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We construct examples of compact homogeneous Riemannian manifolds admitting
an invariant Bismut connection that is Ricci flat and non-flat, proving in this way
that the generalized Alekseevsky—Kimelfeld theorem does not hold. The
classification of compact homogeneous Bismut Ricci flat spaces in dimension 5 is also
provided. Moreover, we investigate compact homogeneous spaces with non-trivial
third Betti number, and we point out other possible ways to construct Bismut Ricci
flat manifolds. Finally, since Bismut Ricci flat connections correspond to fixed points
of the generalized Ricci flow, we discuss the stability of some of our examples under
the flow.
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1. Introduction

Let (M, g) be a Riemannian manifold, denote by V9 its Levi Civita connection,
and consider a non-vanishing 3-form H € Q3(M). The Bismut connection associated
with the pair (g, H) is defined via the identity

1

for all X, Y, Z e T'(TM), it is the unique metric connection on M with totally
skew-symmetric torsion H, and it has the same geodesics as V9.

These connections were successfully used in index theory problems in complex
non-Kéhler geometry [7], where they are characterized as the only complex metric
connections with totally skew-symmetric torsion H = d°w on a given Hermitian
manifold (M, g, J), see e.g. [16]. In this setting, strong Kdhler with torsion (SKT)

© The Author(s), 2022. Published by Cambridge University Press on behalf of The Royal Society
of Edinburgh. This is an Open Access article, distributed under the terms of the Creative Commons
Attribution licence (https://creativecommons.org/licenses/by/4.0/), which permits unrestricted
re-use, distribution, and reproduction in any medium, provided the original work is properly
cited.

https://doi.org/10.1017/prm.2022.49 Published online by Cambridge University Prels‘?’?l


https://orcid.org/0000-0002-3132-0483
mailto:fabio.podesta@unifi.it
https://orcid.org/0000-0003-1413-0327
mailto:alberto.raffero@unito.it
https://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/prm.2022.49&domain=pdf
https://doi.org/10.1017/prm.2022.49

1372 Fabio Podesta and Alberto Raffero

complex manifolds are precisely the Hermitian manifolds (M, g, J) whose Kéahler
form w satisfies the condition dd‘w = 0, or, equally, whose Bismut connection has
closed torsion, see for instance the survey [11] for more details. On the other hand,
the class of Riemannian manifolds admitting a Bismut connection V whose torsion
H is V-parallel has been throughly studied in the literature, as this condition nat-
urally holds for several geometrically significant structures as naturally reductive
spaces, nearly Kahler and Sasakian structures among others, see e.g. [1, 2, 10]. Fur-
thermore, Bismut connections are also of interest in theoretical and mathematical
physics, see [12] and the references therein for a detailed explanation.

Bismut connections with closed torsion form play a central role in generalized
Riemannian geometry, where they are naturally associated with generalized metrics
on exact Courant algebroids, see [13, 15]. In this case, since the torsion of V is
non-vanishing, the Ricci tensor RicY is not symmetric, and one has (see [15, Prop.
3.18])

1 1
RicV = Ric, — ZH2 — 500 H, (1.1)

where Ric, denotes the Ricci tensor of V9, ¢, is the formal adjoint of d, and the
symmetric 2-tensor H? is defined as H*(X,Y) := g(1xH, 1y H), for every X, Y €
L(TM).

It is clear from (1.1) that a Bismut connection V with closed torsion form H is
Ricei flat, i.e., RicY = 0, if and only if H is a g-harmonic 3-form and the Ricci tensor
of g satisfies the equation Ric, = iH2. A pair (g, H) with dH = 0 and giving rise
to a Ricci flat Bismut connection V is called a Bismut Ricci flat pair (BRF pair for
short) throughout the following. In generalized Riemannian geometry, such pairs
correspond to special types of generalized Einstein structures, see [15, Ch. 3] for
more information. We recall here that for a BRF pair (g, H) the scalar curvature
Scal, and the norm of H, which are related by the identity Scal, = 1||H||?, are
constant on M, see [18, lemma 2.24].

BRF pairs are fixed points of the generalized Ricci flow, a geometric flow intro-
duced in [8, 19] in the context of renormalization group flows of two-dimensional
nonlinear sigma models. To describe this flow, consider a family of Riemannian
metrics g; depending on a real parameter t, fix a closed 3-form Hy € Q3(M) and
let H; = Hy + db;, where by € Q?(M). Then, the generalized Ricci flow for (gq, b;)
is defined as follows

0 . 1

agt = —2Ricg, + iHE’

5 (1.2)
abt = _5ngt7

and it is well-posed on compact manifolds, see e.g. [15]. Notice that BRF pairs can
also be regarded as trivial examples of steady solitons for the generalized Ricci flow.
Indeed, the latter are defined by pairs (g, H) satisfying the more general equations

1
Ric, = ZH2 ~Lxg, 64H = —1xH,

for some vector field X € I'(TM). The existence of non-trivial solitons on compact
(complex) 4-manifolds has been recently proved in [23, 27].
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Remarkably, the flow (1.2) can be seen as a generalization of Hamilton’s Ricci
flow to Bismut connections with closed torsion form [20] and as a flow of general-
ized metrics on exact Courant algebroids [13, 21]. Moreover, it is related to some
geometric flows in Hermitian Geometry, like the pluriclosed flow and the general-
ized Kahler Ricci flow, see e.g. [14, 22, 24-26]. The reader may refer to the recent
book [15] for an excellent introduction to the topic.

Standard examples of manifolds carrying BRF pairs are provided by compact
simple Lie groups endowed with the bi-invariant metric (given by the negative of
the Cartan—Killing form) and the standard harmonic 3-form, see e.g. [15, Prop.
3.53]. Notice that, in such a case, the corresponding Bismut connection is flat.
On the other hand, a simply connected compact Riemannian manifold admitting
a flat Bismut connection is isometric to a product of compact simple Lie groups
with bi-invariant metrics [15, Thm. 3.54]. It is currently not known whether other
left-invariant BRF pairs may exist on compact Lie groups.

Since in the Riemannian case every homogeneous Ricci flat manifold is flat [4],
M. Garcia-Ferndndez and J. Streets asked the following;:

QUESTION 1.1 ([15]). Given (M, g, H) a homogeneous Riemannian manifold with
H invariant and zero Bismut Ricci curvature, is the associated Bismut connection

flat?

In this paper, we answer this question negatively. After showing some general
facts on compact homogeneous spaces with non-zero third Betti number in § 2,
we examine low dimensional compact homogeneous spaces in § 3. Since the 3-
and 4-dimensional case are well understood from the results of [15], we focus on
5-dimensional compact homogeneous spaces and we obtain a full classification of
those admitting invariant BRF pairs in theorem 3.2. Beyond the case of compact
Lie groups, we find a family of compact homogeneous spaces M, , parametrized
by a pair of positive integers p > ¢ with ged(p, ¢) =1, all diffeomorphic to
S3 x 82, where we prove the existence of invariant BRF pairs (g, H) for which
the corresponding Bismut connection V is not flat, the metric ¢ is not Einstein and
the torsion form H is not V-parallel, see theorem 3.3. The uniqueness of such pairs
is also studied in the same theorem. Finally, in § 4, we investigate the behaviour of
the homogeneous generalized Ricci flow on the spaces My, , with p # ¢, showing that
the invariant BRF pairs found in theorem 3.3 are global attractors, see theorem 4.1.

As an additional remark, in § 3.1 we show that our examples are particular cases
of a general construction by Kobayashi in the Riemannian Einstein setting [17],
and we pave the way for a possible use of his construction to provide new examples
of generalized Einstein manifolds, see proposition 3.7.

Notation. Throughout the paper, Lie groups will be denoted by capital letters
and their Lie algebras will be denoted by the respective gothic letters. The Car-
tan—Killing form of a Lie algebra will be always denoted by B. When a Lie group
G acts on a manifold M, the vector field associated to any X € g will be denoted
by X. Finally, the space of Riemannian metrics on a manifold M will be denoted

by M(M).
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2. Compact homogeneous spaces with positive third Betti number

A preliminary step in the search for invariant Bismut Ricci flat connections on
compact homogeneous spaces consists in finding conditions under which the third
Betti number of the space is positive.

A typical example is given by compact semisimple Lie groups, where b3 coincides
with the number of simple factors, see [9]. In particular, when G is a compact
simple Lie group, then the third cohomology group H?(G, R) is generated by the
standard 3-form w defined as follows

(XY, 2) = B(X,Y], 2), (2.1)

for every left-invariant vector fields X, Y, Z on G. More generally, in [3] it was
proved that the isotropy subgroup K of a compact homogeneous space M = G/K
such that bs(M) > 1 must be finite whenever G is simple. In the next theorem, we
review this result and we obtain some new restrictions on K in the case where G is
locally a product of two simple factors.

THEOREM 2.1. Let G be a compact Lie group and let M = G/K be a G-homogeneous
space with b3(M) > 1. Then

(a) if G is simple, then K is finite;

(b) if G is locally a product of two simple factors Gy, Ga, then either the Lie
algebra € is contained in one of the two factors g; or the Lie algebras g;
contain subalgebras €; isomorphic to € and the projections p; : € — g; are
isomorphisms onto &, fori =1, 2.

Proof. The assertion (a) was proved in [3]. We review the proof here. Let 7 : G —
G/K be the projection and consider a closed 3-form ¢ on M. As G is compact, we
can suppose that ¢ is G-invariant. If ¢ € Q3 (G) is the closed 3-form 7*(¢), then b is
invariant under left G-translations and right K-translations. Since G is simple, the
third cohomology group H?(G, R) is generated by the standard 3-form w defined
n (2.1). Thus, ¢ = cw + d€, for some ¢ € R and some 2-form ¢ € 02(G). Again by
compactness, we can suppose that £ is invariant under left G-translations and right
K-translations. This implies that, given X, Y € g and Z € ¢, we have

£z, X],Y) +¢&(X,[2,Y]) =0,
where we see ¢ as an element of A%(g*). Moreover, zzé =0, so that
cw(Z,X,Y)=—-d§(Z,X,Y) =¢([X,Y], 2).
Hence
eB([X,Y],Z) =¢([X,Y], 2).
As G is simple, we have g = [g, g] and therefore for every U € g
&U,Z)=¢eB(U, 7). (2.2)

Suppose now € # {0} and choose a non-zero element Z € ¢. By (2.2) we have that
0=cB(Z, Z), hence ¢ =0 and £ = 0. This means that £ descends to a 2-form
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on M with d¢ = ¢. Consequently, every element in H3(M, R) must be trivial, a
contradiction.

We now prove (b). Using the same notation as in (a), suppose 0 # [¢] € H3(M, R)
and consider the corresponding 3-form ¢ € Q3(G). The form ¢ can be written as
QAS = ] w1 + cowo + d, where w; is the standard 3-form on G;, fori =1, 2. If Z € ¢,
then for every X, Y € g

C1 Wl(Zava) + C2w2(Z,Xa Y) = 7d'£(Z7X,Y) = g([va]aZ)
Hence
(XY, Z) =1 Bi([X, Y1, Z1) + caB2([X, Y2, Z),

where B; is the Cartan—Killing forms on g;, and the subscript —; denotes the
projection along the i*"-component g;. Now, suppose that, say, p; has a non-trivial
kernel containing some Z # 0 such that Z; = 0 and Zs # 0. As G is semisimple, we
can express Z =y, [Xj, Yi] for some vectors X, Y}, € g. Hence,

0=4¢4(Z,2) = caBa(Z2, Z3),

forcing co = 0. If ¢; = 0, then QAﬁ = d¢ and £ = 0, so that £ descends to an invariant
2-form on M and ¢ is exact, a contradiction. Therefore ¢; # 0, and for every 7’ € ¢
we have 0 = &(Z', Z') = e1B1(Z1, Z}) so that Z; = 0, implying ¢ C gs. O

REMARK 2.2. Note that if a projection, say pi, is also surjective, namely ¢ = g1,
then M is diffeomorphic to the simple factor Go (up to a covering).

3. Compact homogeneous spaces with invariant BRF pairs

In this section, we investigate the existence of compact homogeneous spaces
admitting invariant pairs (g, H) such that the corresponding Bismut connection
V=V9+ %g_lH is Ricci flat and non-flat, and we aim at understanding whether
the generalized Alekseevsky—Kimelfeld theorem may hold, i.e., whether the Bismut
connection induced by an invariant BRF pair on a homogeneous space must be
necessarily flat.

Basic examples of such spaces are given by compact (semi)simple Lie groups
endowed with a bi-invariant metric g and the standard harmonic 3-form w. In these
cases, the associated Bismut connection is flat. Particular examples are given by
the standard 3-sphere S® = SU(2) endowed with a constant curvature metric, and
the product M = S2 x S with the product metric and the standard 3-form on S®
viewed as a 3-form on M (cf. [15, Ex. 3.57]).

The 3-dimensional case is settled in [15, Prop. 3.55], where it is proved that
the existence of a BRF pair (g, H) on a 3-manifold M? implies that (M3, g) has
constant sectional curvature and the associated Bismut connection is flat. The
4-dimensional case can be completely understood following the reasoning in the
proof of [15, Thm. 8.26]. We specify it here for the reader’s convenience.*

1We are indebted to Jeffrey Streets who pointed out to us this result.
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PROPOSITION 3.1. Let M* be a 4-dimensional compact manifold admitting a BRF
pair (g, H). Then, the associated Bismut connection is flat.

Proof. As the 3-form H is harmonic, the 1-form 6 :=x,H is also harmonic.
Therefore, by Bochner formula, we have

o:/ (A0, 6) dvg:/ (Ric(0%,6%) +||V90]?) dV,
M M

so that 6 is parallel and 0 = Ric(0%, 6%) = 1 H?(0%, 6%) = %|[15: H||>. This implies
that the universal cover of M* splits isometrically as a product N* x R, for some
3-dimensional space N3, and that 1, H = 0 whenever v is tangent to the flat factor.
The claim now follows from the 3-dimensional case. ]

We now turn to the 5-dimensional case and in the next theorem we determine
which 5-dimensional compact homogeneous spaces may admit invariant BRF pairs.

THEOREM 3.2. Let (M, g) be a compact 5-dimensional homogeneous Riemannian
manifold. If M admits a harmonic 3-form H such that (g, H) is a BRF pair, then
one of the following holds:

(i) M is finitely covered by a compact Lie group;

(ii) M is finitely covered by SU(2)%/T!, where T is embedded diagonally into
SU(2)2.

Proof. We consider the compact Lie group G given by the connected full isometry
group of (M, ¢g), and we recall that any harmonic form is invariant under the G-
action. We start noting that we can assume H # 0, as otherwise by [4] the Ricci
flat metric ¢ would be flat and M would be covered by a torus.

We first study the case where G is semisimple. Let K denote the isotropy
group of the G-action on M at a fixed point p. Then, dim K belongs to the set
{1, 2, 3, 4, 5, 6}. Indeed, the isotropy representation embeds K into SO(5) and K
is a proper subgroup, as the standard representation of SO(5) has no non-trivial
invariant 3-forms. Moreover, a proper subgroup of SO(5) has dimension at most
6 = dim SO(4), with equality if and only if K is conjugate to the standard SO(4).
Again, this case can be ruled out as there are no non-trivial invariant 3-forms.

The case dimK =5 cannot occur, as there are no 5-dimensional subgroups of
SO(5) (the rank is at most two: if the rank is 1, then K = T! or SU(2), if the rank
is 2, then either K = T? or K & T*! - SU(2), never with dimension 5).

If dimK =4, then, by dimensional reasons, K and G are locally isomorphic
to T! x SU(2) and SU(2)3, respectively. We denote by 3 the centre of & and by
£, = 5u(2) the semisimple part of & If g = @3_,g,, with g; & su(2), and p; : g — g;
are the projections for ¢ = 1, 2, 3, then we may suppose that p;(3) # {0}, so that
p1(€s) = {0}. Since &5 cannot coincide with gy or g3 and since it is simple, we see
that p;(€s) = g, and p;(3) = {0} for i = 2, 3. Therefore, the manifold M is (up to a
finite covering) G-diffeomorphic to SU(2)/T! x SU(2)?/ASU(2) = 5% x S3. In this
case, the isotropy representation contains two inequivalent modules and therefore
the above diffeomorphism maps the metric g to a product metric. As the 3-form
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H on S? x $3 is the pull-back of a 3-form on the S3-factor, we see that the Ricci
tensor on the S2-factor should vanish, a contradiction.

If dimK = 3, then dim G = 8 and, being semisimple, this implies G = SU(3),
which is simple. This contradicts theorem 2.1.

The case dim K = 2 can be ruled out as there are no semisimple groups of dimen-
sion 7. The last case dimK = 1 forces G = SU(2)? and theorem 2.1 says that K is
embedded diagonally into G, unless £ is contained in one of the factors su(2). When
this occurs, M is G-diffeomorphic (up to a covering) to SU(2) x S2. As the isotropy
£ acts on the tangent space of S? with no non-zero invariant vector and trivially
on the tangent space of SU(2), we see that the above splitting is isometric. More-
over, an invariant 3-form H on M is of the form H; + Hs, where H; is an invariant
form on SU(2), while Hy = 6 A o, where 0 is any invariant 1-form on SU(2) and
o is the volume form of S%. As dHy = df Ao and dH; € A3(su(2)), we see that
dH = 0 forces H = H;. This means that 2, H = 0 for every vector v tangent to the
5?2 factor, implying that Ricg2 = 0, a contradiction.

We now deal with the non-semisimple case. Let Z be the connected centre of G
and let L be the semisimple part of G, which is a compact normal subgroup. We
first summarize some basic observations:

(1) all L-orbits are diffeomorphic. Indeed, L is a normal subgroup of G, so for
every p€ M and g € G we have L - gp = g(L - p). A generic L-orbit will be
denoted by O;

(2) let U={2€Z| 2(L-p)=L-p, Vpe M}. Then, U is a closed subgroup of
the torus Z and we can find a closed subgroup Z; C Z with Z; N U = {e},
Z=U-7; and L-7Z; acting transitively on M. Indeed, at each point ¢ €
M we have that T,M = T,(Z; - q) ® T,(L - q). In detail, if X € 3, with X, €
T,(L - q), then for every g € G we have ng = g*Xq € Tyq(L - gq), meaning
that X € u, whence X = 0;

(3) the manifold M is G-diffeomorphic (up to a finite covering) to the product
Z1 x O. Indeed, the map F :Z; x O — M given by F(z, p) =z - p is a local
diffeomorphism, hence a covering thanks to the compactness of the involved
spaces.

Since L is non-trivial, its orbits have dimension at least 2, whence dimZ; =
chm(M, L) < 3. We now proceed by looking at the possible dimensions of Z:

(a) dimZ; = 1. The generic L-orbit O has dimension 4 and, up to a finite covering,
it is L-diffeomorphic to SO(5)/SO(4), SU(3)/S(U(1)U(2)) or SO(4)/T? (cf.
[5]). As the isotropy representation has no non-trivial invariant vector in the
tangent space of O, we see that the splitting in (3) is isometric. As the space
of invariant 3-forms on O is trivial, the form H is given by H = dt A o, where
dt € AY(THT and o is an L-invariant 2-form. Then, Ricy(;, ;) = 0, while
|20, H||? # 0, a contradiction;

(b) dimZ; = 2. In this case, dim O = 3, and L must be either SU(2) or SO(3), up
to covering. In the former case, M is a Lie group up to covering; in the latter,
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O is covered by S® and the same argument as above shows that the splitting
M = Z; x S is isometric. In this case, H is a multiple of the volume form
on the S? factor, as this has no non-trivial invariant 1- or 2-forms. Moreover,
the metric splits as the product of a flat metric on Z; and a multiple of the
standard metric on S3. Consequently, the associated Bismut connection is
flat;

(c) dimZ; = 3. Here O =2 S? = SU(2)/T!, so that the splitting (3) is isometric.
The form H can be expressed as H = ¢ A v, where ¢ is an invariant 1-form
on Z; and v is the volume form on S2. Again, ||+, H||? # 0, for every v in
TZ,, while Ricy (v, v) = 0, a contradiction. O

The previous result leads us to consider the homogeneous spaces M = (SU(2) x
U(2))/K, with K= T! embedded diagonally. Up to an automorphism of G =
SU(2)2, we can suppose that K is of the form

K, q = {(diag(z",277),diag(z?,279)) € SU(2)* | z € T'},

for some p, ¢ € N, with p > ¢ > 1 and ged(p, q) = 1. We then let M, , .= G/K, 4
and we recall that all these homogeneous spaces are diffeomorphic to S® x 52,
see [28, Prop. 2.3], although no explicit diffeomorphism is known (except when
p=q=1).

We have the following.

THEOREM 3.3. The 5-dimensional compact homogeneous space M, , admits a G-
invariant BRF pair (g,, H,) such that the associated Bismut connection is non-flat.
More precisely

e when p+#q, the space of G-invariant BRF pairs B(Mpﬁq)G is given by
R+(907 Ho)?

o when p=gq=1, the pair (go, H,) admits a suitable neighbourhood U in
M(My 1) x Q3(My 1) such that U N B(M;1)¢ coincides with U NRT (go, H,).

Proof. We begin observing that M, , does not admit any Bismut flat connection.
Indeed, by [15, Thm. 3.54], a simply connected compact Riemannian manifold
admitting a Bismut flat connection is isometric to a product of compact simple Lie
groups with bi-invariant metrics. We obtain our claim by observing that there are
no 5-dimensional compact semisimple Lie groups.

In the Lie algebra su(2) we select the elements

(%) (¥ (W)

so that [H, E]=V, [H,V]=-FE, [H,V]=-FE and [E,V]=}H. If B denotes
the Cartan—Killing form of su(2), then B(E, E) = B(V, V) = —1 B(H, H) =
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Then, we can choose the following basis of g

e1 = (¢H,—pH), e =(F,0), e3=(V,0),

es =(0,FE), e5=1(0,V), es=(pH,qH),
so that £, , = Reg, while m := spang(eq, ..., e5) is an ad(¥, ,)-invariant subspace

and g = ¢, , + m is an ad(¥, ,)-invariant B-orthogonal decomposition. An ad(¥, ,)-
irreducible decomposition of m is given by

m=mg S m; Omo,
where my = Rey, my = spang(e2, e3) and my = spang(ey, e5). Moreover, we have
ad(eg)e; =0, ad(eg)les =pes, ad(eg)les = —pea,
ad(eg)es = qes, ad(eg)es = —qeq,

thus the module mg is trivial, while the modules m; and ms are non-trivial and
inequivalent if p # ¢, and non-trivial and equivalent if p = ¢q. We will discuss the
cases p # q and p = q separately.

In the following, B* = (e!, €2, 3, e, €®) denotes the dual basis of B, and the
shortening €% is used to denote the wedge product of covectors e? A ed A ek A ...
Moreover, we fix the orientation on m for which B is positively oriented.

Case p # q. We have
(APm*)fe = md @ A’m} @ m) @ A%m3,
and a generic invariant 3-form is given by
H = hye'® 4 hye'®S,

for some hi, ho € R. Using the Koszul formula for the differential of invariant forms
onm

dH (X0, X1, X5, X3) =Y (=1)"" H ([Xi, Xj]m, X, X1),  Xo,..., Xz €m,
i<j
(3.1)
where [X;, X,]m denotes the projection of [X;, X;] onto m, we see that H is closed
if and only if (hy, he) = (Aq, Ap), for some A € R. Now, the generic invariant metric
on m has the following expression

g=,u261@€1+a2(€2®€2+63®63)+b2(64@€4+65@65),
for some positive real numbers y, a, b, where ¢! © e/ == %(ei ® el + el ®et). We can
then easily compute the Hodge dual of H obtaining

2
a

xg H = D2

b? 5
h2 623 + W hl 640’

and we see that it is always closed. Thus, up to a constant multiple, the generic
invariant harmonic 3-form on m is given by

H=qe'® 4 pel®,
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Now, we compute the symmetric 2-tensor H? and we see that its non-zero
components are the following

4,2 4 2
p~+b'g
Hieven) = 2=
(]2
H2(62,€2) =2 aTuQ = I’I2(€3,63)7
p2
H2(64,64) =2 W = H2(65,65).

As for the Ricci tensor Ric,, we choose a g-orthonormal basis (Ev, Es, Es, E4, Es)
of m, and we compute its components with respect to the basis B using the formula
[6, 7.38]. Since g is unimodular, this formula reads

5
1 1
Ric, (X, X) 52 I[X, Ei]m|? - fB(X X)+5 Z 9([Ei, Ejlm, X)?,
i=1 1<i<j<h
(3.2)
for every X € m. Since
[62;63]m = #617 [84765}m _$617
2(p? +4?) 2(p* + ¢?)

and [e;, €j]m = [€;, €;] otherwise, we obtain that the only non-zero components of
Ric, are the following

a4p2 +b4q2
Satht (2 + )"

2
4(12 (p2 + q2) _ M2q2

8a? (p? +¢%)°

2
4b2 (p2 + q2) _ M2p2
S0 (2 + )’

Ricg(e1,€1) = u4

Ricy(ez, €2) = = Ricg(es, e3),

Ricy(eq,e4) = = Ricy(es, e5).

Now, it is easy to see that Ric, = 2 H? has a unique solution under the constraints

p>0,a>0,b>0and p? + ¢*> # 0, namely

5 > e p2
202+ ), a=4—5—5, b= :
(»* +¢*) pER pER

Thus, when p # ¢, the homogeneous space M, , = G/K, , admits an invariant
metric g, and an invariant harmonic form H, giving rise to a Bismut Ricci flat
connection. Moreover, the pair (g,, H,) is unique up to scaling.

Case p = q. We have p = ¢ = 1 and the modules m; and my are equivalent. The
space of ad(# 1)-invariant 3-forms is given by

(APm*)B = mf @ A?m" @ mi © A%mS @ (mf @ mb @mb)™

with dim(m} ® m} ® mj)%1 = 2.
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The generic invariant 3-form H € (A3m*)*1 has the following expression
H = hl 6123 =+ h2 6145 + hd (6125 o 6134) 4 h4 (6124 + e135) , (33)

where h; € R, for i =1, 2, 3, 4. Using the Koszul formula (3.1), we see that H is
closed if and only if hy = hy.
The generic invariant metric on m is given by

g:ﬂ261@€1+a2(€2®62+63®€3)+b2(€4@€4+65®€5)

3.4
+26(€2®€4+€3®65)+25(62®€5—€3®64), (34

where u, a, b, ¢, s are real constants such that
u>0, a>0, b>0, a’b?®—c*+s>>0.

We remark here that it is always possible to assume s = 0. Indeed, the one-
dimensional torus U := exp(Re;) centralizes K; ; and therefore for every u € U we
can consider the G-equivariant diffeomorphism 7, € Diff(M)® given by 7, (zK; 1) =
zuKy 1, for z € G. Then, for every g € S?(m)%1, which is given by the data
(1, a, b, ¢, s) as in (3.4), the G-invariant symmetric tensor 7. ¢g corresponds to
the data (i, a, b, ¢ = c cost + s sint, s’ = —c sint + s cost), for u = exp(te;) € U.
Therefore, we immediately see that we have s’ =0 for an appropriate choice of
u e U.
Now, we have

h1 (a4 + 02) — 2a%chs 2 | hy (64 + 02) — 2b%chs 45
e

A P R R (@R = )
Chaag sy D (a?0® +¢®) —chy (a® +07) o 34
1 (e +e”) 1t (a2b2 — ¢2) ( )

and using again the Koszul formula, we obtain

ha hs (a2b2 + 02) —chy (a2 + b2)

p(a?b? — ¢?)

dwg H =2 (6125 -~ 6134) _9 (6124 + 6135) )

Thus, H is coclosed if and only if

chy (a2 + b2)

hs = a2b? + 2

. hyi=0.

The generic invariant harmonic 3-form on m is then given by

H=h (23 4195 4 a® + b? (125 — 134) (3.5)
=h (e e e e . .
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Consequently, the (possibly) non-zero components of the invariant symmetric
2-tensor H? are the following

a* 4+ vt — 2¢2
(a2b? — ) (a2b% + 2)’
H2( ) o2 a’c? (a4 + b4) —ct (2a2 + b2) + a*bt
€o,€9) = =
2,02 1 12 (a2b? — ¢2) (a2b? + (32)2
b2 2 4 b4 _ A 2 2b2 6b4
H(e.0) = 202 A (a*+b*) —c* (a®> +2b?) +a (e, c).
12 (a2b? — ) (a2b? + 62)2
2p2 (a4 + a?b? +b* — 202) —ct

H2(61,€1) = th

H2(63,€3),

a
H? €9, €4 = 2ch? = H? es,es).
( ) Y2 (a2b? — @) (a2b2 + c2)? ( )
Let us consider the following g-orthonormal basis of m
1 1
Ey=—-e, Ei=-¢€, 1=23,
1 a
c a )
b amm et ap e T

Then, using formula (3.2) and its polarization, and observing that

1

[e2, e3]m = 1 e1, lea,e5lm = ~2 e1, [eisejlm = [e;, €;] otherwise,

we obtain the following expressions for the (possibly) non-zero components of the
Ricci tensor

2¢% (64c? — 64a%b* — p*) + p*(a* + b*)
32 (a2b2 — ¢2)?
64a2c® + 12 (16a2b? — b2 — 16¢?)
322 (a?b? — 2)
64b%c? + u? (16a2b2 —a?u® - 1602)
322 (a?b? — ¢?)
. 64a%b? — put
3212 (a?b? — 2)

Rng (61, 81) =

)

Ricy(e2,€2) = = Ricg(es, e3),

= Ricy(es, €5),

Rng (64, 64) =

Ricg(e2,e4) = = Ricy(e3, €5).

We now look for invariant metrics g and harmonic 3-forms H for which Ric, = iH 2,
A computation using the above expressions of the components of Ric, and H? shows
that we need to find points in the open subset

A= {(u,a,b7c,h1) ERS | u>0,a>0,b>0a*?—c*>0,h 750} C RY,

https://doi.org/10.1017/prm.2022.49 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2022.49

Bismut Ricci flat manifolds with symmetries 1383

where all of the following polynomials vanish
p1 = (a" +b* =27 [p* (a®0® + %) — 167 (a®b® — ?)] — 128 ¢ (a'b* — ¢*),
pa = (020 + 2)° [16 4% (a®V? — &) + 64a2¢® — b2’

— 1683 [ab® + ¢ (a°® + a®b" — 2a°c* — b*c?)],

(020> + 2)? [16 4% (a®V? — &) + 64b°c* — o]

—16h7 [a°b* + ¢ (0° + a'b® — 20°c® — a®c?)],

ps=c {(a2b2 + 02)2 (64a®b* — p*) — 16h3 (a2b2 (a® + b2)2 — (a®V® + 02)2>] :

b3

Clearly, the polynomial ps vanishes if ¢ = 0. When this happens, the remaining
polynomials simplify considerably, and they vanish simultaneously if and only if

pw=22t, a=b=t, hy=+2t2

for some t > 0. Therefore, when ¢ = 0, we obtain an invariant BRF pair (g,, H,) €
B(M; 1)¢ that is unique up to scaling and up to a sign in the definition of H,,
namely

Jo = et @el + (62 ®e?+ed ®e3) + (64 Oet+6d ®e5) , H,= 2e1%23 4 26145,
To prove the last assertion, we first consider the set
P = {(g.H) € S*(m)"** x A3(m)** | g >0, dH =0, 6,H =0},

and we recall that every invariant metric is uniquely determined by the string
(1, a, b, ¢, s) as in (3.4). We then consider the subset

P’ = {(9.H) € P| glea,c5) = 0}

Every point (g, H) € P’ is uniquely determined by a string (u, a, b, ¢, h1) € A C
R where (u, a, b, ¢) determines g as in (3.4) and h; determines H as in (3.5). The
set B(M; 1)% NP’ can be identified with the zero set in A of the map

F : A — R4a F(;u'7aab7 C,h]) = (p17p27p37p4)~

Notice that F(x,) =0, where z,= (22, 1,1,0,2) € A corresponds to the
BRF pair (g0, H,), and that F(y(t)) =0 € R?* for every t € RT, where v(t) =
(2v/2t, t, t, 0, 2t%) is the curve through z, corresponding to (t2g,, t>H,). If we
now compute the differential of F' at x,, we obtain

128v2 0 0 0 —128
0 256 0 0 —64
0 0 256 0 —64 |’
0 0 0 =192 0

F*zo -

and since rank(Fj,, ) = 4, we see that there exists a neighbourhood U’ of (g,, H,) in
P’ so that U’ N B(My,1)€ coincides with the set {(t>g,, t*H,) |t € (1—¢, 1+¢')},
for suitable €, ¢’ > 0.
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We now use the G-equivariant diffeomorphisms 7,, u € U, to transform every
element of B(M;1)% NP into an element of B(M; )¢ NP’ via 7. Note that
for every u € U we have (7.5go, T.iH,) = (go, Hy,), since ¢ = s = 0. Moreover, we
can easily see that there exists a neighbourhood U of (g,, H,) in P so that
(U) CU'. Therefore, if (g, H) € B(M;1)% NU, then we can find u € U so that
(g, H) € B(M11)% NU'. Hence, 7. (g, H) = (t*g,, t*H,), for some t > 0, and we
have (g, H) = 7/_, (t*go, t*H,) = (t*g,, t*H,). O

REMARK 3.4. The Bismut Ricci flat, non-flat manifolds constructed in the previous
theorem provide counterexamples to a generalized Alekseevsky—Kimelfeld theorem
[4] for the Bismut connection. This question was raised in [15], cf. Question 3.58.
Furthermore, using similar computations, it is not difficult to obtain examples of
Bismut connections on M, , that are Ricci flat and non-flat and whose invariant
torsion form H is not closed. Finally, we also remark here that the Riemannian
manifolds (M, 4, go) are not Einstein.

REMARK 3.5. In the proof, we have noticed that the BRF pairs (g, H) are unique
(up to multiples) when p # g. When p = ¢ = 1, we have given the full description
of all possible invariant metrics and relative harmonic 3-forms. Unfortunately, the
complexity of the computations prevented us from finding other solutions.

REMARK 3.6. We remark that the 3-form H we have constructed in the Rieman-
nian spaces (M, 4, g) is harmonic but never parallel with respect to the Bismut
connection. Indeed, if it were, then we would have dH = 20y = 0, where oy is
the fundamental 4-form oy = %Zle 1y, H N1y, H and {v;} is a local orthonormal
frame (see e.g. [12]). By [2, Thm. 4.1], we would then have that M, , is a compact
simple Lie group, a contradiction.

3.1. The Kobayashi’s construction

The manifolds M, , naturally appear as principal S*-bundles over SU(2)?/T? =
52 x 82, In this section, we briefly review a useful construction, due to Kobayashi
[17], which allows to obtain new geometric structures on principal S'-bundles over
some base manifold B. This might lead to a generalization of our examples.

Given a compact manifold B, it is well known that there is a one-to-one cor-
respondence between principal S*-bundles 7 : P — B and elements in H?(B, Z).
Given a closed 2-form « with [a] € H?(B, Z), there exists a principal S*-bundle
m: P — B and a connection form 7 so that dy = n*«a. If B is equipped with a
Riemannian metric g,, we can construct a Riemannian metric g on P by setting
g = c*y® v+ 7*g,, for some ¢ > 0. Following [17], we compute the Ricci curvature
as follows: if X, Y are horizontal tangent vectors and v is a unit vertical tangent
vector, we have

Ricy(X,Y) = Ricy, (. X, m.Y) — 2% a(m. X, 7.Y),
Ricy (X, v) = ¢dg, (1 X),

Ricy(v,v) = 2 \|a||2,
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where for every 2-form w on B we define & € S?(T*B) as ©(Z, W) = g,(1zw, 1ww),
for every tangent vector fields Z, W € T'(TB), and we let ||[w||? = g,(@, ).

We now prove a result that might be useful to construct new examples of BRF
pairs on suitable manifolds. In particular, this result allows to reduce the problem
of finding harmonic 3-forms on a certain manifold to a problem on the existence of
suitable harmonic 2-forms on a lower dimensional manifold.

PROPOSITION 3.7. Given a compact Riemannian manifold (B, g,) and a non-zero
harmonic 2-form o with [o] € H?(B, Z), the associated principal S*-bundle P over
B admits a BRF pair (g, H) if there exist a harmonic form 3 € Q*(B) and positive
numbers \, u € RT so that the following conditions are fulfilled:

(a) aAB=0;
(b) |811? = A||a||? at every point of B;
(c) the Ricci tensor Ricy, satisfies the equation
Ricy, = 2\ud + pf.
Proof. We consider the metric g = c?y ® v + 7*g, with ¢ = Ap. We then define a
3-form H € Q3(P) as
H:=hyA7"pS,

for some h € R. Searching for conditions implying that (g, H) is a BRF pair, we see
that H is closed if and only if « A 3 =0 and [ is closed, while it is coclosed if and
only if d(7*(x4,3)) = 0, i.e., § is coclosed. Therefore, H is g-harmonic if and only
if 5 is go-harmonic and condition (a) holds. Looking now at the expression of the
Ricci tensor of g, we see that a being harmonic implies that Ricy(V, Z) vanishes
whenever V is vertical and Z is horizontal. As we easily check, H*(Z, V) =0 as
well. Thus, we only need to verify the following

1 1
Ricy, (X,Y) = 224(X,Y) + ZH?(X, Y) =2 \ua(X,Y) + ZH?(X, Y), (3.6)

1
Hlall? = Il 1P (37)
where X, Y are vector fields on B and v is a unit vertical field on P. Now, using
(b), we have
2 2 242 _ I 2 h? 2
lou 12 = B2 (2 (@)?181% = 1811 = A5 llal P
Hence, equation (3.7) reads
22 41y
ATp =" = -Ah7,
4
whence
h% = 4 p?. (3.8)
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As for equation (3.6), we see that H2(X,Y) = %B( Y') so that (3.6) reads
ﬁ

Ricy, = 2 ua +

This coincides with the expression of the Ricci tensor as in (c¢) when we use ¢ = Ay
and the expression (3.8) for the constant h. O

REMARK 3.8. Our examples on the manifolds M, , can be seen as special cases of
the above construction.

4. The asymptotic behaviour of the solution to the GRF on M, ,

In this last section, we consider the homogeneous space M, , = G/K,, 4, p # ¢, with
the BRF pair (g,, H,) determined in the proof of theorem 3.3, and we study the
behaviour of the homogeneous generalized Ricci flow (1.2) on M, ,. We have the
following.

THEOREM 4.1. Let (g¢, Hy) be the invariant solution to the generalized Ricci flow on
M, 4, P # q, starting at an invariant pair (g, H) withdH =0 att =t,. Then, H, =
AH,, for some X\ € RT, the solution (g;, Hy) exists for all t > t, and it converges
to the BRF pair (Ago, ANH,) as t — +o0.

We begin showing that the proof of theorem 4.1 reduces to the qualitative study
of a suitable system of ordinary differential equations. Let (g¢, H;) be an invariant
solution to the generalized Ricci flow on M, 4, p # ¢. It follows from the discussion
in the proof of theorem 3.3 that

g = plel ©@e! +a? (e2®62+e3®63) + b2 (e4®e4+e5®65),
and
Ht = AtHo = >\t (q 6123 +p6145)

where ¢, a;, by, Ay are positive real valued functions of ¢.
The BRF pair (g,, H,) is a fixed point of the generalized Ricci flow, thus the
solution to the flow starting from it corresponds to the constant functions

=V2p*+¢?), a,= , b, = , =
Ho (r* +¢?) \/p +q2 \/p +q2

Now, since H; is g;-harmonic, from the second equation in (1.2) we obtain

0 d
= _Agth = &Ht = a)\tHoa

whence it follows that \; = A € RT is a positive constant and thus H; = \H,. We
now consider the first equation in (1.2)

o) . 1 . 1
579 = —2Ricy, + §H§ = —2Ric,, + §>\2H§.

Using again our previous computations, we see that this equation is equivalent to
an autonomous system of ODEs for the functions py, as, by. If we let M, == u?,
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Ay = a?, By == b?, then the system is the following:

d p2 1 q2 1 2 ( 2 212 2
M= — 4+ — 1| (4 + — M?),
a (4(p2+q2)23t2 4(p? + )" Af ( e+ ) t)
d 7 (4.1)
— A, = —F(M,) -1 :
T A, (M) —1,
d 2
—B; = —F(M,) -1
"' B, (M) =1,

where

A (P A) P
42+ 2)°t
The fixed point of this system is given by z, » == (Au2, Aa?, A\b?) and it corresponds

to the invariant metric Ag,.
Now, the proof of theorem 4.1 follows from the next result.

IAGE

)

PROPOSITION 4.2. The solution (M, A, By) to the system (4.1) starting at any
given triplet of positive numbers (M,, Ay, B,) at t =t, exists for all t > t, and it
converges to the fized point x, x ast — +oo.

Proof. Let
M =2X(p* + ¢°),

and let I = [t,, T') be the maximal existence interval for the solution (M;, A, By).
We divide the discussion into various steps. step 1. If M, assumes the value M
for some € I, then My = M for all t € I, T = +oo and lim;_, o A; = ¢*F(M),
lim 4 o0 By = p?F(M). Indeed, let (A;, B;) be the solution of the system

d 2

La, =L pan -1,

att T A, w3
dp, - iF(ﬁ) —1

' B '

with initial conditions (A4;, = A;,, By, = By,). Then, (A;, By, My = M) satisfies
the system (4.1) and therefore we have M; = M for every t € I by uniqueness.
Now, it is clear that ¢>F(M) and p?F (M) are particular solutions of the first and
second equation of (4.2), respectively. Therefore, either A;, B; are constant, or
their derivatives never vanish. This implies that A; and B; remain bounded from
above and from below by two positive constants. Then, |A}| and |Bj}| are uniformly
bounded, and this implies the long time existence and the convergence by standard
arguments.

step 2. M; is monotone and for every ¢ € I we have either M; € [M,, M] or
My € [M, M,]. In fact, M never vanishes unless M; is constant. Therefore, M;
is increasing (resp. decreasing) if M, < M (resp. M, > M). In particular, the limit

lim;_.7 M, exists.
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step 8. We have T' = +o00. Suppose T' < 400. We consider the first equation in (4.1).
First of all, we note that A; is bounded on I. Indeed, by step 2, Cy < F(My) < Cy

on [ for some positive constants Cy, Co, hence A} < tz, and thus (A?)" < ¢*Cy

and A; < \/q?Cot + A2 < O3 = /q?CyT + A2 for all t € I. In turn this implies
that A} > q2Cl — 1, so that |A}| is uniformly bounded. Consequently, the limit
lim; 7 At ex1sts call it a > 0. We need to prove that « # 0. Let us put y; = A2
so that y' = —2,/y + 2q2F(Mt). If a = 0, then limy_ 7 3/ (t) = limy_7 ¢* F(M;) > 0.
This is impossible as it implies that y(¢) < 0 in a suitable left neighbourhood of T'.
The same argument applies to B; and our claim follows.

step 4. If there exists a constant K > 0 so that A} < —1+ %7 then for every e > 0
there exists some T, such that

A <K+e VixT.

The same statement holds for B;. As a consequence, the functions A; and By are
bounded on [t,, +00). If we put y(t) = A7 as before, then we have y’ < —2,/y + 2 K.
First, we note that the inequality A; > K + € cannot hold on a half-line [, +0c0).
Indeed, in that case we would have y'(t) < —2e¢, hence for some constant C' we
would obtain y(t) < —2et + C' < 0 for sufficiently large ¢, a contradiction. Thus,
there exists a point ¢ where Ay < K + e. We claim that A; < K + € for every ¢ > t.
Indeed, suppose there exists t; >t with Ay, > K + ¢ and consider 5 € [t, t1] so
that Ay, = maxp ) Ae. If t2 € (£, 11), then 0= A}, < -1+ ALQ? so that A;, < K,
a contradiction. Otherwise, to = t; and therefore A} > 0 implying again A; < K
This proves our first claim. By step 2, M; takes values into an interval [C}, Cs] with
Cy > 0 and therefore F(M;) is bounded above by a constant K. By the previous
arguments, A; (and similarly B;) is bounded on some positive half-line, hence on
[to, +00).

step 5. We have lim;_, o, M; = M. Indeed, M, is monotone and bounded by step
2, hence the limit lim;_, ., M; = m exists. Suppose that m # M. By step 4, the
functions A;, By are bounded, hence by the first equation in (4.1) there is a constant
C so that for sufficiently large ¢

_ C
IM{| > CIMC = M| > S —m?| >0,
contradicting the boundedness of M;.

step 6. We have lim; ., o Ay = ¢>F(M) and lim;_, { o B; = p? F(M). We know that
lim;—, 4 oo My = M, hence ¢>F(M;) — qu( ) =t ¢ > 0. This means that for every
€ > 0 there exists S > 0 so that ¢ — e < ¢>F(M;) < ¢ + ¢ for all t > S.. By step 4,
there exists T, so that for every t > T, we have A; < ¢ 4 2¢. Using similar arguments
as in the proof of step 4, we have another point (say again T), so that A; > ¢ — 2¢
for all ¢t > T,. Our claim for A; is then proved, and the same arguments apply
for B;. O

REMARK 4.3. The analogous study of the behaviour of the generalized Ricci flow
on M ; is much more involved, due to the presence of off-diagonal terms in the
invariant symmetric tensors.
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