 and w,_1 < w,_2 < wg = w. Then,

f(z,w,_1) € L% (RY),
and so w, is well defined. Moreover,
—div(K(2)V(wp—1 — wn)) = K (a)|2]*72[f (2, wp—2) — f(x,w,-1)] >0,

and we conclude that w,, < w,_1.
Analogously, we can show that {u,v} < wy,.
Hence, we can pass to the limit and obtain a solution W of (1.5 such that

{u,v} <W.

We can apply Proposition 4.1 and obtain that u = W, v = W, and we conclude the
uniqueness of the positive solution.

O
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6. Proof of Theorem 1.3

Proof. Again we use Theorem 1.1 with f(z,u) = Au — uP and

with e and M positive constants to be chosen and p > 1/8. Observe that 0 < u < @ in
RV,
On the other hand,
|f (2, w)| < C(Jal + [ul?) < C(exp(—plx|*) + exp(—pplz|*)) € L (RY).

Assume that A > A;. It is clear that u is a subsolution for A > A;. Indeed, this is
equivalent to

e < A=,

which is true for € small.
On the other hand, @ is supersolution of (1.9) provided that

1
pa [N +a—2+4|z]% (4 - p)} + MP exp(p(1 —p)|z|*) > A in RV, (6.1)

Take R > 0. Then, in B¢(0, R) we have that
et 1 -1 et
pa|N+a=2+z% (7 —p || + M exp(p(l - p)lz|*)

1

> pa [N—l—a—Z—i—R“a (4—,0)] >\,
for R large. Now, in B(0, R) we have

1
pa [N fa—24 2% (4 _ p)] M eap(p(1 — p)lel®)

> MP~ eap(p(1 — p)R*) = A

for M large. Hence, (6.1) is verified, and then @ is supersolution of (1.9).
Now, assume that there exists a positive solution u of (1.9). Taking 1 as test function
in (1.9) we get

(A=) / 22K (2)ugr = — / 2| 2K ()P o,
RN RN

whence A > 1.
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Now, we show that any solution positive solution u of (1.9) is u € L (R¥). For that,
we use a similar argument to Theorem 3.12 in [4], see also Lemma 2.2 in [12]. Define

w = exp(|z|*/8)u.

Then, w satisfies

—Aw + |2]* 72V (2)w = 0, (6.2)
where
2 )\ p—1 o
Viz) = g—4|x|a AT e~ EFlal |y p—1,

Observe that V' > 0 in B¢(0, R) for some R large. Define

M:= sup w(x),
z€B(0,R)

and define ¢ := (w — M)™.
Then, taking ¢ as test function in (6.2), we get

[ovel s [ el Vize =0,
RN RN

It is direct to show that

which implies that

/ Vo> <0
RN

and then ¢ = 0. This concludes that w € L>(R™) and so u € L>(RY).
Finally, the uniqueness and (1.11) follow by Corollary 4.1 and Proposition 4.2,
respectively. d

Remark 6.1. In the particular case o = 2, the uniqueness of a positive solution was
proved in [4]. For that, the authors of [4] used Proposition 4.1 proving previously that a
maximal solution exists.
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funded by MICIU/AEL
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