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Abstract. Let xo < x; < x» < --- be an increasing sequence of positive integers
given by the formula x, = |8x,_1 + y|forn=1,2,3,..., where 8 > 1 and y are real
numbers and X is a positive integer. We describe the conditions on integers by, .. ., by,
not all zero, and on a real number 8 > 1 under which the sequence of integers w, =
byxpya + -+ box,, n=0,1,2,..., is bounded by a constant independent of n. The
conditions under which this sequence can be ultimately periodic are also described.
Finally, we prove a lower bound on the complexity function of the sequence gx,+1 —
px,€{0,1,...,9—1}, n=0,1,2,..., where x¢ is a positive integer, p > ¢ > 1 are
coprime integers and x,, = [px,_1/q] forn=1,2,3,.... A similar speculative result
concerning the complexity of the sequence of alternatives (F : x+— x/2or S: x+> (3x +
1)/2) in the 3x + 1 problem is also given.

2000 Mathematics Subject Classification. 11B50, 11B83, 11R06, 68R15.

1. Introduction. For a given real number y, let {y}, | y] and [y] be the fractional
part, the integral part and the ceiling function of y, respectively. For any real numbers y
and B8 > 1, one can study the sequence of so-called S-transformations, given by yo = y
and y, = {By,—1} forn =1, 2,3, .... This sequence was first investigated by Rényi [18]
and Parry [17]. In particular, the sequence yo =1, y, = {By,_1} forn=1,2,3,... s
called the Rényi development of unity.

In fact, y € [0, 1) can be expressed as

y=> ap™t

k=1

where ex(y) = | Byr—1] € {0, 1, ..., | B]}. Thisexpression is called the -expansion of y.

In general, if y = Z,fil exB ¥ with some ¢1, &, €3, ... € {0, 1, ..., | 8]} then this is not
necessarily the 8-expansion of y (see [12, 17]). Clearly, the 8-expansion of y is ultimately
periodic if and only if the sequence y,, n =0, 1, 2, ..., is ultimately periodic. Schmidt

[20] showed that if the B-expansion of every number y € @ N[0, 1) is ultimately periodic
then 8 > 1 must be either a Pisot number or a Salem number. Recall that 8 > 1 is a
Pisot number (resp. Salem number) if it is an algebraic integer whose conjugates over
Q@ (if any) all lie in the open unit disc |z| < 1 (resp. closed unit disc |z| < 1 with at least
one conjugate lying on the circle |z] = 1). Finite B-expansions have been studied in [9]
and [11]; those results are also related to Pisot numbers.

In this paper, in contrast to the fractional g-transformations, we shall study a kind
of integral B-transformations. Let xy be a positive integer, and let § > 1 and y be two
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real numbers such that (8 — 1)xy > 1 — y. Consider an increasing sequence of positive
integers xyp < xX] < xp < -- - generated by the map

T/S»V X I.ﬂx-'_ VJ,
namely,
Xp = [Bxu—1+y]= quy(XO)

foreachn > 1. Indeed, x, = [Bx,—1 + V] > Bxp_1+y — 1 = x,,_; forn > 1, because

(B—Dx,—1 2 (B—1Dx¢ =1 —y. For this sequence x,, n =0, 1,2, ..., we prove the
following:
THEOREM 1. Let by, ..., by, by be some integers, not all zero. Then the sequence

wnZbdxn+d+"'+b1xn+l+b0xny n:051327"'7

is bounded by an absolute constant B = B(by, ..., by, B, v, Xo) independent of n if and
only if B> 1 is an algebraic number and the polynomial byX? + --- + b X + by is
divisible by the minimal polynomial of B in Z[ X].

For the sequence xy < x| < x5 < ---, where x, = |8x,_1 + y| with an algebraic
number 8 > 1, we prove the following:

THEOREM 2. Let B > 1 be an algebraic number with minimal polynomial byX?
+ -+ b1 X + by € Z[X]. If the sequence

wnzbdxn+zl+"'+blxn+l+b0xnv n:071927--~7

is ultimately periodic, then 8 must be either a Pisot number or a Salem number.

Note that the conclusion of Theorem 2 is the same as that of Schmidt [20] and
as that of the author [5], where x,, was defined as x, = [£8"| with & # 0. We remark
that the same statements as those of Theorems 1 and 2 hold if we replace the map
Tg, :x+— | Bx + y] by the map

Ug, x> [Bx+ ],

where (8 — 1)xo + y > 0. (See the proofs of these two theorems in Sections 2 and
3.) The condition (8 — 1)xp + ¥ > 0 implies that the sequence x, = [Bx,_1 + Y] =
Ug ,, (xo) is strictly increasing, i.e. xo < x; < X2 < ---. This sequence with y = 0 was
considered by Odtyzko and Wilf [16]. They proved thatif 8 > 2 or 8 =2 — 1/¢g with
some integer ¢ > 2 then x,, = [¢(B)B"] for each n > 0 and some constant ¢(8).

Clearly, if 8 > 1 is a rational integer then w, = x,.; — Bx, = 0, so the sequence
considered in Theorem 2 is purely periodic. In Section 6 we shall consider the sequence
xo €N, x, = [Bx,_11,n=1,2,3,..., with a quadratic Pisot number 8. We will show
that in this case the sequence w,, n=20,1,2, ..., considered in Theorem 2 is also
purely periodic.

Finally, let 8 be a rational number which is not an integer, i.e. 8 = p/q, where
p > ¢q > 1 are some coprime integers. Consider the map

Uy g x— [px/q].
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The sequence of iterations
Xn = [pXu-1/q1 = Uy (x0), n=0,1,2,...,
where xg is a positive integer, is strictly increasing xo < x; < x» < ---. We have

Wy = qXny1 — PXn = q[pXn/q] — pxn € {0, 1, ..., g — 1},

so the sequence w,, n=20,1,2,..., is bounded. Since 8 = p/q is neither a Pisot
number nor a Salem number, by Theorem 2 (see also the remark above concerning its
application to Ug,, ), this sequence is not ultimately periodic. In case p < ¢*, we can
prove much more than that.

THEOREM 3. Let w = wy, wy, wa, ... be a sequence given by w, = qx,y11 — pXn,
n=0,1,2,..., where p > q > 1 are two coprime integers, Xy is a positive integer and
Xp = [pxXu_1/q] for eachn > 1. Then liminf,_, ., P(w, n)/n > logq/log(p/q).

Here, P(w, n) is the complexity function (or block-complexity function) of the

sequence w = wy, wi, Wy, ..., which, for every positive integer #, is defined as the
number of distinct vectors (wj, Wj41, ..., Wiyn—1) of length n, where j runs through all
non-negative integers 0, 1, 2, .. .. Clearly, the function P(w, n) is non-decreasing in ».

It is bounded from above by an absolute constant independent of x if and only if the
sequence w is ultimately periodic; otherwise, P(w, n) > n + 1 for each positive integer
n (see [14] or [15]). The sequences w for which equality P(w, n) = n + 1 holds for each
positive integer n are called Sturmian sequences (see [3, 4, 14]). They have the lowest
possible complexity among all sequences which are not ultimately periodic.

Note that in case p < ¢* the constant logg/log(p/q) is greater than 1. So, by
Theorem 3, liminf,_, . P(w, n)/n > 1. In particular, this implies that the sequence
w considered in Theorem 3 is not Sturmian. If p < ¢*/? then logq/log(p/q) > 2,
so the sequence w cannot belong to the class of Arnoux—Rauzy sequences which
have complexity 2n + 1. Since w, (mod ¢) = —px, (mod ¢) and gcd(p, ¢) = 1, the
complexity P(w,n) of w is equal to the complexity P(X, n) of the sequence X =
X, (mod ¢),n=0,1,2,....

For p/q = 3/2, the map Us, is given by

~[3x/2, if x is even,
Uspa(x) = {(3x +1)/2, if xisodd.

This map was studied in [8, p. 127]. It is related to the distribution of the fractional
parts {£(3/2)"}, n =10, 1,2, .... The sequence given by xo = 1 and x,, = [3x,_1/2] =
Uf/z(xo) for n>1 is exactly the sequence A061419 of [21]. See also [2], where
similar sequences are used for expansions of integers in rational non-integer base.
A corresponding w, = 2x,41 — 3x, = 2U3,2(x,,) — 3x, is equal to 0 if x, is even, and
to 1 if x,, is odd. So w, = x, (mod 2). Theorem 3 implies the following:

COROLLARY 4. Let 0 < xg < x| <Xy < --- be a sequence of integers given by
Xy = [3x,-1/2], n=1,2,3,.... Set X, = x, (mod 2) € {0, 1} for n > 0, and let X =
Xo, X1, X2, .... Then P(X,n) > 1.70951129n for each sufficiently large n.

This corollary is the first result which claims something more than just non-
periodicity of the sequence of iterations given by the map Us,,. The famous unsolved
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3x + 1 problem asserts that the sequence of iterations given by a very similar map

_]x/2, if x is even,
U = {(3x 4 1)/2, ifxis odd,

which starts at a positive integer must end up with thecycle2+— 1+ 2+ 1+ ---. Let
us write the letter F for the first alternative x — x/2 and the letter .S for the second
alternative x — (3x + 1)/2. Starting from 15, we have

1523~ 35~ 53— 80—~ 40—~ 20~ 10~ 5— 84— 2> 12— 1---.

A corresponding sequence of letters is SSSSFFFFSFFFSFS ... = S*F*SF?(FS)™.
Of course, the sequence of F, S is the following sequence of 0, 1

X0, X1, X2, X3, ... (mod 2),

where F corresponds to 0 and S corresponds to 1. Assume that the 3x 4+ 1-conjecture
is false. Then there is either a non-trivial cycle or the sequence x,, n =1,2,3,..., is
unbounded. In the latter case (sometimes this is called the case of divergent trajectories),
we shall prove the following speculative result:

THEOREM 5. Let xy, X1, X2, ... be a sequence of positive integers given by x, =
Uxy,1), n=1,2,3,.... Assume that x, — o0 as n — o0o. Set X, = x, (mod 2) €
{0, 1} for n >0, and let X = Xy, X1, X2, .... Then P(X,n) > 1.70951129 for each
sufficiently large n.

For X given in Corollary 4, we conjecture that P(X, n) = 2" for every positive
integer n. More generally, we conjecture that P(w,n) = ¢" for every sequence w
considered in Theorem 3. (See also [16], where an even stronger statement is
conjectured in case ¢ = p — 1.) It seems very likely that this conjecture is as difficult
as a corresponding conjecture claiming that the complexity function P(w, n) of the
expansion of an algebraic irrational number « in base ¢ > 2, i.e.

o= |al + ng(a)qfk,

k=1

gr(@) e {0,1,...,q— 1}, defined as the complexity of the sequence gi(x), k =
1,2,3,..., is equal to ¢". So far the equality P(x,n) = ¢" is out of reach. By a
result of Adamczewski and Bugeaud [1], we know that P(«, n)/n — oo as n — o0
for each algebraic irrational number «. One among earlier results [7] implies that
P(a,n) —n — oo as n — oo. Analogously, in our problem, Theorem 3 implies that
P(w,n) —n — ocoasn — ooincase p < ¢°.

The sequence considered in Corollary 4 is related to the so-called Josephus problem
(see, e.g., [13, 16, 19]). There are N places arranged around a circle and numbered
clockwise 1,2,..., N. Each of N people takes one of the places. Then the pth is
executed. If some place is just vacated, then the pth one of the remaining survivors
clockwise will be executed next and so on, until just one remains. Which is the initial
place J,(N) of the last survivor? The answer is given in terms of one of the above
sequences. Given integer p > 2, consider the sequence xg, X1, X3, ... defined by xp = 1
and x, = [px,_1/(p — 1)] forn > 1. Then

J,(N)=pN +1— x,
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where k is the least integer such that x; > (p — 1)N (see, e.g., Section 3.3 in [10]
or [16]).

Note that w, = (p — 1)x,1 — px, modulo p — 1 is equal to x,, (mod (p — 1)). Put
X, =x, (mod (p—1)) €{0,1,...,p—2}. The constant

K@)=1+" Zn( pl)

appears in [16], where the exact formula for J3(n) was obtained. In particular, K(2) = 1,
K(3) = 1.6222705028 . ... Theorem 3 implies that, for every integer p > 3 and every
¢ > 0, the complexity function P(X, n) of the sequence X = Xy, X1, X3, ... is at least
(1/(ogp/log(p — 1) — 1) — e)n for each sufficiently large n.

2. Proof of Theorem 1. Write x,.m = | BXpnam—1 + Y] = BXnim—1 + Turm—1 for
each n > 0 and each m > 1, where 19, 71, 72, ... € (¥ — 1, y]. Then

Xnpm = B Xy + IBm_ITn + lgm_zfn-&-l + ot Tipm-1e
Applying this formula tom = 1, 2, ..., d and putting corresponding values into

Wy = bll'anrd +---+ blxn+l + boxy,

we find that
d—1 d—j—1
= (BB’ + -+ B+ b0)Xn+ Y Tusy Y biyjiB.
j=0 i=0

Since | Y00 biyj1 Bl < BN (bal + -+ [bi]) and |5,450 < ly|+ 1, the mo-
dulus of the double sum is bounded from above by By = dB*~(|by| + - - - + |b1)(ly | +
1). Hence the sequence w,, n = 0, 1, 2, ..., isbounded by a constant Bindependent of n
ifand only if the term (bgB? + - - - + b1 + bo)x,, n =0, 1,2, ..., isbounded. However,
X, — ooasn — o0, because xp < x] < xp < ---isstrictly increasing. Evidently, if there
is a constant B; independent of n such that [(by8¢ + - - - + b1 + bo)x,| < B, for each
n>0thenbyB?+ -+ b1+ by =0.Hence byX? + - - - + b1 X + by is divisible by the
minimal polynomial of 8 in Z[X].

On the other hand, if byX?+ ...+ b X + by is divisible by the minimal
polynomial of an algebraic number g then by B¢ + --- 4+ b + by = 0. Thus |w,| =
| Z, S Y byyj41 8] is bounded from above by the constant By = dB~(1b4| +

“+ b1yl + D).

3. Proof of Theorem 2. Below, we shall use the following lemma (which is a
special case of Lemma 1 in [6]):

LEMMA 6. Let agX?+ -+ a1 X +ayp = asX — o) --- (X — ay) € Z[X] be an
irreducible polynomial, a; > 0, and let z,, n=0,1,2,... be a sequence of integers
satisfying agzpiq + -+ + a1zpy1 + apz, = 0 for eachn > ny. Then o = « is an algebraic
integer, namely ag = 1, and there is a polynomial Q(X) € Q[X] such that

Zn = Qo + -+ + Qaa)ay
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for eachn > ny.

Suppose that there is a positive integer ¢ such that w, = w,,,, for eachn > ny. Then

ba(Xntave — Xnga) + -+ b1(Xng 141 — Xnp1) + bo(Xpgr — X)) =0

for each n > ny. Here, each difference x,,1j, — X,4j, Wwherej =0, 1, ..., d, is a positive
integer. Hence, by Lemma 6, there exists a polynomial G(X) with rational coefficients
such that

Xntr = Xn = G(BBY + - + G(Ba)By

for each n > ngy, where 1 = B, Ba, ..., Ba are the conjugates of 8 > 1 over @, and B
must be an algebraic integer, i.e. by = 1. If d = 1, namely, 8 > 1 is a rational number,
then B must be a positive integer greater than 1. So it is a Pisot number.

Suppose that d > 2. Using the inequality

IXnt1 = Bxnl = [LBXn + ¥ — BXal =1y —{Bxu+ ¥} <I¥vI+1,

which holds for each n > 0, we deduce that

d d
D GBIBT = B1 Y GBIBY| = 1Xntit — Xug1 — B(ugs — Xa) | <2(y] + 1).

j=1 j=1

So the modulus of

d d d
Su= GBI — B Y GBBI =D (B — BG(B)B!
Jj=1

J=1 Jj=2

is smaller than 2(|y | + 1) for every n > ny.
Taking d — 1 consecutive equations for 8y, ..., 8,142, Where n > ny and

d
Susi =) (B = BUBJGB)B, i=0,1,....,d =2,

j=2

we see that the vector (85, ..., ) is a solution of a non-homogeneous linear system.
By Cramer’s rule, this linear system has a unique solution, because the corresponding
matrix 4 = ((8; — ,31)6(/3,»),8})0@-@_2, 2<j<d 18 non-singular. Indeed, its determinant
is equal to the Vandermonde determinant [ [, _;<,(8; — Br) multiplied by the factor
]_[]‘-’:2(;3,- — B1)G(B)). Here (B; — B1)G(Bj) # 0 for j=2,...,d, because G(B;) # 0 for
each j. Hence the matrix A4 is non-singular.

Now, using the fact that |3,[, ..., |8yra—2] < 2(]y| + 1), by Cramer’s rule, we
deduce that each |ﬁ}’|, where j=2,...,d and n > ny, is bounded from above by
a constant C independent of n. The inequality |ﬂj”| < C, where n =ny,ng + 1, ny +
2,...,shows that |8;| < 1. Thus |8 < 1foreveryj=2,...,d.Since § = B > lisan
algebraic integer, we conclude that 8 must be either a Pisot number or a Salem number.
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4. Proof of Theorem 3. Since w, = gx,1 —px, €{0,1,...,qg— 1} foreach n >
0, expressing X,1, as pXpym—1/4 + Wyrm—1/g and so on, we obtain

Xnam = (0/q)" X0 + q_l((p/q)m_l wy + (p/Q)m_zwn+l + o Wogm—1).

Suppose that the limit liminf,_. P(w, n)/n is strictly smaller than logq/ log(p/q).
Then there is an infinite sequence of positive integers m; < my < m3 < -- - such that
P(w, my) < my(logq/log(p/q) — ¢) for some ¢ > 0 and each k > 1.

Set m = my, for some fixed & > 1 which is so large that

emy log(p/q) > log(xp + g — 1).

Consider the vectors (wy,, Wyt1, ..., Wpam—1)forn=0,1, ..., [m(logq/log(p/q) — ¢€)].
There are more than m(log g/ log(p/q) — ¢) > P(w, m) of such vectors, so at least two
of them must be equal, say (wy, ..., Wyim—1) = Wy, ..., Wyrm—1), Where 0 < s < n <
Lm(log q/log(p/q) — €)]. Subtracting

Xoym = (P/q)" x5 + q_l((p/Q)m_l ws + (p/q)m—waJrl + - Wepm—1)
from x,,,,,, we deduce that
Xntm — Xs4m = (P/‘I)m(xn - xs)-

Hence ¢™ divides x,, — x;. Since x,, > x; > 0, this implies that ¢™ must be smaller than
Xx,. But

xa = (p/9)"x0 + ¢ (p/q)" wo + (p/q)" Pwi + -+ wy),

so, using w; < ¢ — 1, we deduce that

q" <x, <P/@)"'x0+((p/9)" — Dg— 1D/ —q) < @/q)"(x0 +q—1).

By taking the logarithms of both sides and using

n < [m(logq/log(p/q) — )] < m(logq/log(p/q) — ¢),

we obtain

m logq < logx, < nlog(p/q) + log(xo + q— 1) < m logq — em log(p/q)
+log(xo + ¢ — 1).

It follows that emy, log(p/q) = em log(p/q) < log(xo + g — 1), contrary to our assump-
tion on miy.

5. Proof of Theorem 5. Note that x,.; = (u,x, + v,)/2, where (u,, v,) = (1, 0)
if X, =x, (mod 2)=0 and (u,,v,) =3,1) if X, = x, (mod 2) =1. Let n > 0 and
m > 1 be two integers. Expressing x,,1,, by X,1+,»—1 and so on up to x,, we obtain

Uptm—1 -+ UpXy Upym—1" " Up41Up Uptm—1 " Up2VUn41 Un4+m—1
+ + e —.
om om 2m71 2

Xntm =
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Suppose that the limit lim inf,,_, o P(X, n)/n is strictly smaller than log 2/ log(3/2).
Then there is an infinite sequence of positive integers nm; < my < m3 < - - - such that
P(X, my) < my(log2/log(3/2) — ¢) for some ¢ > 0 and each k£ > 1.

Fix any m € {my, my, mj, - - -} satisfying

m log(3/2) > ¢! log(xo + 1).

Consider the vectors (X;,, Xj41, - .., Xygm—1)forn =10, 1, ..., [m(log2/log(3/2) — ¢)].
There are more than m(log2/log(3/2) — &) > P(X, m) of such vectors. Hence, at least
two of them must be equal, for instance (X, ..., Xsm_1) = (X, ..., Xywm—1), Where
0<s<n< |m(log2/log(3/2) — ¢€)]. Subtracting

Usym—1 " UsXg Ustm—1 "+ Us41 Vs Ustm—1 " Us42Vs41 Vs+m—1

Xs+m = m + om + o + -4 —2
from a corresponding expression for x4, and using u,1; = Uy, Vuqj = vy for j =

0,1,...,m—1, we derive that
Unym—1 -+ Up
Xn+m — Xs4+m = T(-xn - xs)-

Recall that uy € {1, 3}, so ged(tym—1 - - un, 2™) = 1. Hence 2™ divides |x,, — x;].
We claim that x, # x,. Indeed, if x,, = x; then the sequence x;, X1, X;12,... IS an
infinite repetition of the string x;, ..., x,_1. So the sequence xy, x1, X3, ... is bounded,

contrary to the condition of the theorem. From

Up—1 -+ - UX0 Up—1 - -UIVo Up—1 - UV Un—1
+ + T,
" 7 2n=1 2

Xp =

using u; € {1, 3}, v € {0, 1}, we derive that x, < (3/2)"(xo + 1). Similarly, x, <
(3/2)*(xp + 1). Hence,

2" < xp = x| < (3/2)"(x0 + 1),

because n > s.
By taking the logarithms and using

n < [m(log2/log(3/2) — )] < m(log2/log(3/2) — e),
we obtain
m log2 < nlog(3/2) + log(xo + 1) < m log2 — em log(3/2) + log(xo + 1).

Consequently, m log(3/2) < e~ ! log(xo + 1), contrary to our assumption on .
Therefore, lim inf,_, . P(X, n)/n > log2/log(3/2), giving P(X, n) > 1.70951129n
for each sufficiently large n.

6. Examples. Let us take g = (1 + +/5)/2. Consider the map x+> [Bx] and a
sequence of iterations xo = 1, x,, = [Bx,_1] associated to it. Clearly, the golden mean
(14 +/5)/2 is a Pisot number, because its conjugate 6 = (1 — +/5)/2 lies in (—1, 0). We
claim that

Xp = Fyyp— 1 foreach n>0.
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Here F, is the nth Fibonacci number, given by Fy = F| = 1, F,1p = F,4 + F,.
We will show first that

Xp2 = Xpyl + X + 1

for each n > 0. Indeed, writing x,.; = Bx, + 1, and X,42 = BXxus1 + Tur1, Where
Ty, Tuy1 € (0, 1), we obtain

Xn42 = Xngl — Xn = BXpg1 + Tyl — Xnp1 — Xn
= (:32 - ﬁ - 1)xl’l + (:B - l)fn + Ty = (/3 - l)rn + Tyyi-

Since X142 — xu11 — X, € (0, B) is an integer, it is equal to 1. Hence x,, 12 = X411 + X, +

1, asclaimed. In particular, we see that, for the sequence xy, x1, X2, . . ., a corresponding
sequence wy, = Xp42 — Xpp1 — Xy, 1 =0,1,2, ..., considered in Theorem 2 is purely
periodic.

Next, using xo =1 = F, — 1 and x; = [8] = 2 = F53 — 1, by induction on n, we
find that

Xpp2=Xppr1 +Xp+1=Fp—-1+Fo0—-1+1=Fu+Fp—-1=Fi—1,

so the formula x, = F,,., — 1 holds for each n > 0.

More generally, let 8 be a quadratic Pisot number with minimal polynomial X? —
aX + b. Consider the sequence which starts with an arbitrary positive integer xo and
is given by the formula x, = [Bx,_;] for n > 1. Let 8’ be the conjugate of 8, i.c.
X2 —aX +b=(X - B)X — p'). Writing x,.| = Bx, + 1,, we find that

Wy = Xpq2 — AXpy1 + bxy = (B — a)xpg1 + T + bxy
=((B-a)B+D)xy+ i1 + (B — @) = Tup1 + (B — )T,

Since0 < 7, 7,01 < land 8 —a = —b/B = —pB’, where —1 < B’ < 1, we see that w,, €
(0,1 — B’) if g’ is negative and w, € (—g', 1) if 8’ is positive. It follows that, for each
n >0, we have w, = 1if 8/ < 0 and w, = 0 if 8’ > 0. In both cases, the sequence w,,
n=20,1,2,...,1s purely periodic.
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