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The wri ter of the following lines is aware of the possibili ty 
that the proper ty discussed below is not a new discovery. He 
will , of course , be grateful to any reader who will provide him 
with bibliographical re fe rences . 

It is well known-that the nine point circle of a tr iangle is 
tangent to the 4 contact ( i . e . the inscribed and the escribed) 
c i r c l e s . Given two tangent circle s Jf and o we propose to find 
the locus of ver t ices of the t r iangles ( A ) which admit Jf as their 
nine point c i rc le and *3*z,s one of their contact c i r c l e s . 

Lef>j be the common tangent of cN* and ^ where they touch, 
and A the point of contact. Let 5 be one side of a tr iangle A , 
intersect ing tN* in B , B1 and ^ in JfL (see F ig . 1). In the variable 
oblique car tes ian coordinate system \S1^ we have A(0, ot ), 
B( p , 0), B ! K / | 6 , 0) a n d ^ H ^ ^ & . I t can be seen that the 
parameters** , 6 , 6 satisfy the following conditions: 

(1) <* « T C*t x& 

(2) <*x- Z * p c*s8 + (3Z= i R p ^ ^ 

where r and R a r e the radii of J and J i , respect ively. 

In the tr iangle Zi , one of the points B , B f , say B , is 
the foot of the altitude on § and the other, say B1 , the mid-point . 
Let V 0 ( \p y ^l0) be the ver tex of & opposite to \ . Then VQ 

must be located on the perpendicular through B to 5 , which 
give s 

<3> L-*-^,^0 - p 
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The equation of J is 

cry. 
The equation of the pair of tangents through V 0 to J (which a r e , 
of course, the other two sides of the t r iangle A ) > is 

where s the polar form of J The ve r 
t ices V] ( ^ , 0 ) and V 2 ( \ ^ , 0 ) of A which a re located on \ , 
will be obtained by intersect ing the last equation w i t h ^ = 0 . 
Since B t is the mid-point of V^V^ > w e have 

( L + u A - «y*> • 
When (3) is taken into account, this condition leads to 

w n . - I, = *-* • 
This straight line is para l le l to the line-Q- F , where F is the 
center of , and pas se s through the fixed point 0 symmetr ica l ly 
situated to F with respect to A . Equations (3) and (4) provide 
us , there fore , with a pointwise construction, using compass and 
straight edge, of the required locus . 

We choose now the fixed orthogonal car tes ian coordinate 
system xOy, such that Ox is OF,and Oy is para l le l to 07 , as 
indicated in F ig . 1. The t ransformat ion formulae leading from 
\TL ">? to xOy a re 

(5-) \, - ( - X - - r ) c s c 0 " , 

(6) ^ = - ( x - r ) c o t e + ( > + < * ) . 

Eliminating ot̂  A 6^ $tf )^lc from the equations (1) to (6) we 
obtain 

(7) (x 2 +y Z ) 2 -4 ( r+R)x(x 2 +y 2 ) + 4 r [ ( r + 3 R ) x 2 + ( r - R ) y 2 ] = 0 . 

The locus i s , there fore , a rational b ic i rcular quartic having 
a double point at 0. It should be noted that , if we choose always 
r > 0 , then J andKK will be tangent internally if R> 0 and exter 
nally if R < 0. 
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If we put in (7) R = - r , we obtain 

(8) (x2+y2) - 8 r 2 (x 2 -y 2 ) = 0 

i . e . the lemniscate with center 0 and a focus F . 

We have therefore the result : The locus of the ver t ices of 
the t r iangles which admit the two tangent c i rc les en and J of 
equal radius as the nine point c ircle and a contact c i r c l e , r e s 
pectively, is the lemniscate having its center at the center of 
cN° and one of its foci at the center of «J . 

This and the r emarks made in connection with equations 
(3) and (4) lead to the following pointwise construction, by com
pass and straight edge, of the lemniscate (see Fig . 2): 

Let 0 be the center and F one focus of the lemniscate 
to be constructed. Draw two c i rc les tJVand o of equal radius 
and tangent externally having their centers at 0 and F , r e s 
pectively. Let ^i be their common tangent and § a (variable) 
tangent to J , i n t e r s e c t i n g ^ in IX and t^T in B . The straight 
line through 0 paral le l to XL F in tersec ts the perpendicular 
through b to s in a point V of the lemnisca te . 
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