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REGULARITY OF SOLUTIONS FOR QUASI-LINEAR

PARABOLIC EQUATIONS

YOSHIAKI IKEDA

§ 1. Introduction.

Let Ω be a bounded domain in w-dimensional Euclidian space En

(n ^ 2), and consider the space-time cylinder Q = Ω x (0, T] for some
fixed T > 0. In this paper we deal with the Cauchy and Dirichlet
problem for a second order quasi-linear equation

(1.1) ut — div st(x, t, u, ux) + B(x, t, u, ux) = 0 for (x91) eQ ,

u(x, 0) = φ(x) in Ω and u(x, t) = ψ(x, t)

for (x, t)eΓ = dΩ X (0, T] ,

where dΩ is a boundary of Ω which satisfies the following condition (A):
Condition (A). There exist constants p0 and Λo both in (0,1) such that,
for any sphere K(p) with center on dΩ and radius p ^ pQ, the inequality
meas [K(p) Π Ω] <; (1 — Λo) x meas K(p) holds, where meas E means the
measure of a measurable set E.

In the equation s/=(s/lf , ja/J is a given vector function of (x, t, u, ux),

B is a given scalar function of the same variables, and ux = (-—-, , - — )

denotes the spatial gradient of the dependent variable u = u(x, t). Also
div ^ refers to the divergence of the vector stf(x, t, u, ux) with respect to
the variables x = x(x19 ,a?n). The functions φ(x) and ψ(x9 t) in (1.2)
are bounded, measurable and belong to the spaces L\Ω) and L°°[0, T; L\Ω)]
Π Lα[0, T ff 'CiJ)] respectively, where Ω is a domain containing Ω.

Throughout the paper we assume that si and B satisfy inequalities
of the form

I p-s/(x,t,u,p) ^ ao\p\a - c(x,t) \u\a - f(x,t) ,

\B(x, t, u,p)\£ b(x, t) \p\a~ι + d(x, t) \u\a~ι + g(x, t) ,

, t, u, v)\ S 3 \P\-1 + e(x, t) \ιι\a~ι + h(x, t) ,
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for any w-dimensional real vector p and for any real number a > 2.
Here a0 and a are positive constants and the coefficients &,c, d, e,f, g, h
are non-negative functions of (x, t) and ba, c, d, eα/(α~υ,/, g, han<x~l) belong
to some space Lp*q(Q), where p and q are non-negative real numbers
satisfying

(1.4) J L + a n ~ 2 n + 2 " < 1 w h e n « < »
αp 2aq

and

+ £ < 1 *o , p > 1
(1.5) P 2q
for any sufficiently small ε0 > 0 when a ^ n .

A function w = w(x, t) which is measurable on Q will be said to
belong to the class Lp>q(Q) if the iterated integral

is finite. If a function w(x) which is measurable on Ω possesses a
distribution derivative (uXχ9 -fuXn) and if ||w|U*c/i) + | |^IUP (/?) < °o> then
w{x) is said to belong to Hι**(β), where \\wx\\v

LHQ) = Σ3?-illw*ill£»(β)
The space Hl>p(Ω) is the completion of CQ(Ω) with respect to this

norm.
We denote by L«[0, T £F»p(β)] the space of functions w(&,«) with

the following properties:

( i ) w(x, t) is measurable on Q,
(ii) for almost all t e (0, Γ], w(x, t) e H^P(Ω),
(iii) \\w(x,t)\\HliPmeL<i[0,Tl

The function w is said to be a weak solution of the problem (1.1),
(1.2) if u belongs to the space JΓ ΐO, Γ; L\Ω)] Π L°°[0, Γ; L2(β)] Π
Lα[0, Γ £Γ1'α(β)] and if ^ satisfies the following conditions:

(1.6) f1 f {utΦ(x, t) + d{x, t, u, ux)Φx + B(x, t, uy ux)Φ}dxdt = 0

for any ί0, tx (0 ^ t0 < ίx ^ Γ) and

(1.7) Km f u(x, t)Φ(x, t)dx = f φ(x)Φ(x, 0)dx
ί-0 Jfl JΩ
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for any continuously differentiable function Φ = Φ(x, t) with compact

support in Ω. That the boundary value of u is equal to ψ(x, t) on Γ in

(1.2) means that u{x, t) - ψ(a, T) eL~[0, Γ; L2(β)] Π Lβ[0, T; Hι

0>
a(Ω)] for

ψ(α, ί) e L~[0, Γ L2(β)] Π Lβ[0, Γ IP 'ίβ)], where β D f l .

In section 4 we shall prove the boundedness of the solution of the

problem (1.1), (1.2) when φ(x) and ψ(x, t) are bounded. The same result

was obtained by D. G. Aronson and J. Serrin [2] for non-linear parabolic

equation (1.1) under the condition

:, u, p) ^ a \p\a — ea \u\a — ha ,

\B(x,t9u,p)\ ^ b\p\a~l + da-l\u\a~l + ga~ι ,

where coefficients α, δ, ,g are non-negative constants.

In section 5 our main theorem states that if u is a weak solution

of the problem (1.1), (1.2), then u is Holder continuous in Q and that,

moreover if the boundary value ψ(x, t) of u is Holder continuous then

u is Holder continuous on Q — Ώ x (0, T\.

This result extends theorems proved by Ladyzenskaya and Uralceva

[3] on some linear and quasi-linear parabolic equations, theorems proved

by Serrin [4] on quasi-linear elliptic equations, and those given by

Aronson and Serrin [1] on the quasi-linear parabolic equations

ut — div J/(X, t, u, ux) + B(x, ty u, ux)

under the conditions

^ a\v\2 - c2\u\2 - f ,

b\p\ + d\u\ + g ,

[\s/(x,tfu,p)\ ^ a\p\ + e\u\ + h ,

where a and a a re positive constants, while the coefficients b,c, >> ,h

are non-negative functions of (x, t) and each coefficient is contained in

some space Lv>q(Q), where

p > 2 and — + — < — for 6, c, e, / , h
2p q 2

and

p > 1 and — + — < 1 for d, g .
2p p
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§ 2. Preliminaries.

In this section we shall state and prove several lemmas which are

often used later.

Using the Holder's inequality we can easily prove the following

lemma:

LEMMA 2.1 (Aronson-Serrin [1]). // w is contained in Lq>Ql Π L r ' r i ,

then w is contained in Lp>Pl, where

+ ,
p q r p, qx

Moreover

where

LEMMA 2.2 (Aronson-Serrin [1]). Let w belong to the space

L«[0,Γ;BJ β(fl)]. Then

where — = — — — when n> a, and a* is any finite number when
a* a n

a^n. The constant K depends only on a, n and Ω. If n <̂  a, then

K depends on the choice of α*.

LEMMA 2.3. // w belongs to the space L~[0, T L\Ω)] Π La[0, T #S'

then w belongs to the space Lap'>aqf for all exponents pairs (p;, q') whose

Holder conjugate (p,q) satisfies

71 + a n - 2 n + 2 a < 1 whena<n
ap 2<xq

and

— + — < 1 — ε0 for any sufficiently small ε0 > 0 when a ^>n .
p 2q

Moreover
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and for any ε > 0

(2.2) II wll:*',.*' ^ e II wβ||;fβ + C(e)T> «-» || w||Jfββ ,

( 1 \ 1 2 2 1

1 — — ) — , K = + — > 1, K depends only on
K I qf pf a*q' qf

a,n and meas Ω, and C(ε) depends only on ε,a,n and meas Ω.

Proof. Let A: be a real number > 1 . Then by Holder's inequality

and Lemma 2.1,

and

llwii p ^

provided that

^ / ^ a and
κpr

These relations imply

_ λ

a*

2

apf

+

a

a —

2

2

+

>

1

qr

1

- > 1 .

λ
a

From Young's inequality and Lemma 2.2 we have (2.1) and (2.2).

LEMMA 2.4. // the function u{%) belongs to the space iϊJ'αCG), then

it holds

ί \u\adx<,κ[ | ^ |
J Ω J Ω

Proof. By Holder's inequality, it is clear that

J \u\adx ^ (f \ufdx\**'a

where a* = when a <. n and when a ^ n9 a* is any number >a.
an

It a < n, then 1 — — = — and from Sobolev's lemma we have our
a* n

lemma.

If a > n, we take β < n such that θ* = iLziA = α * . Then
~~ βn
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(I \u\a* dx) (meas Ω)ι~tt/a* < Kl I \ux\
β c

\ux\
ac

I Ω

\θl \a f\Ύ \(TYlOίί Cί O^°/w

§ 3. Fundamental inequalities.

In this section we shall derive some fundamental inequalities for

weak solutions of the problem (1.1), (1.2), which are used in the follow-

ing sections.

Let u be a weak solution of the problem (1.1), (1.2) and for a real

number k, put

Ak(t) = {x e ΩI u(x, t) ^ k) and Bk(f) = {x e Ω \ u(x, t) <k) .

We assume that the boundary value ψ(x, t) and the initial value φ(x)

belong to the spaces L°°[0, T; L\Ω)] Π Lα[0, T; H^a(Ω)] and L\Ω) respec-

tively and they are bounded, i.e. there exists a positive constant Mo

such that

(3.1)

/ Λ \ 1/2 nι

We put M = max ( u2dx) = \\u\\2«, , and U = — .

Then, since u is a weak solution of (1.1), we have

(3.2) Ut--1- div J*(X, t, MU, MUX) + -^Bix, t, MU, MUX) = 0 .
M M

Thus, it holds that

(3.3) p f fUtΦ + 4 F ^ X >
 ϋ> MU> MU*)φ*

+ -λ-B(x, ί, MU, MUx)φ)dxdt = 0
M )

for any differentiable function Φ(x, t) with compact support in Ω.

It is clear that (3.3) is valid for Φ e L~[0, T L2(Ω)] Π Lα[0, Γ #£'"(£)].

Now we put u{k) = max (^, fc) — &.

If fc ^ Mo, then ^(ifc) e L°°[0, Γ L2(β)] Π Lα[0, T flj (fl)]. Hence, taking

Φ = ^ ( λ ; ) in (3.3), we have
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(3.4) Γ ί (ϋtu
ik) + —^-u(

x

k) + —B>u{kλdxdt = 0 .

u(k)

If we put U(k) = , then, letting ί0 —> 0, we see,
M

Γ1 ί ϋtu
{k)dxdt = M Γ1 f ——

> J l f (U{k)Ydx as ί0 -> 0 ,
2 J ii*(ί)

because of C7(Jfc)( ,̂ 0) = 0.
It is obvious from the condition (1.3) that

ϋ™dxdt
1 ί — si wi*>da?dt = Γ f

O J Ak(t) M Jθ J ii

^ A . Γ f M* I ϊ/w |α ώdί - — Γ1 f c(x, t) \MU\a dxdt
M Jo JAM) M JO JAM)

- 4r Γ f
M Jθ J A

f
Ak{t)

and

Γ ί — B.u{k)dxdt = Γ ί BUa)dxdt
Jθ jAk(t) M Jθ jAk(t)

^ Γ ί {b{x,t)Ma-ι\Wk)\a-ι\U{k)\ + d(x,t)M°-l\U\a-l\U{k)\
Jθ J Ak(t)

+ g(χ,t)\U(k)\}dxdt.

Thus we obtain

(3.5) ^ Γ1 f (Λf- ι6 IZ7WI"-1 |t/(i fc) | + cM1-1 \ϋ\' + dM"-ι\U"-ι\\Ui

Jθ JAM) L

where || Ϊ7(fc) |g>ββ = max ί (ua))2dx
Oύt^txJAjcit)

and

H!7i»||:,β= Γ f \ϋ<*>\ dxdt.
Jθ J Ak(t)
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Using Young's inequality, we see

(3.6) M a ~ ι b \ Ό ™ \ - 1 \ U \ ^
Δ

and

(3.7) M«-ιd\Ua-ι\\Uik)\ ^ CJM-Wilϋl + \ϋik)\a}

where CQ and CΊ are positive constants depending only on a0 and a.

Since U = ϋ(k) + — in Ak(t), it follows that
M

(3.8) | C 7 | ^

where C2 is a positive constant depending only on a.

Moreover, since ||C/(fc)||2,oo ^ 1, it is clear that

(3.9) ll^(*Ίlί,o.^l|l7(*ΊB,«-

Thus we have from (3.5) ~ (3.9),

(3.10) aMU^W^ + WU^W:^

^ cίΓ f {Φa + c + d + 1)\U^\" + (1 + k"Kc + d + f)
Uθ jAk(t)

+ g\U{k)\}dxdt,

where a,, — min ί—, -^-M"~Λ and C is a positive constant depending only
\ Lk Li /

on a and Λί.

If we put 61 = ba + c + d + 1, then θ1 belongs to the space Lp*q(Q)

with p and q satisfying the inequality (1.5). Thus from Lemma 2.3,

we see

JO Jiifc(t)

(3.11) ^ 110,1k, II #<*> IIV,**'

Similarly if we put /?2 = c + <ί + / , then θ2 e L p 9. Thus we see

(3.12) Γ1 f 6>2(1 + fc )Acdt

/fίl \I/ϊ'

^ (1 + k") | |ί, | |M(J (meas A»(ί))«^'dίj
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and

(3.13) Γ f g\U(k)\dxdt
Jθ jAjc(t)

(j (meas Ak{t)Y'v'

If we take ίx sufficiently so small that

Ktίf\\0Λv%q + D < a 1 9

then from (3.10) ~ (3.13) we have

(3.14) || ϋ™||jfββ + || ϋx\\ a,β ^ C(X + &•)(£ (meas A

where C is a positive constant depending only on a, M, aQ9 | |δ | | , | |c||,

11/11 and ||flr||.

The following analogous inequality is obtained by the same calucu-

lation as above:

(3.15)

for fe ^ - M o .

The inequalities (3.14) and (3.15) are used to prove boundedness of

weak solutions u (see §4).

In the following, we derive other inequalities for weak solutions

which will be used in § 5.

Let u be a bounded weak solution of (1.1), (1.2) and put

\\u\\^Q = Mx, c(x, t)M; + f(x, t) = fx{x, t) , d(x, t)Mrx + 9(x, t) = Λ ( » , t)

and e(x, fyMϊ'1 + h(x, t) = fe^aj, ί).

Then from the condition (1.3), we have

(p s/(x,t,u,p) ^ ao\p\* - /x ,

(3.16) p f e ^ ^ r t l ^ δ l P l ^ + ̂ i ,
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We introduce the notation

K(p) = {x\ \x - xQ\ < p, x0 e Ω) , Γp = K(p) Π

and for p > pf

1 f or x e K{p -

, _ Ir — r I

0 outside

where Kipf) is a concentric cube with Kip).

If we put Φix, t) = tt(fc)ζα for fc ̂  max ^, then

Φ e L~[0, Γ L2(β)] Π L*[0, Γ ίίί'α(β)]. (When Kip) c fl, fc is an arbi-

trary number.) Since ^ is a weak solution of (1.1), (1.2), the equality

(1.7) is valid for Φ = ^ ( f c )ζα, that is for any t0, ίx (0 ̂  t0 < tx ^ Γ),

(3.17) f1 ί {utu
{k)ζa + (uik)ζa + aζa-χxu

{k))<sέ + u(k)ζaB}dxdt = 0 .
J to J Ak,p(t)

Since ζa is independent of the variable t, it follows that

(3.18) utu^ζa - ~{(u^Y}t in Ak%,(t) .

From the condition (3.16), we see

(3.20) ^ε\u^\aζa + Co\u^\a\ζx\
a

and

(3 21)
C2b

a \ua)\a ζa + gx \u™\ ζa

for an arbitrary positive number ε, where C0,C1 and C2 are constants

depending only on a and ε.

Taking ε = -^_, we have from (3.17)^(3.21),
4
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(3.22) I f {u™)%«dx - 1 f <Mlk\x,tύYζ dx
2 J A*,pit) Δ J Ak,p(to)

+ - ^ - Γ f \ux\"ζ
2 J to J Ah,pit)

^ C3{Γ f {&« \u™\°ζ- + gx \u™\ C" + (/, + h^°-»X"
Uίo J Ak,pit)

dxdt

\u^\"\ζx\°}dxdt}

for any t (0 ̂  t0 ̂  t ^ ίx ̂  T).
First, we see from Lemma 3.3,

(3.23) Γ f ba \u™\« ζadxdt ^ ||6β | |M{(ί -
JtoJ Alc,pit)

where 11^*^11?-= max

Similarly we obtain

(3.24) Γ f g^u^
JtOjAk,pit)

pit)

t

and

(3.25) Γ f (J1 + hϊ'(°-»)ζ"dxdt
J to J Aictpit) a t \ 1/q'

(meMAktP(t)Y'*'dt) .
to /

From (3.22)-(3.25), by putting ε = ^ , it holds

I f 1 Γ
(3.26) — (u(k))2ζadx — — (u(ic)(x, to))2ζadx

2 iAk,pit) 2 JAk,pit0)

41 J to J Aje.pit)

^ ^ < |^(A;)|a Iζj l" dίt cZί + m a x ( I
Uίo J Akίpit) to^t^H \J Aic,p

a/2
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X (ί - ί o ) ^ - 1 ' + M (measAkίP(t))"'">'dή J = J(ί)

for any ί (£„ si ί ^ tj). From this we have the following two inequalities

(3.27) max f (u^x, t))X"dx ^ 7(ίx) + f (««>(», io))
2C"<ta ,

(3.28) Γ1 iMWI C'dajdί^/ίί!)
Jίo il*,p(ί)

for any ^ (0 ^ t0 < tx ^ Γ).

§ 4. Boundedness of weak solutions.

In this section we concern with boundedness of a weak solution u

when u is bounded on the parabolic boundary SQ = d£? X (0, T] U i2 X

{£ == 0}, that is, when ψ(x, t) and φ(x) are bounded.

LEMMA 4.1 (Stampacchia [5]). Let Ξ(k) be a non-negative and non-

increasing function defined for k ^ k0. If the inequality

Ξ(h) 5S C

 Ί\Ξ(k)]β

(h — k)s

holds for h> k >̂ kQ and β > 1, then

Ξ(k0 + ds) = 0 ,

Now we can prove the following.

THEOREM 4.1. Suppose that ψ(x,t) and φ(x) are bounded. Then a

weak solution of the problem (1.1), (1.2) is bounded in Q.

Proof. Let Mo be a positive constant such that

\ψ(x,t)\^M0 and \φ(x)\ ^ Mo (Mo > 1)

and let

u / Γ \1/2

Ό = — , where M = max I u2dx) .

Then the inequality (3.14) and (3.15) hold for U.

Now, put kh = MQ(2 - — \ (h = 0,1,2, - •) and
\ 2h/
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μ(k) = P (meas Ak(t))"'/P'dt.
J to

Then it follows that

where C is a positive constant depending only on a9 Mΰ9 M, α0, | |6||,

\\d\\, 11/11 and ||^||.

If we put Ξ{k) = μ(k)a/q/% then

(4.1) (fcΛ+1 -

Since Λ: > 1, from the preceding lemma 4.1 we have

S(k0 + ds) = 0,

that is, u(x,t) is bounded from above in Ω X (0, ί j .

Similarly, from the inequality (3.15) we see that u(x,t) is bounded

from below in fix (0, ί j .

Repeating the same argument on Ω x (Nt19 (N + l ) ί j inductively,

we conclude that u is bounded in Q.

§ 5. Holder continuity of weak solutions.

In this section we prove Holder continuity of a weak solution u of

the problem (1.1), (1.2). The method presented here is based on the

idea of [3].

Throughout this section, we assume that there is a positive constant

M1 such that \u\ ̂  M1 in Q.

First we shall state some lemmas.

LEMMA 5.1 (Theorem 6.3 in [5]). Let u(x) e Hι>\K(p)) and let A{k,p)

= {xeK(p)\u(x) ^ k}. If there exist two constants k0 and θ with

0 ^ θ < 1 such that meas A(k0, p) < θ meas K(p), then the following ine-

quality holds:

(5.1) (h - fc)[meas A(h, p)ΐ-1/n C f \ux(t)\ dt
JlA(k,p)-A(h,p)l

for h> k> Jc0, where C is a positive constant depending only on θ and n.
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LEMMA 5.2. Suppose that meas AktP(t0) ^ —κnp
n> where κn = meas K(ϊ).

Δ

Then for any β in (-?=> l ) > there exist positive numbers a and θ (0 ̂  0 < 1)

depending only on β such that if

k ^ max u(x, t) and 2M1 ̂  H = max CM(#, t) — k)> pr

 9
dΩκ() eA(t)

r = 1 - (— + a n - 2 n + 2a) when a < n and γ = 1 - (A
Wp 2α:# / \p

-^-) f̂eβrz, or ̂  n, then
2q/

meas AΛ+i9J5r^(t) < θ meas X(JO)

/or t e [t0, t0 + ap*].

Proof. We choose ζ(α ) as follows:

1 for x e K(p — σp) ,

ζ{x pf p — σp) = f " | a ? " ^ol for xeK(p) - X(p - σp) ,

0 outside of K(p) ,

where σ is any number in the interval (0,1). For such a ζ and 16

[t0, t0 + ap*], it follows from the inequality (3.27) that

^ ί (M - &)2d^ ^ f (u(k))%adx
jAk,p-σptt) J Ak,p(t)

^ # i f f |^(fc)|« |ζ Λ | a d^dt + max f f

+ (Γ (meas A, #(ί))«'/*'dί)v«') + f

Since, from the hypotheses,

Γ f ( « ( W ) ' ICI <te ̂

(ί - tJr'ι-» Wu^ζWi*, ^ H (t - ie)

\ 1/q'

(meas A»,,(ί))«'"/dtJ ^ (ί -

^ (ί
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and

J -4fc,/>(ίo) 2i

it follows that

(5.2)

Now we take β e (—r=> l) and choose θ (0 <; θ < 1) and σ > 0 such

that the inequality

2β2

holds. Then if we choose the number a sufficiently small, the right hand
side of (5.2) is smaller than θκn(l — σ)npn. Hence we obtain

(5.3) meas Ak+βHiP_σp(t) ^ θ meas K((l — σ)p) for t e [t0, t0 + apa] ,

from which we have the lemma.

Q

In what follows, we take β — —.

We introduce standard cylinders Q(rp) whose bases are the ball K(rp)
with heights equal to a(rp)a, where a is a positive constant chosen in
Lemma 5.2, that is,

Q(rp) = K(rp) x [tx - a{rp)% tj , tx > a(rp)a .

Write

μλ = max u , μ2 = min u and ω = μλ — μ2 .

LEMMA 5.3. For any θx > 0 and /or any ^ < 1, ίfeere exists an
s(0j) > 0 such that for any cylinder Q(8p) c Q, either

(5.4) ω < 2 y

^ i - ( j L + otn-2n + 2a\ w h m %> and 1 _ /_1 _^_\

a ^ n, or
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(5.5) f1 meas AM_(#fl.+1,,4,(t)dt ^ θφn+",

or

(5.6) Γ 1 m e a s Bn+(m/v+1)tAβ(fi)dt ^ ^ w + α .
Jίl-α(4/>)«

Proof. Let r be an integer >2. Since μ2 + -^- < ^ ^ , it is

obvious that at least one of the following inequalities holds:

^ —
Li

and

meas£ i B a + ( β l / ar ),4,(ίi - a(4p)a) ^ ~/cn(4p)n .

Suppose for example that the first one holds. We shall prove that

then (5.5) will be satisfied if ω > 2spr.

From Lemma 5.2, for all t e [tλ — a(Aρ)a, tj

meas A/,1_(β/2r+,M,(t) <θ

so that, for such a ί, Lemma 5.1 may be applied on account of the fact

that

We denote by Dλβ) the set

Using Lemma 5.1, we have

\ux\dx

From this we have, putting t0 = tx —
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Γ f \ux\
a

On the other hand, if we take ζ(x) = ζ(x; 8p,4p) in (3.28) with
ί0 = ίj — α(4|θ)α, then we obtain

Γ ί |^|*<tad£ ^ Γ ί \ux\
aζ°dxdt

J to J Dt£ J ίo J ^/*i-(ω/2^),δ/oCO

(5.8) ^

where C1 is a positive constant depending only on a, κn and # in (3.28),
and we used the fact that

( av \
J

α — 1/ ^ n ,2 g v

Therefore the inequalities (5.7) and (5.8) yield

(5.9) (Γ 1 meas An.im/29+1}tiβ(t)dtYa"1 ^ C2(pn+ay/iβ-^ ΓmeasDu(t)dt .
\J ίo / J ίo

We sum up these inequalities with respect to t, from r + 2 to s and
obtain

a tt W(α-l)

m e a n Aμi_{ω/2S+X)Ap(t)dt\

^ C 2 ( / o n + β ) 1 / ( β - 1 )

ίo

Hence we have

fίl / /Πf \(α-l)/af

(5.10) m e a s Aμi_(ω/2S+1)Ap(t)dt ^ I ^ - — ) P

n+« .
J ίo \s — r + 1/

Therefore we have the inequality (5.5) by choosing s such that

— r

LEMMA 5.37. Suppose that the oscillation ωλ = osc {u, Q(8p)} of u on
the intersection Γ(8p) of the cylinder Q(8p) with Γ satisfies ωί <̂  Lp% for
some positive number ε.
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Then for any θx > 0 one can find an s{θ^) > 0 such that for any pair

of coaxial cylinders Q(4ρ) and Q(8p) satisfying the condition

meas [K(4p) — K(4p) ί l f l ] ^ bφn ,

at least one of the three inequalities ω = osc {u9 Q(8p)} <2spβl (ει=min γ9 ε)9

(5.5) and (5.6) holds.

The proof is analogous to the proof of Lemma 5.3, so we omit it

here.

LEMMA 5.4. There exists a θ2 > 0 such that if

max meas Akf2p(t) < θ2ρ
n in Q(2ρ)

and if

k ^ max u(x, t) , H — max (u — k) > pr,
Γ(2p) Q(2p)

then

meas Ak+H/2>p(t) = 0 , £ e [tx - α/>α, ί j .

Proof. We introduce the notation

μh = max (meas AfcΛH0A(£)) , ζΛ = C(a? ph9 ph+1) , (ft = 0,1,2, •)

Evidently, for any h.

r

»/ Ajc-f,^Pj. - ( ί )

- L t WkhΎζldx .

Integrating by t and using Lemma 2.4 and (3.28) we have

rt ft p

Jth J th J Akh,ρh(t)

\J th J Akh,ph(t)

μh + μ r + l

for any t> th. Choose t = tΛ+1. Then we obtain

https://doi.org/10.1017/S0027763000017207 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000017207


CUSPS ON BOUNDARIES 169

a < Ci / μϊ+a/n , μi/2+a/n , μ\+a/n-1/p

from which, taking account of the definition of kh9ph>th we arrive at

the inequality

Vh+i ^ C 22α y]^δ

where ε = — — — > 0 , yh = & and C2 is a positive constant depending
n p pn

only on <€ in (3.28).
Now we choose θ2 such as

(5.11) θ2

Then if y0 <^ θ2, we have

Taking such a θ2 and letting fe tend to +oo, we have that yh—>0,

i.e., that

meas Ak+H/2tP(t) = 0 for ί e [̂  — apa, t j .

In what follows we fix 02 (1 > θ2 > 0) satisfying condition (5.11) and

a sufficiently small number p0 such that

^(2Miy-2aav/(a~ί\4:pQy2v/(a-1)+'na/2)pon = ^ ,

where ^ is a positive constant in (3.27) of (3.28).

LEMMA 5.5. For θ2 > 0, ίfeerβ exists a θλ > 0 sπcfe ίfeαί i/

fc > max u(x, t) , H = max (u — k) > pr , p ^ p0 9

then inequality

(5.12) p meas Aktip(t)dt < θφn+a

implies

(5.13) meas Ak+H/2t2p(t) ^ θ2p
n , «€[*! — α(2^)% t j .

Proof. Put ζ = ζ(x; 4p,2p). Then we have from (3.27)
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^—j meas Ak+H/2tP(t) ^ # | — J meas AM,(ί)dί

+ (t — Γ ) W ( < r - l ) p / m a χ m e a S ^ f c > 4

(5.14)

^ (meas Ak>4p(t)y*>'dt) ]

+ H2 meas Akt4p(τ) , tx — α(4/>)α ^ t ^ t ^ t, .

From (5.12), it is clear that

(5.15) A Γ meas Ak 4p(t)dt ^ ^ .

Since t — τ < α(4/?)α and /? ^ 0̂> it holds that

(t — τ)αv/(α-υfmax meas Ak ^A
\ t

(5.16)

If g7 ^ pr, then

M (meas A^^βK^dtJ ^ M meas A4,4/ί)dίj (4p)*'*'-*'*'

< £n/v'-n/q'Ql/q'n + a7'

where / = 1 - ( — + —V

On the other hand, if p' > q'9 then the Holder's inequality yields

M (measA fcf4#(ί))«^'dίj ^ M (meas Akfip(t))dtι/*>'(t - τ)w-i/p-

Thus, putting Γ̂ = max(0l/p/,01/α') and Cx =

we obtain

(5.17) (P (meas Akli,(t)y''*'dtYq§ ^ C&p"** .

Finally we choose τ in the interval [tx — α(4io)α, ίx — a(2p)a] such that

(5.18) m e a s A M , ( τ ) ^ ( 4 g y 2 a ) α .

Then, from (5.13) ~ (5.18) we have
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(5.19) meas

From (5.19), we obtain the lemma, while θx satisfies

- 2

We put μx(p) = maxu,μ2(p) = m i n ^ and ω(p) = /̂ (/o) — μ2(/o) Then

the following Lemma was proved by G. Stampacchia [5] :

LEMMA 5.6. // ω(p) <^ ηω(8p) with 0 < η < 1, £/&βw ίfcβrβ exist a

constant λ in interval (0,1) and positive constant K such that

ω(p) ^ Kpλ .

Now we can prove the main theorem:

THEOREM 5.1. A weak solution u of the problem (1.1), (1.2) is Holder

continuous in Q.

Proof. Let (x09 tλ) be any point of Q and choose pQ > 0 so small

that Q(8^o) is contained in Q, where Q(8p0) = K(8p0) X (tλ — a(8po)
a, ί j

a n d K(8pQ) = {xe Ω\\x — xo\ < 8p0}.

First we choose ^2 as in Lemma 5.4 and we choose θx as in Lemma

5.5. Then we take s(βx) as in Lemma 5.3.

Now suppose that ω(8p) ;> 2s+2pr. Then either the inequality (5.5) or

(5.6) in Lemma 5.3 holds. If the inequality (5.5) is valid, then from

Lemma 5.5, we have

meas Aμi_ω/2S+^2p(t) ^ θ2p
n for t e [tx — a(2p)% ί j .

Therefore Lemma 5.4 gives

u{x91) <; θx — - ^ in Q(p) ,

so that

(5.20) ω(p) ^ (l - -L]
\ LA /

This and Lemma 5.6 imply
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If the inequality (5.5) does not hold, then (5.6) is valid and, con-
sidering —u instead of u, we have (5.20) by the similar argument to
the above.

THEOREM 5.2. Let u be a weak solution of the problem (1.1), (1.2).
// the boundary value ψ(x,t) belongs to the class C*>φ(dΩ), then u is
Holder continuous on Q = Ώ x (0, Γ].

The proof is analogous to the proof of the preceding theorem, with
the sole difference that Lemma 5.3' is used instead of Lemma 5.3.
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