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Abstract

If a sequence indexed by nonnegative integers satisfies a linear recurrence without constant terms, one can extend
the indices of the sequence to negative integers using the recurrence. Recently, Cigler and Krattenthaler showed that
the negative version of the number of bounded Dyck paths is the number of bounded alternating sequences. In this
paper, we provide two methods to compute the negative versions of sequences related to moments of orthogonal
polynomials. We give a combinatorial model for the negative version of the number of bounded Motzkin paths. We
also prove two conjectures of Cigler and Krattenthaler on reciprocity between determinants.
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1. Introduction

Suppose that there is a sequence (f;)nez indexed by all integers. If both |f;| and |f-,| count some
combinatorial objects of size n > 1, such a result is called a combinatorial reciprocity theorem, a term
first used by Stanley [15]. There are many combinatorial reciprocity theorems; three notable examples
are when f;, is the binomial coefficient (Z ), the chromatic polynomial y (n) of a graph G and the Ehrhart
polynomial Ehrp(n) of a lattice polytope P. For more details on combinatorial reciprocity theorems,
see the book by Beck and Sanyal [1].

Suppose now that we have a sequence (f;,),>0 indexed by nonnegative integers. If the sequence
satisfies a homogeneous linear recurrence relation, then one can extend the indices of this sequence
to negative integers (f_,),>1 using the recurrence. Recently, Cigler and Krattenthaler [3] showed that,
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2 J. Jang et al.

for a fixed integer k, the negative counterpart of the number of Dyck paths from (0, 0) to (2r,0) with
bounded height 2k — 1 is the number of alternating sequences a; < a; > a3 < --- > as,—| of positive
integers at most k. They also showed many other interesting results, including a reciprocity between
determinants of these numbers and their connection with orthogonal polynomials.

In this paper, motivated by the work of Cigler and Krattenthaler [3], we find combinatorial reciprocity
theorems for more general sequences related to moments of orthogonal polynomials. In particular, we
give two methods to study such negative sequences. The first method uses continued fractions and the
second one uses matrix inverses. Our first method is new, and the key idea of the second method is due
to Hopkins and Zaimi [8]. We also prove two conjectures on reciprocity between determinants proposed
by Cigler and Krattenthaler [3, Conjectures 50, 53]. Before stating our results, we first review basic
results in orthogonal polynomials and define some notation.

A sequence (P, (x)),>0 of polynomials is called an orthogonal polynomial sequence' with respect
to a linear functional £ if for all m,n > 0, we have deg(P, (x)) = n and

E(Pm(x)Pn(x)) = 6m,nKn’ K, #0. (D

In this case, we will simply say that P, (x) are orthogonal polynomials (with respect to L).
It is well known [2, Theorem 4.1, p.18] that monic orthogonal polynomials P, (x) satisfy a three-term
recurrence relation:

Ppii(x) = (x = b)) Pu(x) = 4pPpi(x), n20,  Py(x) =0,Py(x) =1, 2

for some sequences b = (b,)>0 and 4 = (A,),>1 Wwith 4,, # 0. Conversely, Favard’s theorem [2,
Theorem 4.4, p.21] states that if monic polynomials P, (x) satisfy (2) for some sequences b = (b;,)n>0
and A = (1,)n>1 with 4,, # 0, then P, (x) are orthogonal polynomials with respect to a unique linear
function L satisfying (1) and £(1) = 1.

Let P,,(x; b, A) denote the polynomials satisfying (2). Then by Favard’s theorem, these are orthogonal
polynomials with respect to a unique linear functional £. The moment u,(b,A) of the orthogonal
polynomials P, (x; b, A) is defined by u, (b, 1) = L(x™).

Viennot [18] found the following combinatorial interpretation for the moment:

LG = pa(b, )= ) wilp; b, A),
p €eMot,,

where Mot,, is the set of Motzkin paths from (0, 0) to (n,0) and wt(p; b, A) is a weight of a Motzkin
path p depending on the sequences b and A. See Section 2 for the precise definitions.
We define the bounded moments u=* (b, ) by

uiEb.A) = Y wipsb, ),

peMotzk

where Mot ¥ (b, A) is the set of Motzkin paths from (0,0) to (n,0) that stay weakly below the line
y = k. Then the moments are the limits of the bounded moments:

L(x") = pn(b, ) = lggrgou,fk(b,ﬂ).

For certain choices of b, 4, and k, the sequence (p,fk (b, A))n>0 satisfies a homogeneous linear
recurrence relation so that its negative version (=X (b, 1)), is defined. In this case, we call u=¥ (b, 2)
the negative (bounded) moments of the orthogonal polynomials P, (x; b, 1).

In this paper, we only consider the ‘formal’ orthogonality in the sense that we do not require the positive-definiteness of the
linear functional £, which is often assumed in the literature on orthogonal polynomials.
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Cigler and Krattenthaler [3] showed the following combinatorial reciprocity theorem for the number
<2k 1(0,1) of bounded Dyck paths, where 0 = (0,0,...)and 1= (1,1,...).

Theorem 1.1 [3, Corollary 13]. For positive integers n and k,

p=525N0,1) = | AlGE |,
where Altfk is the set of alternating sequences (ay, . .., a,) of integers such that a; < a, > a3 < ---
and 1 < a; < k forall i.

Cigler and Krattenthaler [3] proved Theorem 1.1 using generating functions. We give a new proof of
this theorem using continued fractions. To do this, we introduce a notion of {-peak-valley sequences in
Definition 3.1 and give a simple bijection between alternating sequences and 2-peak-valley sequences.

Using continued fractions, we show in Theorem 3.5 that =5 <2k 1(0, 2) is a weight-generating function
for 2-peak-valley sequences with some conditions, which is equlvalent to [3, Corollary 32]. Our method
also applies to Motzkin paths. In Theorems 4.2 and 4.5, we show that if b and A satisfy A; = b;_b; for
alli > 1, then u=*~1(b, 2) and u=**(b, A) are weight-generating functions for 3-peak-valley sequences
with some conditions.

Viennot (see [18, Proposition 17, p. .15] or [19, (5)]) also showed that the generalized moment
Hnrs(b, ) := LOX"Pr(x;b,)Ps(x; b, 1)) has a similar combinatorial expression

ﬂn,r,s(b, /l) = Z Wt(p;b,/l),
PpEMot,, , s

where Mot,, , (b, 2) is the set of Motzkin paths from (0, 7) to (n, s). We define the generalized bounded
moments 135 (b, 1) by

Mg (B.A) = )7 wilpib. ),

peMotik.

where Mot,; s
y = k.

Cigler and Krattenthaler [3] showed that Theorem 1.1 extends nicely to generalized bounded moments
as follows.

(b, A) is the set of Motzkin paths from (0, r) to (n, s) that stay weakly below the line

Theorem 1.2 [3, Corollary 12]. For positive integers n, k,r,s with 1 <r,s < k, we have

<2k-1
G 2n,2r=2,25— ,(0.1) = |A1t2n+l s l
(_1)r+s/“‘fzzrlf+1],2r—2,2s—1(0’ D =|AlG L

2n,r,s
where Alt;r s 18 the set of sequences (ai,...,a,) of integers such that a; < ap > a3 < --- and
1 < a; < k foralli and such that a; = r and a,, = s.

In Theorems 5.5 and 5.8, we show that if b and A satisfy A; = b;_b; for alli > 1, then /,l<,3lkr i(b, )
and ,uffl,kr,s (b, A) are weight-generating functions for 3-peak-valley sequences with some conditions.
Cigler and Krattenthaler [3] showed the following reciprocity theorem relating determinants whose

entries are ,un2k 1(0,1) and their negative versions.
Theorem 1.3 [3, Theorem 15]. For all nonnegative integers n, k, m, we have
k—1 m—1
<2k+2m-—1 _ <2k+2m-1
det(ﬂ2n+21+2_]+4m 2(0, 1))i e det(#72n72i72j (o, 1))1. i=0

Cigler and Krattenthaler [3] proposed the following two conjectures.
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Theorem 1.4 [3, Conjecture 50]. For all nonnegative integers n, k, m, we have

2k42m-1 k=1 (st -

_ + n+
dei| > y:fﬁﬁ’g‘ml_m’s(o,l)) = (-GG det(‘Aujf;’;’)ij_o.
s=0 i,j=0 T

Theorem 1.5 [3, Conjecture 53]. For all positive integers n, k,m with k + m £ 2 (mod 3), we have

d <k+m-1 1.1 k=1
et /“tn+i+j+2m—2( ’ ) i,j=0
— (_l)nl(k+m)/3J det('uil:jirf—_] a, 1))m—1
J i,j=0

In Section 6, we prove a general reciprocity theorem (Theorem 6.1). In Section 7, we prove the above
two conjectures using Theorem 6.1. In Section 8, we show that Theorem 6.1 also implies the weighted
version of Theorem 1.3 due to Cigler and Krattenthaler [3, Theorem 34]. We then show in Theorem 8.5
that this weighted version gives a bounded and multivariate generalization of the Morales—Pak—Panova
ex-conjecture [14] on reverse plane partitions, which has been proved by Hwang et al. [9] and Guo et al.
[7], independently.

In the final section, Section 9, we consider the negative version of the number of bounded Schroder
paths and the negative moments of Laurent biorthogonal polynomials.

2. Preliminaries

In this section, we give some definitions related to negative moments of orthogonal polynomials and
prove their basic properties.

We say that a sequence ( f,,)n>0 satisfies a homogeneous linear recurrence relation if there exist a
positive integer k and constants ry, . .., 7, with r; # 0 such that for all n > &,

Jn=rifact+ o+ faek 3)

In this case, we can uniquely extend the sequence f, to all integers n by requiring that (3) holds for all
n € Z. Therefore, whenever a sequence ( f;,), >0 satisfies a homogeneous linear recurrence relation, we
can also consider the negatively indexed sequence (- )n>1.

It is not hard to check that the ‘negative of negative’ of a sequence is itself in the sense that if we

write f = (fu)nz0 and ? = (f-n)n>0, then ? =f.
The following well-known lemma is useful when we study negatively indexed sequences.

Lemma 2.1[16, Theorem4.1.1]. A sequence (f,)n>0 satisfies a homogeneous linear recurrence relation

if and only if

. PO
,;)f"x =00

for some polynomials P(x) and Q(x) with deg(P(x)) < deg(Q(x)) and Q(0) # 0. Moreover, in this
case, we have

. PO/
;f_nx TRV

as rational functions.

In this paper, a lattice path is a finite sequence p = (po, p1,.-.,pn) of points in Z X Zs(. Each
Si = (x; —xi—1,yi — vi-1), | <i < n,is called a step of p. If the starting point py is fixed, we will often
identify the lattice path p with the sequence (Sy, S, ..., S,) of its steps.
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A Motzkin path is a lattice path in which every step is an up step U = (1, 1), a horizontal step
= (1,0) or a down step D = (1,—-1). We denote by Mot,, , 5 the set of Motzkin paths from (0, ) to
(n s). Let Motn ».s be the set of Motzkin paths in Moty , ; that lie weakly below the line y = k. We also

define Mot,, = Mot,, ¢ o and Mot>* = Mot =¥ 1.0.0"
Throughout this paper, we use the followrng notation:

b = (bu)nso = (bo, by,...),
A=Azt = (A1, A2, .. ),
b* = (bu1bp)ns1 = (boby, biby, ...,
0=(0,0,...),

1=(1,1,...).

Definition 2.2. The weight wt(n; b, ) of a Motzkin path 7 (with respect to b and A) is defined to be
the product of b; for each horizontal step starting at a point with y-coordinate i and A; for each down
step starting at a point with y-coordinate i. We define

HnrsB, )= D wilnsh, ),

neMot, ;¢

Pk b)) = > wi(mb, ),

meMotsk

n,r,s

Un(b, ) = pn0,0(b, ),
,u,?k(b,/l)z n()()(b ).

Recall that P, (x; b, A), n > 0, are the orthogonal polynomials defined by the three-term recurrence
in (2).
Definition 2.3. The inverted polynomial of P, (x; b, ) is defined by P} (x;b, 1) = x"P,(1/x;b,1). We

also define

0P, (x;b,A) = P,(x;6b,561),
6P (x;b,A) = P} (x;6b,62),

where, for a sequence s = (s,,)n>0, We denote 08 = (S+1)n>0-
The main focus of this paper is to study the negative versions of /J,i];’s (b, ).

Definition 2.4. Let k,r, s be fixed integers. If the sequence ,un (b, ) forn =0,1,... satisfies a
homogeneous linear recurrence relation, then we define p= n rs(Ds /l) forn=1,2,... inthe unique way
so that the sequence ,un +.s(b, ) forall n € Z satisfies the recurrence. We call u=k (b A) = ;1 0(b A)
the negative moments of the orthogonal polynomials P, (x; b, 1).

Now we prove some basic properties of the (generalized) negative moments us n rs(Bs ).
Viennot [18, Ch. V, (27)] found the following generating function for ,un 5D, ).

Lemma 2.5. Let r, s and k be integers withQ < r,s < k. Ifr < s, then

X P (6 b, DS P (x:b, A)

/’ln r, v(b /l))C . * . ° (4)
P;, (x;b,2)

n>0
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Ifr > s, then

P:(x;b, )" P* (x:b,A
St (b, g = DT P ()
TS Pr, (x;b,A)

n>0

]L[ Ai. 5)

i=s+l1
By Lemmas 2.1 and 2.5, we can also find the generating function for u= n rs(b, ).

Proposition 2.6. Let r, s and k be integers with 0 < r, s < k. Suppose that u*= n r.s (b, A) is well-defined
forn > 1. Ifr < s, then

xP,(x;b, )6 Pi_s(x;b, )

u=< (b, )x" = - . 6)
YIZI TS Pk+l(x;bv/l)
Ifr > s, then
X TSHP (b, D) Py (x3 b, ) -
u=< (b, )x" =- A;. @)
;1 e Piyi (x;b, ) 1_[1 l
Using Flajolet’s combinatorial theory of continued fractions [5], Viennot [18] showed that
<k n 1
Z =k (b, )x" = > (®)
n>0 /llx
1- ng - B
/lzx
1- b1x -
1—box— . /lkx2
T 1- bkx

There is a similar continued fraction expression for the generating function for ,uf,’f (b, ).

Proposition 2.7. If (u=K(b, 1)), is defined, we have

-X
kb, )x" =
n>1 X — bO _ /11
A
X — b1 —
x—by— | Ak
o X — bk
Proof. By Lemma 2.1 and (8),
<k n -1
Kb, x" = .
n>1 Alx_
= 1 —box~! - 5
Axx™
1- blx‘l -
1- bzx_l - . /lkx_z
o 1- bkx‘l

Multiplying x to the numerator and the denominator for each fraction, we obtain the desired formula. O

For the rest of this paper, we mamly consider the bounded moments /Jn +.s (b, A) and their negatives
us n r.s(b,A)whenb =0o0rd = b?. The choice of A satisfying A = b* becomes more natural if we define
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the weight of a Motzkin path using ‘points’ instead of ‘steps’ as follows: the point-weight pwt(m; b) of
a Motzkin path 7 € Mot,, , 5 is defined by

pwt(m;b) = ]_[ b;.

(i.j)en

If A = b?, there is a simple relation between the usual weight wt(x; b, b%) and the point-weight
pwt(m; b).

Lemma 2.8. For 7 € Mot,, , 5, we have
by by
wt(m; b, b%) = — """ pwt(n;b).
bo - by

Proof. We first show this for r = s = 0. Suppose T € Moty o,0. Since each down step of 7 corresponds
to a unique up step, we can redistribute the weight b;_; b; attached to a down step ending at height i — 1
in such a way that the weight of the down step is b;_ and the weight of its corresponding up step ending
at height i is b;. Therefore wt(7; b, b?) is equal to the product of the new weights of the steps, where the
weight of each step ending at height i is given by b;. This is equivalent to assigning the weight b; for
each lattice point (i, j) in T except the starting point (0,0). Thus, wt(t; b, b*) = bal pwt(t; b), which
shows the lemma for r = s = 0.

Now consider the general case 7 € Moty , ;. Let 7 be the Motzkin path obtained from 7 by adding r
up steps at the beginning and s down steps at the end. Then

wt(1;b) pwt(; b)
_ wt(m;b) = .
bob}---b>_ by pwi(r: b) bo-+-by_1bo- by

wt(m; b, b?) =

Since 7 € Moty4r+5,0.0, We have wt(t; b, bz) = bal pwt(7; b), which together with the equations above
implies the desired identity. O

Lemma 2.8 immediately implies the following proposition, which shows that u ,f’jv (b, b?) is anatural
point-weight generating function for Motzkin paths.

Proposition 2.9. We have

bo--- by
/Jf,];,s(bsbz)=ﬁ Zk pwt(m; b).
meMots

n,r,s

We finish this section by giving sufficient conditions for =K (b, ) to be well-defined.

n,r,s

Proposition 2.10. If P;,1(0; b, 2) # 0, then u=k _ (b, A) is well-defined for n > 1.

—n,r,s

Proof. Since Ppyi(x;b,1) has the nonzero constant term Pi.1(0;b, ), its inverted polynomial
P,*Hl(x;b,/l) has degree k + 1. Moreover, PZH(O;b,/l) = 1 because it is the leading coefficient of
the monic polynomial Py, (x; b, A).

Now we consider the generating function for y,i’iys (b,A) inLemma 2.5. If r < s,

deg(x’ ™" P} (x;b, )" P} _ (x:b, D)) < k < deg(P}, (x:b, 2).
Ifr > s,

deg(P:(x;b,/l)é”le_r(x;b,/l)) <s+k—r <k <deg(Pr, (x;b,1)).

<k
-n,r,s

Therefore, by Lemma 2.1, u (b, Q) is well-defined in either case. m]
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Proposition 2.11. The sequence (u=F  (0,2)),s1 is well-defined if and only if k is odd. The sequence

—n,r,s

(,uf,’f’r’s(b, b?)),s1 is well-defined if and only if k £ 1 (mod 3).

Proof. Substituting x = 0 in (2) gives a recurrence for P, (0; b, 2). Therefore, by induction, one can
easily show that

k
Poi(0:0,) = (=D* [ ] A2i-1,
i=1

P214+1(0;0,2) =0,

P3i(0;b,b%) = bo - - b3i-1,
P3re1(0;5,b%) = —bg - -+ by,
P3142(0:b,b%) = 0.

Then the proof follows from Proposition 2.10. O

3. Reciprocity for bounded Dyck paths

In this section, we introduce a method to compute negative moments using continued fractions. Using this
method, we give a combinatorial model for ,uf,]l‘ (0, 2), which is equivalent to Cigler and Krattenthaler’s
result stated in Theorem 1.1.

We begin with the following definitions.

Definition 3.1. An (-peak-valley sequence (£-PV sequence for short) is a sequence (aj,...,a,) of
nonnegative integers such that fori =1, ...,n,

o ifa; =0 (mod ¢), then a; is a valley; that is, a;—1 > a; < a;41,

o ifa; = -1 (mod ¢), then q; is a peak; that is, a;—; < a; > a;41,

where we set ag = a,,+1 = 0. Let PVf;k denote the set of all £-PV sequences (ay, . . ., a,) with bound k
(ie,0<a; <kforalli=1,...,n).

Definition 3.2. We define the weight wt(x) of a sequence 7 = (ay, ..., a,) of nonnegative integers by

wt(mr) = Vg, - - - Vg, where V;’s are indeterminates.

For convenience, we define PVg’k = {0}, where 0 is the empty sequence with wt(0) = 1.

In this paper, we only need to consider £-PV sequences for £ = 2, 3. In this section, (resp. Section 4)
we will show that if b = 0 (resp. A = b?), the negative moment u=k(b, 2) is a generating function for
certain 2-PV sequences (resp. 3-PV sequences).

Note that a sequence is a 2-PV sequence if and only if every even integer is a valley and every odd
integer is a peak assuming a zero is padded at both ends. For example, (3,2,7,0, 1) is a 2-PV sequence
because the odd integers 3, 7, 1 are peaks and the even integers 2, 0 are valleys. Equivalently, a sequence
(ai,...,an) is a 2-PV sequence if and only if n is odd, a; > ay < a3 > -- -, each ap;—; is odd and ay;
is even.

Recall that Alt,fk is the set of all sequences (bi,...,b,) such that by < b, > b3 < --- and
1 < b; < k. There is a close connection between alternating sequences and 2-PV sequences as follows.

Proposition 3.3. The map from PV2**~1 10 Alt=F | defined by

2n+l 2n+1
(ai,...,aon41) = (k= la1/2], ...,k = azu1/2])

is a bijection.

Proof. One can easily see that the map from Altzsnk+1 to PViffl_l defined by (bi,...,bon41)
(€15 .. Cone1), Where ¢y = 2(k — bpiy1) + 1 and cp; = 2(k — by;), is the inverse of the given map. O
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There is a simple continued fraction expression for the generating function for 2-PV sequences.
Proposition 3.4. For an integer k > 1, we have

Z Z wt(n)xz'”l — 1

20 zepvi —Vox —

—V1x - . 1

~Var-1x

Proof. The proof is by induction on k. If k = 1, since there is only one 2-PV sequence (1,0, 1,...,0,1)
of length 2n + 1 with bound 1, we have

Vix
Z Z wt(m)x2*! = Z Vix(ViVox?)" = m.

n>0 2,1 n>0
REPVZ)H-I

Hence, it is true for k = 1.

—2,2k-1 ) _
Suppose k > 1, and let PV,, ., ~ be the set of sequences (aj, ..., az+1) in PViffl ! such that a; >2
foralli =1,...,2n+ 1. For convenience, let
2,2k~1 = 2-2k-1
A= PVt and A=| PV
n>0 n>0
Then, by induction with indices shifted properly, it is enough to show that
E !
Z wt(m)x'™! = 1 ) )
neA —V()x _
—Vix = ¥ g wi(m)x!7l
where if 7 = (ay,...,a,), we denote || = n.
Let A = (ay,...,axm+1) € A. We divide A into subsequences using the locations of 0’s as follows.
Let iy, ...,iy, be the indices j such that a; = 0, where iy < --- < iy,,. Let Ag = (aj,...,a;-1) and
Aj = (aij, - ,aijﬂ,]) for j =1,...,m, where i;,y1 — 1 = 2n + 1, so that A is the concatenation of

Ag, Ay, ..., An. For example, if A = (3,2,7,0,1,0,5,2,3,0,7,6,7), then Ag = (3,2,7), A1 = (0, 1),
Ay =(0,5,2,3) and A3 = (0,7,6,7).

Since every even integer is a valley and every odd integer is a peak in A, one can easily check the
following:

o Ag is either (1) or an element in A, .
o foreach 1 < j < m, Aj is either (0, 1) or (0, y) for some y € A.

Conversely, any choice of Ay, Ay, ..., A, satisfying the above conditions gives an element in A.
Therefore, if we set S = 3. T Wt(7r))c|’r | then

Vix+S§
DT wimal™ = 3T (Vix + §) (VoVia? + Voxs)™ = 1Y .
1 - VoVix2 — VxS
neA m>0

Dividing the numerator and the denominator by Vix + S, we obtain (9), and the proof follows by
induction. o

We now give a combinatorial interpretation for yfzzr'f_l (0, 2) using 2-PV sequences.
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Theorem 3.5. Suppose that the sequence A = (A;);»1 is given by A; = Vl.__l1 Vl._1 fori > 1. Then we have

PEELO) =V > wi(m).

mepvy i
n-1

Proof. Let 49 =V !. Observe that for each integer m > 0, 2,/ 4,1 - - ~/1(()7])m+l = V,». By Proposition

2.7,
-X
> uEE0, )" =
nxl x — A
A2
X —
X = Aok-1
X
_ /lalx
1
_/lalx —
1
=47 Aox —
A A5 - 1
- 2k
/l2k 1/121( 2 /lé D X
V()x
- 1
—Vox —
—V1x - . 1
—Var-1x
Then the proof follows from Proposition 3.4. O

By the above theorem with A = 1, we get the following corollary.

Corollary 3.6. We have

2,2k-1
H3E1 0,1 = [pv3|

By Proposition 3.3, Corollary 3.6 is equivalent to Theorem 1.1 due to Cigler and Krattenthaler.
Moreover, using Proposition 3.3, one can easily check that Theorem 3.5 is equivalent to the following
proposition, which is a weighted version of Theorem 1.1.

Proposition 3.7 [3, Corollary 32]. Suppose that Asi—y = V7 A7! and Ay = A7V,
let 1o = Vl_l. Then we have

Y foralli > 1, and

z+l

PO, = ViR Y wav(m) |

neAlsk |
where the operator ng& replaces A; by Vii1—i and Vi by Ags1-;, and

wtay () = VaiVas + Vay, 1 AayAay - Ay s (10)
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4. Reciprocity for bounded Motzkin paths

In this section, we find a combinatorial interpretation for u=k (b, b?). We only need to consider the
case k # 1 (mod 3) because, otherwise, ,uf,’f (b,bz) is not defined by Proposition 2.11. We show
that u=*~1(b, b?) is a generating function for 3-PV sequences (Theorem 4.2) and u=3* (b, b?) is a
generating function for modified 3-PV sequences (Theorem 4.5).

Recall that a sequence (ay, .. .,a,) is a 3-PV sequence if each q; is a valley when a; = 0 (mod 3),
and a; is a peak when a; =2 (mod 3).

Using arguments similar to those in the previous section, we find a continued fraction expression for
the generating function for 3-PV sequences.

Proposition 4.1. For an integer k > 1, we have

1
Z Z wt(m)x" = 1
nzl zepy}3*-! Vox—1-
“Vix-1-, 1
C Vax— 1
Proof. The proof is similar to (but slightly more complicated than) that of Proposition 3.4. Let Wi’3k_l
be the set of sequences (ay,...,a,) in PV?,’Sk_1 such thata; > 3 foralli =1,...,n, and let
— =—3,3k-1
A= Jpvi*! and A=( PV,
n=0 n>0
We first claim that
1
Z wt(m)x! ! = I . 11

neA —Vox— 1 _ 1

—Vox =1 =3 g wt(m)x!7!

-Vix-1-

It is easy to see that the proposition follows from the claim by induction on k. Therefore, it suffices to
prove the claim (11).

Forasequencen = (ai,...,a,) € A,letiy,...,i,betheindices jsuchthata; = OQora;j_; > a; =1,
where i} < -+ < iy. Let Ag = (a1,...,a;,-1) and A; = (a;;,...,a;;,,-1) for j = 1,...,m, where
im+1 — 1 = n, so that 7 is the concatenation of Ay, Ay, ..., A,.

Observe that the possible sequences for Ay are (1), (1,2),(2), (1,y) and (y) where y € A. For
1 < j < m, the first entry of A; is O or 1. If the first entry is O, the possible sequences for A; are

(0,1),(0,1,2),(0,2),(0,1,y),(0,y), where y € Z, and if the first entry is 1, the possible sequences
for A; are (1), (1,2), (1,y) where y € A. Hence, if we set S = 3.~ wt()x!7!, then we have

Z Wt(7r)x|’rI = Z (Vix+V, sz2 +Vox +VixS+S)

neA m>0
X (Vox(Vix + ViVax? + Vax + VixS + 8) + Vix(1 + Vax + §))™
Vix + ViVox? + Vox + VixS+ S
T Vox(Vix + ViVax2 + Vax + VixS + 8) - Vix(1 + Vax + 8)

which is easily seen to be equal to the right-hand side of (11). This completes the proof. o

Using Proposition 4.1, we can find a combinatorial interpretation for ¢=3*~1(b, b?).
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Theorem 4.2. Let b = (b;);>0 and A = (A;);»1 be the sequences given by b; = —Vl._1 and A; = Vl._IVl.__l1
for all i. Then we have

u=k(p,2) =V, Z wt(r).

3.3k-1

mePV T,
Proof. By Proposition 2.7, we have
-x
D IR (b A)x" =
n>1 /ll
- X — b() —
Ay
X — bl -
x=by— Ak
T X — bk
balx
- 11
L pely by b A
0 —1p,-1
b7 by Ay
I 1 72
SRy bl bi'a
2 o Dkt Tk TR
1- b;lx
V()x
. Vi 1 !
“Vox —1 -
° 1
“Vix-1-
“Vox—-1-, 1
V-1
The proof follows from Proposition 4.1. O

Now we find a combinatorial interpretation for /Jfﬁk(b, b?). To this end, we need the following

definition.
Definition 4.3. A modified 3-PV sequence is a sequence (ajy, . .., a,) of nonnegative integers such that
fori=1,...,n,

o ifa; =1 (mod 3), then q; is a valley; that is, a;—1 > a; < a;41,
o if a; =2 (mod 3), then q; is a peak; that is, a;—; < a; > a;41,

— 3.k . .
where we set ag = a,41 = 0. Let PV,] denote the set of all modified 3-PV sequences of length n with

bound k (i.e., 0 < a; < k for all 7).

Similar to Proposition 4.1, there is a continued fraction expression for the generating function for

— 3,3k . . .

PV, (see the proposition below). We note, however, that the proof of Proposition 4.4 is different
from that of Proposition 4.1 due to the fact that in Proposition 4.4, the sum is over n > 0 whereas in
Proposition 4.1 the sum is over n > 1.

Proposition 4.4. For an integer k > 1, we have

~ 3,3k
n20 nePV. —Vox—1-

—Vix—-1-, 1
._—ngx—l
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Proof. Let A = Unzoﬁ/z’3k, and let BB be the set of sequences 8 = (by, ..., b,,) for m > 0 such that b;
is a valley if b; = 1 (mod 3), b; is a peak if b; =0 (mod 3) and 1 < b; < 3k for all i, where we set

bo = b1 = 0. Here (by, . . ., by,,) means the empty sequence () if m = 0. By Proposition 4.1, we have
1
Z wt(,B)xlﬁ| =1+ 1
BeB -Vix-1-
-Vox—1-_ 1
T —V3kx -1
We claim that

Z wt(a/)(—x)lal(Vox + Z Wt(ﬁ)xl'gl) =1. (12)
acA BeB

For @ € Aand 8 € BU {(0)}, define the weight wt(c, 8) of the pair (a, 8) to be (=1)!®l wt(a) wt(B).
To prove the claim, it suffices to find a sign-reversing involution ¢ from A X (B U {(0)}) to itself with
unique fixed point (0, @), where 0 is the empty sequence.

For a nonempty sequence @ = (ay,...,an) € A, define I(@) to be the largest integer i such that
1 <i<m-1anda;,a;y; # 1 (mod 3). If there is no such i, we define /(@) = 0. Similarly, for a
nonempty sequence 8 = (by,...,b,) € BU {(0)}, define J(B) to be the smallest integer j such that
I1<j<n-1landb;, by #1 (mod 3). If there is no such j, we define J(3) = n. One can check that
m — I(a) and J(B) are odd. Moreover, aj(q)+1 > Aj(a)«2 < - < ampand by > by < --- < byp).

We define the map ¢ as follows. For @ = (ay,...,a,) € Aand 8= (by,...,b,) € BU{(0)},

1. define p(a,B) = ((ai1,...,am, b1,...,byp)), (byp)+1s- .., by)) if one of the following conditions
is satisfied:

m=0,

a4, =0 (mod3) and b; =0 (mod 3),

adn=2 (mod3) and b; =0 (mod 3) witha,, > b,
a4 =0 (mod3) and b; =2 (mod 3) witha,, < by,

2. define p(a, B) = ((ai,...,ar(w)> (@r(a)+1>---»Am, b1, ..., by)) if one of the following conditions
is satisfied:

n=0,

am=2 (mod3) and b; =2 (mod3),

am =2 (mod3) and b; =0 (mod 3) witha,, < by,
au, =0 (mod3) and b; =2 (mod 3) witha,, > b;.

Then it is not hard to see that the map ¢ is a sign-reversing involution with unique fixed point (@, @), which
proves the claim. For example, let @ = (a1, az, a3, as,as) = (2,0,3,1,5) € Aand 8 = (b1, by, b3, by) =
(2,3,1,2) € B. Then I(a) = 2 since az,az £ 1 (mod 3), and J(B) = 1 since by,bp £ 1 (mod 3).
Since as = 2 (mod 3) and b; = 2 (mod 3), it satisfies the second condition of the case (2), so
e(a,B) =((2,0),(3,1,5,2,3, 1,2)). Moreover, one can easily check that ¢((2,0), (3, 1,5,2,3,1,2)) =
((2,0,3,1,5),(2,3,1,2)) = (a, B).
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By the claim (12), we have

1
-y wt(a)(—x)lel =
(;4 ~Vox = Ygep Wt(B)x /]
1
= ; .
—V()x -1-
“Vix-1-, 1
T V-1
which completes the proof. O

Similar to Theorem 4.2, using Proposition 4.4, we can find a combinatorial interpretation for
=3k (b, b%). We omit the proof.

Theorem 4.5. Let b = (b;);>0 and A = (1;);>1 be the sequences given by b; = —Vi‘1 and A; = Vi_IV[.‘_I]
for alli. Then we have

p= (b, ) = Z wt(r).

neﬁ/3 3k

5. Negative moments using inverse matrices

In this section, we generalize Theorems 4.2 and 4.5 using inverse matrices.

For integers k and i with 0 < i < k, let € <k be the standard bas1s vector in R¥*! such that the ith
entry is equal to 1 and the other entries are all 0. If the size of el.— is clear from the context, we will
simply write it as ;. We also define the tridiagonal matrix A< (b, 1) by

by 1
A1 by 1
A=k (b, 2) = . (13)
Ak=1 b 1
Ak bi
By the definition of u5' k (b, ), it is easy to see that
ik 5.0 = € (455, 6. (14)

The next proposition shows that u= n +.s (b, A) can be computed similarly using the inverse of ASK(b, Q).
This is essentially the same as [8, Lemma 2.7] due to Hopkins and Zaimi, which was first presented in
[20].

Proposition 5.1 [8, Lemma 2.7]. For nonnegative integersr, s, k,nwithr,s < kandn > 1, if A <k(p, Q)
is invertible, then

uk (b, =€l (A% b, 2) e, (15)

Proof. Let x™ + ¢,,,_1x™! + - -+ + ¢( be the minimal polynomial of A=< (b, 1) so that

(A=K (B, )™ + o1 (ASK (B, )" + -+ col = 0,
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where I (resp. O) is the identity matrix (resp. zero matrix). Foreach N € Z, multiplying (A=K (b, 1))N ™"
and then multiplying €/ and €, on the left and right, respectively, in the above equation, we obtain

el (A% (b, )N e + cn1€5 (A=K (B, 1)V &g + - - + coel (ASF(b, 1))V Mg, = 0.

Therefore, (e (A<*(b, 1)) &;)ncz is the sequence that is extended from (#f,k,s(b,/l))Nzo =

(e (A=K (b, 2))N €5)n 0 by the above linear recurrence relation, which implies (15).

Usmani [17] found a formula for the inverse of a general tridiagonal matrix. Specializing Usmani’s
result to the tridiagonal matrix A=K (b, 1), we obtain the following lemma.

Lemma 5.2. Suppose that A<*(b, A) is invertible and let (A<* (b, /l))_l = (@i, j)o<i,j<k- Then

D)™ 042/ Ok ifi<j,
i j = i+j o . (16)
(1) 2Aj - 2i2100i2/ Ok ifi > j,
where 0; and ¢; are defined by
0; =b;i—10;-1 — A;-10;2, i=1,2,...,k+1,
¢ =bi_1¢i11 — Lidis2, i=k+1,k,...,1,

with initial conditions ¢r2 = 0g =1 and ¢pp3 =60-1 =0.

The next lemma shows that if A = b2, then there is a simple explicit formula for @; j in Lemma 5.2.
Lemma 5.3. Let b = (b;);>0 and A = (4;);>1 be the sequences given by b; = —Vl.’1 and A; = Vi’lVi’_ll
for all i. Suppose that A<*(b, ) is invertible and let (A=* (b, /l))_l = (@i, j)o<i,j<k- Then

il L] VooV
@, = (—1)L3J MW)&',J‘,
where for k = —1 (mod 3),

0 i i=-1 (mod3)andi< j,

0 if j=0 (mod3)andi<j,
Xi,j=40 i i=0 (mod3)andi> j,

0 i j=-1 (mod3)andi> j,

1 otherwise,

and for k =0 (mod 3),

if i=-1 (mod3)andi<j,
if j=1 (mod3)andi< j,
if i=1 (mod3)andi> j,
if j=-1 (mod3)andi> j,

otherwise.

o
~.
I
- o © © ©

Proof. By induction on i, one can easily verify that the 6;’s and ¢;’s in Lemma 5.2 are given by

-1 -1 -1 -1
03 = V() te V3i,1 > Pk+1-3i = _Vk T Vk,3,',
-1 -1 -1 -1
03i+1 = _V() T V3[ P Pr+2-3i = Vk t Vk+],3[’
O3i42 = 0, Pr+3-3i = 0.

https://doi.org/10.1017/fms.2023.23 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2023.23

16 J. Jang et al.

If k = —1 (mod 3), then these can be written as

9. = 0 ifi=-1 (mod 3),
e (—1)"‘3L§JV0‘l -+~ V-1 otherwise,

b = 0 ifi=-1 (mod 3),
o (—1)i‘3|-§J+1\/i:11 --V! o otherwise.

Substituting the formulas for ¢; and 0; to (16) completes the proof for k = —1 (mod 3). One can obtain
the result for k = 0 (mod 3) in the same way. mi

Note thatif k = 1 (mod 3), then ¢; ; in (16) is not defined (i.e., A=K(b, Q) is not invertible). Using
Proposition 5.1 and Lemma 5.2, we can give a combinatorial interpretation for u=% . (b, b?). To do
this, we first need to define (¢, r, s)-peak-valley sequences, which are a generalization of £-peak-valley

sequences in Definition 3.1.

Definition 5.4. An (¢, r, s)-peak-valley sequence is a sequence (ai,...,a,) of nonnegative integers
such that fori =0,...,n+1,

o ifa; =0 (mod ¢), then q; is a valley; that is, a;—; > a; < a;+1,

o ifa; = -1 (mod ¢), then q; is a peak; that is, a;—| < a; > aj+1,

where we set ag = r and a,41 = 5. Here, we ignore the inequalities involving a, fort = -1 ort = n + 2.
Denote by PV,(;”’;,S the set of (¢, r, s)-peak-valley sequences (ay, . .., a,) with bound k, i.e.,0 < a; < k
foralli=1,...,n.

Note that Definition 5.4 reduces to Definition 3.1 when r = s = 0. Cigler and Krattenthaler [3,

Theorem 28] found a combinatorial description of uf,%’kr"i (0, 2). The next theorem gives a combinatorial
interpretation for p<3%~1(b,A) when b; = -V, ! and A; = V'V for all i. Note that this theorem
reduces to Theorem 4.2 if r = s = 0.
Theorem 5.5. Suppose that b = (b;);>o and A = (A;);>1 are the sequences given by b; = —Vl._l and
Ai = Vl.‘IVl.‘_l1 for alli. Then
~ VoV
PERS (B, A) = (- AFLBID R ().
Voo Vi 3,3k-1
nEPanl,r,s
Here, we set Vo ---V,._1 = 1ifr =0.
Proof. Letag=r,a, = s and (a; j)o<i,j<3k-1 = (A=>*71(b, /l))_l. By Proposition 5.1,
_n n-1
PRI B = (4B ) e = Y [ e (17)
(agse.-s an-1)eX i=0
where X is the set of sequences (ay,...,a,-1) of integers with 0 < a; < 3k — 1 for all .
For (ai,...,a,-1) € X, we claim that H:‘Z_Ol @Qa;.a;,,, =0unless (aj,...,an-1) € PVi’ff;lx. To see
this, suppose (ai,...,a,-1) ¢ PVi’flk;ls. Then there is an integer 0 < j < n satisfying one of the

following two conditions:

o aj =0 (mod 3) and a; is not a valley,
o aj=-1 (mod 3) and a; is a not peak.

First, suppose a; = 0 (mod 3) and a; is not a valley. Then a;_| < aj ora; > a;.;. By Lemma 5.3,

aj-1 < aj implies Qa; y,a; = 0 and each of aj = aj4; and a; > ajy implies Qaja;, = 0. Hence,
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we always have ﬂt —0 @a;,a;; = 0. Similarly, one can prove H:’ —0 @a;,a;,; = 0 in the second case that
a;j = -1 (mod 3) and a; is not a peak for some integer ;.
By (17) and the claim, we have

n-1
HERS(B,A) = > [ Teanan- (18)

33k-1 =0
(@rse-san-1) €PV, 10

By Lemma 5.3, for 7 = (ay,...,a,-1) ePV3 3k ! ;» we have

n-1

Qa4

n-1
= (-plFlels el B e T %Va
. (R

=0

ctrs) VooV,
:(—1)L3J+L3thm”'Van—l’
r—

which together with (18) gives the theorem. O
Putting V; = —1 in Theorem 5.5 gives the following corollary.
Corollary 5.6. We have

ﬂff;kr 51(1, 1) — (_1)Lr/3J+Ls/3J+r+s+n PV3 3k-1

n-1,r,s|"

Similarly, we can find a combinatorial interpretation for yf,%f‘m (b, A). To do this, we introduce
modified peak-valley sequences.

Definition 5.7. A modified (¢,r, s)-peak-valley sequence is a sequence (aj,...,a,) of nonnegative
integers such that fori =0,...,n+ 1,

o ifa; =1 (mod ¢), then g; is a valley; that is, a;—; > a; < a;41,
o ifa; = -1 (mod ¢), then q; is a peak; that is, a;—; < a; > aj+1,

where we set a() =r and a,4+; = s. Here, we ignore the inequalities involving a, forf = —1 ort = n + 2.

Denote by PVn ».s the set of modified (¢, r, s)-peak-valley sequences (ay, .. .,a,) with bound k (i.e.,
O0<a;<kforali=0,...,n+1).

Theorem 5 8 Suppose that b = (b;);>o and A = (A;);>| are the sequences given by b; = —Vi’1 and

A = for alli. Then

HEE (b, 2) = (~DL DAl Y Sy
n,r,s VO"'Vrl arytt
”EPVn Lr,s

Proof. This can be proved by the same arguments as in the proof of Theorem 5.5. We omit the details. O
Putting V; = —1 in Theorem 5.8, we obtain the following corollary.
Corollary 5.9. We have

3K (1,1) = (=1)LOFDBILHD 314 I’;\',3 31kr .

I’lan

6. A general reciprocity theorem

In this section, we prove a general reciprocity theorem, Theorem 6.1. Using this theorem, we will prove
the Cigler—Krattenthaler conjectures, Theorems 1.4 and 1.5, in the next section.
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Following the notation in [3], let R be the operator defined on polynomials in b;’s and A;’s that
replaces each b; by b,,_; and each A; by A,,41—;. For example, RO (by + A, + bg/h) =bs+ A4+ bg/l5.
Recall the matrix A=K (b, 1) given in (13). We now state the general reciprocity theorem.

Theorem 6.1. For positive integers k and m, we have

det(ﬂfkw—l (b, A)){H

n+i+j+2m-2 i,j=0

k+m—1
_ k—i <k+m-1 M2 eem—1) <k+m-1 -1
_( 1:1[ 4 )det(A (b,/l)) R det( skem-1 (p, /1)) o

Before proving Theorem 6.1, we define several terminologies and prove some auxiliary results.

Definition 6.2. For a matrix A = (A; ]) o and two subsets 1,J C {0,. .., k} of the same cardinality,
we define

[Al;,g =det(A; j)ier,jes-

The following well-known lemma is an important tool in our proofs.

Lemma 6.3. Suppose that A = (A;, f)ikj:() is an invertible matrix. For subsets I,J C {0, ..., k} of the
same cardinality, we have

- i 1AL
[A ] =D det(A)’
where ||I|| = Yepiand I’ ={0,..., k}\ L.

Definition 6.4. Let A = (A;, j)l.’szo. We define the weighted directed graph G (A) whose vertex set is
V(A) ={(i,j) :ie€Z,je€{0,...,k}} and edge setis E(A) = {(i,j) = (i+1,j) :i€Z,j,j €
{0,...,k}}. We assign the weight A; ;» to each edge (i, j) — (i + 1, j’) and ignore the edges with zero

weights.

Foru,v € V(A),let P(G(A);u — v) be the set of paths in G(A) from u to v. The weight wt4 () of a
path 7 is defined to be the product of weights on its edges. For uo, . . ., Uy, vg, - . ., v, € V(A), we define
NI(G(A); (ug,...,un) = (vo,...,vy)) to be the set of tuples @ = (mg,...,n,) of nonintersecting
paths (i.e., no two paths meet at a vertex in V(A)), such that each r; is a path in G(A) from u; to v; for
some j. For such a path tuple 7, there exists a permutation o of {0, ..., n} such that each x; is a path

from u; to v, (;). The weight wt4 () of the path tuple is defined to be sgn(o) 17, wta(7;).

Note that if A is the tridiagoan] matrix A=<¥(b, A), then, for any i € Z, a path 7 in P(G(A); (i,0) —
(i +n,0)) can be identified with a Motzkin path in Motfk , and we have

13K (b, ) = Z wt(rr) = Z wta (7). (19)

neMotk 7n€P(G(A):(i,0)— (i+n,0))

Moreover, by Proposition 5.1,

n
psy (b, ) =€ (A_l) € = Z wt 4-1 (7). (20)
7eP(G(A):(1,0)— (i+n.0))

Lemma 6.5. For the tridiagoanl matrix A = ASK(b, Q), the following statements hold.

1. Given I,J C {0,...,k} of the same cardinality and {0, . ..,i} C I for some i, if J misses two or
more elements in {0, ...,i + 1}, then [A];.; = 0.
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2. GivenI €{0,...,i—1}, J CH{0,...,i} of the same cardinality, we have

J=i+l

Proof. (1) Let B be the submatrix of A consisting of the rows indexed by 0, . . ., i. Since A is a tridiagonal
matrix, the jth column of B is zero if j > i + 1. So if J misses two or more elements in 0, ...,i + 1, the
submatrix of B consisting of the columns indexed by J has rank at most i. We conclude [A]; ; = 0.

(2) The submatrix of A with rows indexed by i, ...,k — 1 and columns indexed by i + 1,...,k isa
lower triangular matrix with diagonal entries all 1. So the first identity follows. Likewise, the submatrix
of A with rows indexed by i+ 1, .. ., k and columns indexed by i, . . ., k — 1 is an upper triangular matrix
with diagonal entries 4;41, . . ., 4. This gives the second identity. O

Lemma 6.6. Letting A = ASK*™=1(b, 1), we have

k—1 k-1 n+2m-3
<k+m-1 _ k—i
det(un+i+j+2m2(b,/1))i’j:0—(!:[/li )(1 IZ . Q (Al 17015
- 05e-25 n+2m-2 =

where X is the set of all tuples (Iy, ..., Isom—2) of k-element subsets of {0, ...,k + m — 1} such that
I lnoom—o-j €{O, ...,k =1+ j}forall0 < j<m-1

Proof. By (19), we have

Mot (b: ) = 2. Wea (7).
neP(G(A);(—i,0)—>(n+2m-2+j,0))

Thus, the Lindstrom—Gessel-Viennot lemma [6, 13] gives

det(,uSk“”_l (b, 1))

k-1
n+i+j+2m-2 i

= E wta (7),
,j=0
neNI(G(A);:R—S)

where R = ((0,0), (-1,0),...,(=k+1,0)) and S = ((n+2m-2,0), (n+2m—-1,0), ..., (n+2m+k-3,0)).
Suppose & = (ng, ..., 7-1) € NI(G(A); R — §). Since ny, . .., m,_1 are nonintersecting Motzkin
paths and each 7; is from (—i,0) to (n + 2m — 2 + o°(i),0), for some permutation o, the first i steps
(resp. last o (i) steps) of mr; are up steps (resp. down steps) whose weights are 1°s (resp. Ay, ..., d¢()).
Considering the subpath obtained from 7z1; by deleting the first i steps and last o (i) steps, we obtain

k-1 k=l
det(ﬂjf;’;l;;m_z(b, /l))l_ = (]_[ Ak Z wta (), 1)
= i=1 7eNI(G(A);R,—S))

where R; = ((0,0),(0,1),...,(0,k—1))and S; = ((n+2m-2,0), (n+2m-2,1), ..., (n+2m-2, k—1)).
For each w = (mg,...,mr—1) € NI(G(A);R; — S1), we define I(xw) = (lo, ..., Ins2m—2), Where

each I; is the k-element subset of {0,...,k + m — 1} consisting of the y-coordinates of the points
of mg,...,mx—1 on the line x = j. For brevity we write I = (ly, ..., In+2m-2). Observe that, since
7 € NI(G(A); Ry — S1), we have Iy = I, = {0,...,k — 1}. Moreover, since n, ..., T, are

Motzkin paths, we also have I, Ijsom—2-j € {0,...,k =1+ j}forall0 < j < m - 1;thatis, I € X.
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Therefore, we can rewrite (21) as

k-1
det(uslomd, L (b, 2) (ﬂ Ak ‘) > S wa. (22)
L= T€X 1eNI(G (A);R1—S1)
I(m)=I

For a fixed tuple I = (I, . . ., Insam-2) € X, applying the Lindstrom—Gessel-Viennot lemma repeat-
edly to the paths (of length 1) starting from the points (j, r) for r € I; to the points (j+1, s) fors € I;41,

we obtain
n+2m-3
wta () = 1_[ [Alr, 10 (23)
7eNI(G(A);R|—S)) Jj=0
I(m)=I
Combining (22) and (23) completes the proof. m|
Lemma 6.7. Letting A = AS5*"=1(b, 1), we have
d k+m—1 b P !
t
ctlusr 6.0
m— n+m-2 n+2m-3
-1
= > l_[ Wiy [ 1A T [] 1A 000070
(Jos--sIns2m—2) €Y j=0 Jj=m-1 Jj=n+m-1

where Y is the set of all tuples (Jo, . . ., Jn+am—2) of subsets of {0, . . ., k + m — 1} satisfying the following
conditions:

1. Both Jj and Jyiom-2-j have cardinality j + 1 and contain O for all 0 < j < m — 1.
2. [Jjl=mforallm—-1<j<n+m-1.
3.7,0{l,....m=1=j}=Jnoomo;N{l,....om—=1—-j}=0forall0 < j<m-2.

Proof. By (20) and the Lindstrom—Gessel-Viennot lemma, we have

-1
det(ﬂ<,f+l’”j1(b /l)) = D Wt (1), (24)
L= 7eNI(G(A~");R—S)

where R = ((m —1,0),(m—-2,0),...,(0,0))and S = ((n+m —1,0), (n+m,0),...,(n+2m—-2,0)).

For each 7t = (g, ..., mm-1) € NI(G(A™!); R — S), we define J(xr) = (Jo, . . . , Jusom—-2), Where J;
is the subset of {0, ...,k + m — 1} consisting of the y-coordinates of the points of my, . .., m,,—1 on the
line x = j. For brevity, we write J = (Jo, . . ., Juiom—2). It is easy to check that the tuple J satisfies the
first two conditions for the elements in Y. Let Z be the set of such tuples J. Then we can rewrite (24) as

-1
<k+m-1 —
det(p =kt o, /l)) o _J; Z‘. Wty (7). (25)
7eNI(G(A™);R—S)
J(m)=J

For a fixed tuple J = (Jo,...,Jn+2m—2) € Z, applying the Lindstrom-Gessel-Viennot lemma
repeatedly to the paths (of length 1) starting from the points (j, r) for » € J; to the points (j + 1, s) for
s € Jj41, where we ignore the point (j +1,0) (resp. (j,0)if0 < j <m-2@esp.n+m—-1<j <
n+2m — 3), we obtain

D wha(m =wJ), (26)
meNI(G(A™1);R—S)
J(m)=J
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where

\S}

n+m-2 n+2m-3

v = [ {140 [ 1400 ] 147 000

J j=m-1 Jj=n+m-1

3

Il
(=)

Combining (25) and (26) gives

det(u=tm 0.0)) " = 3w,

Jez

Since Z is the set of tuples (Jo, . . . , Ju+2m—2) satisfying the conditions (1) and (2) (but not necessarily
(3)) for the elements in Y, it remains to show the following claim.

Claim. Let J = (Jo, ..., Jnsom—2) € Z.IfJ;0{1,...,m=1=j} # Oor Jpsom—2—j0{l,...,m=1—-j} #0
for some 0 < j <m~2, thenw(J) =0.

To prove the claim, suppose that J; N {1,...,m—1-j} # 0 forsome 0 < j < m —2. Take the largest
jsothat i,y N{l,...,m—2— j} =0, which is clearly true if j = m — 2. By Lemma 6.3, we have

LAl 01y, a5y
A = (=) Wi\ o A MOD" ()"
[A™ 7,050\ 00) = (=1) det(A)

By the assumption on j, we have {0,...,m =2 - j} € (Jju1 \ {0})" and 0,7 ¢ (J;)’ for some
t € {l,...,m -1 - j}. Thus, by Lemma 6.5 (1), we have [A];,\(0})y.(s;y = 0, which implies
w(J) = 0. Similarly, one can prove that if J,40m—2-j N {l,...,m—j—1} # Q0 forsome 0 < j <m -2,
then w(J) = 0. This settles the claim and the proof is completed. O

We are now ready to prove Theorem 6.1.

Proof of Theorem 6.1. Abusing the notation, let R‘**~1) also denote the operator acting on the subsets
Kof{0,...,k+m—1} by

REm=D(Ky={k+m-1-i:i€K}.

Recall the sets X and Y given in Lemmas 6.6 and 6.7, respectively. We define the map f : X — Y by
fWo, ..., Insam=2) = (Jo, ..., Jnsom—2), where

{0y URK+m=D({0,... .k =1+ j}\ ;) if0<j<m-1,
Jy= REm=D (0, . k+m—1}\1}) ifm-1<j<n+m-1, 27
{0y URKm=D({0,...,k+n+2m-3—jI\1I;) ifn+m—1<j<n+2m-2.
Note that J; is well-defined when j = m — 1 or j = n —m — 1. It is not hard to see that the map f is a
bijection.

We claim that, for0 < j < m — 2,

REm=D([A]f,, 1))

AN, = (=1 175 1+ 741\ {0} ]| 28
(A7 15000y = (=1) det(A) (28)
To prove the claim, we first use Lemma 6.3 to obtain
(Al 01y, 2y
A1, = (=)W I\ {0} A R 29
[A7 ] 000003 = (=1) det(A) (29)
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Note that, for 0 < j < m -2, (27) implies

() =10,...,k+m—13\J; = RV u{k+j,....k+m-2}),
(e \ 0D =H0, ...,k +m =1} \ (Jj1 \ {0})
=REM D ([ Ufk+j+ 1, k+m—1}).

Thus, the right-hand side of (29) is equal to

K4m=D) (LAY U koo ktm=2}) Ly Ul o tm=1})

det(A) :

- (_1)||JjH+H-/j+]\{0}” R

which, by Lemma 6.5 (2), is equal to the right-hand side of (28), and the claim is proved.
A similar argument shows that, form — 1 < j <n+m -2,

REm=D([Al1,..1,)

A1, = (=D VWil+Iall 30
(A7 ]y5,00 = (1) det(A) ; (30)
and, forn+m—-1<j<n+2m-3,
T2 Akemei )RV ([Aly,, 1)
(470010197 =(—1)”fj\{0}n+nf.f+ll( = ) =6

det(A)

By (28), (30), and (31) and using the fact that ||Jo|| = [|Jn+2m-2]| = 0 and ||J \ {0}|| = ||J|| for any
set J, we obtain

n+m-2 n+2m-3
-1
H[A 175,770\ (0} I—[ N5 I—[ (A7 17 (0}, 7
Jj= j=m-1 Jj=n+m-1

l—[k+m l/lk i n+2m-2

(k+ 1)
e\ T] ) o

Since (1o, ..., Insom—2) € X if and only if (1,42m-2,...,1p) € X, combining Lemma 6.6, Lemma 6.7
and (32) completes the proof. O

7. Proof of Cigler-Krattenthaler conjectures

In this section, we show that Theorem 6.1 implies the Cigler—Krattenthaler conjectures, Theorems 1.4
and 1.5. To obtain Theorem 1.5, we can simply put » = 1 and A4 = 1 in Theorem 6.1. However, it is
more difficult to derive Theorem 1.4 from Theorem 6.1 because the left-hand side of the equation in
Theorem 1.4 is not of the form as written in Theorem 6.1. To remedy this, we find suitable sequences b

and A such that
2k+2m-1

pskm-l g 1y = Z pS2kazm=1 Q). (33)

n+i+j+2m-2 n+i+j+2m-1,0,s
s=0

Indeed, we will show in Lemma 7.3 that (33) holds if & = »**"~D and A = -1, where the sequences
b and -1 are defined by
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’ ¢ (-2 if0<i<é,
b0 = (b)) =T (34)
i>0 ( 1) lleK,
-1=(-1,-1,...). (35)

We will mostly consider pnf(b([) A), which does not depend on the values b( ) fori > €.

Remark 7.1. One may wonder how to guess that b = b**m=1) and A = —1 is a solution to (33). Such a
solution can be found by computer once we fix the value of k + m. For example, if k + m = 3, then the
sequences b and A must satisfy

1s2(b,A) = Zym 0.(0.1). (36)

Substituting n = 1,...,5 in (36) gives five equations with variables b, b1, b2, 11, 2. One can check
by computer that there is a unique solution to these equations, which is by = 2,b; = -2,b, = 1,41 =
—1,4p = —1. After computing more solutions for different choices of k + m, one can guess that
b =b% "D and A = —1 is a solution to (33).

Now we begin with a simple lemma.

Lemma 7.2. We have

_ 0 ifk =2 (mod 3),
<k-1 _
det(A @ 1)) B {(—1)“‘/3J otherwise, G7

det( A=K B4, —1)) = (-1 142, (38)
Proof. To prove (37), we expand the determinant with respect to the first row to get
det(ASk’l 1, 1)) - det(ASk’z(l, 1)) - det(AsH(L 1)).

Then (37) follows easily by induction on k.
For the second identity, let U = (U; J)k 10 and L = (L; J)l =0 be the matrices defined by

1 it =, (- it =,
Upj ===t if i=j—-1, Lij=4-1 if i=j+1,
0 otherwise, 0 otherwise.

It is easy to check that A=K~! (b*Y,-1) = UL. Since U is an upper-triangular matrix with diagonal
entries all 1 and L is a lower-triangular matrix with diagonal entries 1, 1,1, -1, ..., we obtain (38). O

Since the proof of Theorem 1.5 is simpler than that of Theorem 1.4, we present it first.

Proof of Theorem 1.5. Weputh =1and A = 1in Theorem 6.1. Then Theorem 1.5 immediately follows
from (37) and

Rk+m= 1)(ﬂ<,lf+lmjl(b /l))|b =1,2=1 —/1<,]f+,mjl(1 1). O

In order to prove Theorem 1.4, we need the following two technical lemmas whose proofs will be
given later.
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Lemma 7.3. Forn > 0 and k > 1, we have

2k+1
TGS VE S TN (S VR
=0

Lemma 7.4. Forn > 0and k > 1, we have
(_l)kn(R(k) (ﬂfr];(b’/l)))|b:b(k),/1:—l = |Alt§k+1|.

Proof of Theorem 1.4. We put b = b**"=D and A = —1 in Theorem 6.1 and apply Lemma 7.3, (38)
and Lemma 7.4, which gives

2k+2m~—1 k-1
<L2k+2m-1
det Z 'un+i+j+2m—l,0,s (0’ 1)
s=0

i,j=0

n+i+j

i=1

k+m—1
. c+m fL -1
— ( (—l)k_l)(—l)I.kZ J(n+2m—2) det((_l)(k+m—l)(n+l+])|Altsk+m |)m ) (39)
i,j=0
Observe that | &5 | = (¥4™) (mod 2) and

n+i+j n+i+j _

det((_l)(k+m—l)(n+i+j)|A1t$k+m )%4_10 = (=1)Uetm=1ynm det(lAltSk"’” |)fn—1 ’
ij= J

and (—1)(k+m=nm — (_1)kmn_Therefore, we can rewrite (39) as

2k+2m-1 k-1
<2k+2m-1
det Z /Jn+i+j+2m—l,0,s (0’ 1)
s=0 i,j=0

= s - det(| AlE )m:o
where s = (—l)k(k+m‘1)‘(k+2m)(—1)”(k5m)(—1)k"m, which is equal to
(=1 ykme ) (57 e _ (_1)(km+(k;m))<n+1> _ (_1)((§)+(g))<n+1).
This completes the proof. O
Now it remains to prove Lemmas 7.3 and 7.4.
Proof of Lemma 7.3. Using (14), we can restate the lemma as

Eg (ASk(b(k), —1))"60 _ Eg (A52k+1 (0, 1))n+1v’ (40)

where v = Z?i{;l €.
Fix the integer k > 1 and, for n > 0, let

AZK(B™, -1))"€) = (ano,---»ans)’,
(A2*0,1))"v = (dnos - - - s dnors1) -
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We also define a, ;j =0for j ¢ {0,...,k} and d,; =0 fori ¢ {0,...,2k + 1}. Then, by definition, we

have
Aot = —Aniot + (=1)2an; + apiv,  0<i<k-1, (41)
stk = —an-1 + (=D*an . (42)
dus1,i = dni-1 +dnis1, 0<i<2k+1, 43)
dns1,i = dpst 2k+1-is 0<i<2k+1, 44)

where (44) follows from the symmetry of the matrix A<2%*1(0, 1).
We claim that, foralln > 0and 0 < i < k, (with k > 1 fixed)

dpe1i = dnstjic1 = ani+ (=) la, ;. (45)

Note that if i = 0, we have d,,+1,0 = an,0, Which is equivalent to (40). Thus, it suffices to prove the claim.
To prove the claim (45), we proceed by induction on n. The base case n = 0 is easily checked by

(dio,....dyos)T = (A0, 1)) v = (1,2,...,2, DT,

(@0,05---»a0x)" =€ =(1,0,...,0)".
Now assume (45) is true for n and consider the case n + 1. Suppose 0 < i < k — 1. By (43) and the
induction hypothesis,
dps2,i — dns2,i-1 = (dus1,i-1 + dpa1,iv) = (dpsri-2 + dnsr i)
= a1t + (=) an i+ @i + (=1)'ay,;.

However, by (41),

aneti+ (=) i

= (=n,i=1 + (=1)2ani + an,is1) + (=1 (=aniz2+ (=17 2a,i-1 + an,;)

= a1+ (=) ani2+ anin + (-D)'ay,;.

Thus, dpi2,i — dus2.i-1 = Ape1i + (—1)"‘1an+1,,-_1. Suppose i = k. By (43), (44) and the induction
hypothesis,

dn2.k = dpar k-1 = (dnst k=1 + dpat k+1) = (dnat k=2 + dns1 k)
=dus1,k-1 — dps1,k-2

= ap -1+ (=D 2a, k.
However, by (42),
k-1
Ans1k + (=D apsr k-1

= (=t k-1 + (=D*an 1) + (=D (=an 12 + (1) 120, 41 + an k)

= ap -1+ (=D 2a, k.

Thus, we also have dp12,; — dpi2.i-1 = ane1i + (—1)i‘1an+1,i_1. This settles (45) by induction and the
proof is completed. O

In order to prove Lemma 7.4, we need the following two lemmas.
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Lemma 7.5. We have
| AL = € (A7),
where v = ?ﬁgl €, and A’ = (Alf’ 2k+l is the matrix defined by

1 ifi=0 (mod2),j=1 (mod?2), andi < j,
Al ;=141 ifi=1 (mod2),j=0 (mod2), andi> j,
0 otherwise.

Proof. From the definition of A’, the value eOT (A”)"es equals the number of sequences (ay,...,a;)
satisfying the following three conditions:

1. 0<a; <2k+1anda; =i (mod 2),
2. ay>ay)<az>daq <---,

3. a, =s.
So eT (A”)™v counts the number of sequences (a1, ..., a,) satisfying the conditions (1) and (2). Using
the bijection in Proposition 3.3, such sequences are in bijection with the elements of A1t<k+1 O

Lemma 7.6. We have
R(k) (ASk(IL /l)) )b:b(k) A=—1 = B_l’

where B = (B; ]) is the matrix defined by

i,j=0

B, = (-nt=l ) (k1 = max(i ).

Proof. Denote A = (Ai,j)l'( j

ij0 = (RO (A=K (b, 2)))ly_p 4-_;- In other words,

(=K ifi=j=0,
(-D* 2 ifi=j>1,

A j=1-1 ifi =j+1,
1 ifi=j-1,
0 otherwise.

‘We must show (BA) =0;,jfor0 <1i,j < k,where §; ; = 1ifi = j and 6; ; = 0 otherwise. To this
end, we consider the followmg three cases.
First, suppose j = 0. Then (BA), , = (-1)¥B; o — B; 1. Since k = | 5 | + | & ],

(BA), o = (D (-DIFHLF (k4 1 -y - DLF L (k41 - max(i, 1))
= (DL B (i 4 max(i, 1)) = 6.0

Second, suppose 1 < j < k — 1. Then

(BA)i,j = Bi,j—l + (—l)kijZBi,j — Bi’j+1.
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Letting s = (—1)L 2 Jﬂ 2 J we have
Bi j—1 =—s(k+1—-max(i, j— 1)),

k=j
2

. k+1-j
(—l)k_jZBi,j = (—1)[ J+[ 2 szBi’j = 2S(k +1- max(i,j)),
—Bj j+1 = —s(k+1—max(i, j +1)).

Thus,

(BA)I.,]. = s(max (i, j — 1) — 2max(i, j) + max(i, j + 1)) = &; ;.

Finally, suppose j = k. In this case, we have
(BA)i,k = Bi,k—l + ZBi,k
= (=D (k41 = max(, k = 1) +2(=DLF Ik +1- 1)
= ()L (max(i, k = 1) =k + 1) = 6;.4.

Therefore, (BA), . = 6;,; forall 0 < i, j < k and the lemma follows. o

i,J
Now we are ready to prove Lemma 7.4.

Proof of Lemma 7.4. Recall the matrices A’ and B in Lemmas 7.5 and 7.6, respectively. By these lemmas
and Proposition 5.1, it is enough to show

Eg (AN = (—l)k"eoTB"eo, (46)
where v = Y2 ¢
Denote (A")"™v = (an.0,...,an2k+1)" and B"€y = (b0, ..., bnx)T. We have a,; = apors1-i for

0 < < k due to the symmetry of the matrix A”.
We claim that for 0 < i < k,

(-nlzlp,, ifk=0 (mod2), “7

{(—1)"—1+L"21Jb,,,,~ ifk=1 (mod?2),
an, —Aapji-1 =

where a,, ; = b,; = 0if i < 0. Observe thatifi = 0in (47), we have a, o = (-1)"b,0if k =1 (mod 2)
and a, 0 = b, if kK =0 (mod 2), which is equivalent to (46). Hence, it suffices to prove (47).

To prove the claim (47), we proceed by induction on n. The base case n = 0 is trivial. Now assume
(47) is true for n and consider the case n + 1. We will only prove the case when k is even because the
other case can be proved similarly.

For 0 < i < k, using the symmetry a, ; = an 2k+1-i, We get

2Uer1 k
— / L= ’ ’ .
Ansli = Z Ajjan.j = Z(Ai,j + Ai,2k+l—j)an,l’
j=0 Jj=0

which implies

{zj;o anj = X% anj ifi=0 (mod?2),
An+l,i = :

zjf:‘o”/z an2; ifi=1 (mod?2).
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Therefore, we have
K
Anel,i — Apet,i-1 = (—1) Zan,j- (48)
Jj=i

Using the induction hypothesis, we sum the identities (47), where the index i takes the valuesi,i—1, ..., 1,
to obtain

i
J
ni = Z(—l)[szn,,-. (49)
=0
Now we compare both sides of (47) for the case n + 1. By (48) and (49), we have
S el . SIPRTH .
it = anricr = ) (DTN 1=i)by+ T (D) B+ 1= )by (S0)
j=0 j=itl
However,
i i k k |_lJ+|_ﬁJ+[wJ
(Db = (=D By by, 5= =) PTG 1= max(i, )b,
j=0 j=0
which is equal to the right-hand side of (50) because the assumption that k is even implies
(_I)L%J‘L %J*’l%J - (_I)L%J+L_71J+{I_T]J — (_1)i+l%J'

Therefore, (47) is also true for n + 1. By induction, the claim is settled, which completes the proof. O

We finish this section by presenting an interesting consequence of Lemma 7.4.

Corollary 7.7. We have

4
DI AlEE = ,
n>1 y— bO _

y—bi -
y=by— -1

y = bg

where y = (=1)kx and

_J=DnE =0,
Tl if1<i<k.
Proof. This is immediate from Proposition 2.7 and Lemma 7.4. O

It would be interesting to find a direct combinatorial proof of Corollary 7.7.

8. Application of the general reciprocity theorem

In this section, we show that the general reciprocity theorem (Theorem 6.1) implies the following
result of Cigler and Krattenthaler [3, Theorem 34]. Using this theorem, we give a generalization of a
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result on reverse plane partitions, which was conjectured by Morales, Pak and Panova [14] and proved
independently by Hwang et al. [9] and Guo et al. [7].

Theorem 8.1 [3, Theorem 34]. We have

k-1
<2k+2m—1
det(lu2n+2i+2j+4m—2(0’ ’l))i i=0
k+m—1 k+m mel
_ k—i k=i+n+2m—1| p (2k+2m—1) <2k+2m-1
(T a5 ] kot |g (det(#_%_%_%(o,@)ij_o).
i=1 i=1 T

We note that the statement in [3, Theorem 34] uses the change of variables A;_; = Al.‘lVl.‘1 and
A = A;IV;IV

As before, let b = (b;);>0 and A = (4;);>1 be sequences of indeterminates. We define 1yp = 0 and the
following sequences:

b = (0]);s0r  bi =22+ Aaiar,
= (A]) 1515 A7 = A1 A2,

b” = (bl"’)iZO’ by = Agir1 + A2ir2s
A7 = ()51 A = 221

Lemma 8.2. We have

210, 2) = N (b7, ) = s (B ) a0

Proof. This can be proved by the same method in the proof of [4, Proposition 4.2]. O

Lemma 8.3. We have
k
det(a=1 @7, 2)) = [ [ i
i=1

Proof. Expanding the determinant along the last row gives a simple recurrence for the left-hand side.
Then the lemma follows easily by induction. O

Lemma 8.4. We have
(R(k_]) (llfy]f_] (b, /1)))|b:b’,/l=/l’ = R (/ll_lﬂfzzy]:z] (0, /l))'
Proof. It is easy to see that

(RUD (b, ) )Jpop e = RO (a5 (67, 27)

Ao =0>

where in the right-hand side u=*~!(b"”, 1"") is a polynomial in 1;’s and the operator R**~1) replaces
A; to Agx—;. Thus, by Lemma 8.2, we obtain

(R(k—l) (,u,fk‘l (b, /l)))|b=b’,/l=/l’ = R (/ll_lﬂzgffz_l (0, ’l))'

Extending both sides to the negative indices completes the proof. m}
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Proof of Theorem 8.1. We putb = b’ and A = A’ in Theorem 6.1. By Lemmas 8.2, 8.3 and 8.4, we get

k-1
<2k+2m-1
det('u2n+2i+r2nj+4m—4(0’ /l))l. =0
k+m—1 k+m -1
k=i yk—i - k+2m— - k+2m—
= 1—[ Ak pk 1—[/1,21;_21,11 2| p(2k+2m 1)(det(/111ﬂ322”+22;"2}+2(0, ,1))”_0).
i=1 i=1 I
Pulling out the factor /l;' in the determinant and replacing n by n + 1 gives the desired equation. O

Now we will give an application of Theorem 8.1 to reverse plane partitions. We will use the definitions
of partitions and reverse plane partitions in Hwang et al. [9].

We denote by RPP(1/u) the set of reverse plane partitions of shape A/u. We also denote by
RPP=K(1/u) the set of reverse plane partitions in RPP(1/u) whose entries are contained in {0, .. ., k}.
For a reverse plane partition 7, we define |T'| to be the sum of all entries in 7.

Recall that Alty,1 is the set of sequences a; < ay > a3z < -+ > a4 of positive integers and

Altiﬁl is the set of sequences in Alty,,+; whose entries are contained in {1, ..., k}. We define EZM | to

be the set of sequences a; > ap < az > -+ < az,y of positive integers and define mfnkﬂ to be the set
of sequences in . Alty,+; whose entries are contained in {1,...,k}. For a sequence s = (ay,...,an+1)
in Alty,q or Alty,4q, let |s| = ay + - + azpei-

Morales, Pak and Panova [14] conjectured the following identity, which was proved independently
by Hwang et al. [9] and Guo et al. [7]:

m-1
q [7| — q_im(m+l)(2n+8m—5) det Z q Is] , (51)
7 €RPP(Sy112m | Gn) seAlmrapm ) o
where 6, = (n—1,...,0).In[9, Theorem 1.2] the matrix entries are generating functions for alternating

sequences of nonnegative integers (see [9, (20)]), whereas (51) uses alternating sequences of positive
integers. It is easy to check that the two statements are equivalent.

In [3, Theorem 36] Cigler and Krattenthaler gave an equivalent statement of Theorem 8.1 using
trapezoidal arrays. They also found a bijection between trapezoidal arrays and bounded plane partitions.

Using their bijection, a simple connection between bounded plane partitions and bounded reverse

——=<k+m
plane partitions, a simple connection between Altiﬁm and Alt,,.; , and the change of variables

Vi > Vieme1—i and A; — Agym+1-i, we can restate [3, Theorem 36] as follows.

Theorem 8.5 [3, Theorem 36 (restated)]. We have

m-1
Z Wt(T) = det Z wt(r)| (52)
T €RPP=X (8,420m/ 61) " eﬁfﬁz’ﬁzm =0
where for T € RPP=¥(8,.10m/6,) and t = (11, . .., Ip+1) € E;{:r

Wt(t) = th VI3 e V12n+| AtzAu U Alzm
wih =[] w6,

(i,7) €6nsam/ 6n

AT (i,j)+ | (i+j- ifi+j—nisodd,
wt(T(i, j)) = {1 @D+Lrj=n+D) /2] f joni
VI (i, )+l (i+j-n+1)/2) Ui+ ] —niseven.
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Substituting V; = A; = ¢' in the equation (52) gives the following corollary.
Corollary 8.6. We have

m—1

m(m+1) (6n+8m-5)

SERPP=K (8 ,112m/ Sn) €Ay orsjo1 j=0

If &k — co in Corollary 8.6, we get (51).

9. Negative moments of Laurent biorthogonal polynomials

Recall that we have combinatorial reciprocity theorems for the number of Dyck paths of bounded height
and for the number of Motzkin paths of bounded height. Therefore, it is natural to ask whether there
is a reciprocity theorem for the number of Schroder paths of bounded height. In this section we study
the negative version of the number of Schroder paths with bounded height and its connection with the
negative moment of Laurent biorthogonal polynomials.

The Laurent biorthogonal polynomials (L, (x)),>0 can be defined by a three-term recurrence

Lys1(x) = (x = bp)Ln(x) —anxLp-1(x), n20,  L.1(x)=0,Lo(x) =1, (53)

for some sequences b = (b,),>0 and a = (a,),>1. To emphasize sequences b and a we will write
the polynomials L, (x) as L,(x; b, a). There is a unique linear functional £ on the space of Laurent
polynomials such that £(1) = 1 and

‘c Lm(x;b7a) .

L .
M =0, 0<m<n.
xn

Since the linear functional £ is defined on the space of Laurent polynomials, we have positive
moments L(x") and negative moments L(x~""). Kamioka [ 10, 11] showed that both positive and negative
moments are generating functions for Schroder paths. To state Kamioka’s results, we need the following
definitions.

Recall that a lattice path is a finite sequence of points in Z X Zx.

Definition 9.1. A Schroder path is a lattice path in which every step is an up step (1,1), a double-
horizontal step (2,0) or a down step (1,—1). The set of Schroder paths from (0, 0) to (n, 0) is denoted
by Sch,.

For given sequences b = (bg, by,...)anda = (ay, ay, .. .), the weight wt(r; b, a) of a Schroder path
7 is defined to be the product of b; for each double-horizontal step starting at a point with y-coordinate
i and a; for each down step starting at a point with y-coordinate i.

Kamioka [10, 11] showed that the moments L£(x"), n € Z, of Laurent biorthogonal polynomials
L, (x; b, a) are generating functions for Schroder paths. For n > 0,

L(x") = Z wt(m; b, a), (54)
neSchy,
Lx"") = by Z wt(m; b, a’), (55)
neSchy,
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where b’ and a’ are the sequences defined by
b’ = (b})i>0, b} =b;", (56)
a’ = (a)iz1,  aj=ab b7 (57)

Definition 9.2. We define the bounded moment o=* (b, a) of the Laurent biorthogonal polynomials
L, (x;b,a) by

ok (b,a) = Z wt(m; b, a),

<k
meSchy,)

where Schzsrfc is the set of Schroder paths from (0, 0) to (2n, 0) that stay weakly below the line y = k.

Note that if the sequence (a',fk (b, a)), >0 satisfies a homogeneous linear recurrence relation, then its
negative version (o f,f (b,a)),>1 is defined. By definition, we have

L(x") = ,}E‘go@fk(b,a), n>0.

The goal of this section is to prove that the negative moment £(x~") is also the limit of the negative
version of (02K (b, @)), 0.

By specializing the results of Kim and Stanton [ 12, Corollary 5.4 and Propositions 5.5] on orthogonal
polynomials of type Ry, we obtain the following.

Proposition 9.3. We have

<k(p 0 6P,’;(x;b,a) B 1
O-n ( 7a)-x - P]*Hl(x;b,a) - alx
n=0 1= box —

azx

1—b1x—
1-byyx— . arx

o l—bkx

where 0Py (x;b,a) and Py, (x;b, a) are defined similarly as in Definition 2.3.
The following proposition can be proved similarly as Propositions 2.10 and 2.11.

Proposition 9.4. If Pi.1(0; b,a) # 0, then c=F (b, a) is well-defined for n > 1. In particular, if b; # 0
foralli > 0, then =K (b, a) is well-defined for n > 1.

By the same argument as the one in the proof of Proposition 2.7, we obtain the generating function
for o=k(b, a) as follows.

Proposition 9.5. If (0=K(b, a)), 1 is defined, we have

<k n x6Pr(x;b,a) X
" b,a = — =
ZO— ( )x Pri(x;b,a) arx

n>1 b()—x—

arx
b] —X —

by —x— . agx

'_bk—x

Using Proposition 9.5, we can find a combinatorial interpretation for o=k (b, a).
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Theorem 9.6. Let n, k be positive integers. We have

a’fnk(b,a) = bal Z wt(m;b’, a’),

meSchsk
n-1

where b’ and a’ are defined in (56) and (57).

Proof. Let

£k = Z wt(m; b’ a’).

nweSchsk
By Proposition 9.3, we have
1
fnﬁkxn — "
Z;) . aiby by x
1-by'x— =
4 axb] by x
SOy bl bt
2 % AkDp_ 1Oy X
-1
1-b'x
bo
B alx
b() —X —
arx
bl —X —
by —x— . agx
bk - X
Comparing this with Proposition 9.5, we obtain
Z o5k (b,a)x" = by'x Z [k = Z by £
n>1 n>0 n>1
Therefore, af,f(b, a) = bal fnfkl, which is the desired result. o

Substituting b = @ = 1 in Theorem 9.6, we see that the negative version of the number of bounded
Schroder paths is also the number of bounded Schréder paths.

Corollary 9.7. Let s, = | Schfk | forn = 0. Then for n > 1, we have s_, = su_1.

By Theorem 9.6 and (55), we obtain that the negative moments £(x~"") are the limits of the negative
versions o= (b, a) of the bounded moments o=% (b, a).

Corollary 9.8. Forn > 1,

L(x™) = Jim o=k (b, a).
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