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AN INTERPOLATION BY SUCCESSIVE DERIVATIVES
AT A FINITE SET

S0ON-YEONG CHUNG

For an n-times differentiable function f(x) whose derivatives f)(z;) at z = z;,
j=0,1,... ,n are specified, we introduce a sequence of fundamental polynomials
{n(z|Zo,Z1,...,Zn)}or, to interpolate f(z) with a remainder as

LISy
flz) = Z I&w(xlzo,m,... ,Z5) + Ra(z|Zo,z1,... ,T0).
=0 7

The remainder Rn(z|zZo,Z1,...,Zn) is given in an integral form and La-
grange’s form.

In addition, by introducing orthogonality of Sobolev type we verify the
best optimality of the approximations and interpret the fundamental polynomi-
als {w(z|zo,T1,... ,2n)}aeo as a kind of Sobolev orthogonal polynomial.

1. INTRODUCTION

Consider a function f(z), whose values are specified at the points z = zg, z; , T,
., Tn. Lagrange’s interpolation formula gives a polynomial of degree n whose values
are the same as f(z) at z =z, j=0,1,2,...,n and which approximates f(z) with
a remainder. More generally, Newton’s interpolation formula also gives a polynomial
with the same properties. In fact, Newton’s method still works for the case where all
the points g, 1, Z2,..., Tn are equal. In that case the interpolation polynomials are
reduced to Taylor polynomials. Also, Chebyshev interpolation is the case where the
points z¢, 1 ..., T, are zeros of the Chebyshev polynomial.

On the other hand, for a differentiable function f(z) the Hermite interpolation
gives polynomials H(z) that satisfies not only H(z) = f(z) but also H'(z) = f'(z) at
the points £ = =g, €1, Z2,..., Ty. Such a polynomial H(z) is also basically a variant
of the Lagrange interpolation polynomial. Besides, there are several interpolation poly-
nomials introduced by Everett, Bessel, Stirling, Aitken and others, which are essentially
equivalent to the Lagrange interpolation polynomial that uses the same tabular points,
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although the representations are different (see [1]). Thus, it will be quite interesting
to find a new scheme to interpolate an n times differentiable function whose successi-
tive derivatives f(j)(xj) at =15, 7=0,1,2,...,n, are known. To the best of the
author’s knowledge such a scheme has not appeared in the literature.

The purpose of this paper is to introduce a sequence of fundamental polynomials
{m(z|z0,71,... ,Tn)}.., Which can be used to interpolate a function such that f0)(z;)
at x=x;, §=0,1,2,... ,n are known.

In Section 2 we show that every polynomial P(z) whose derivatives PU)(z;) at
z==z;,j=01,2,...,n, are given can be written as

n )
PU)(z;)
P(z) = Z ——_—'—]7r(:1:|1:0,zc1,... VZj).
— J:
j=0

In Section 3 it is shown that every function f(z) whose derivatives f{)(z;) at
z==zj,35=0,1,2,...,n, are known can be approximated with a remainder as

2 f9(a)
flz)= Z —']—71'(.’1: [ To, T, - . - ,(L‘j) + Ru(z iz, z1,. .. ,Zn),
=0
which is reduced to Taylor’s formula whenever all the points zy, x;, ..., £, are equal.
The remainder will be expressed in an integral form or Lagrange form and estimated
properly. In particular, it is shown that every entire function can be written as an
infinite series of this type.

In the last section we discuss an orthogonal property of the fundamental polyno-
mials {m(z|zo, 1, ..., :c,,)}:ozo. In fact, the best optimality of the approximation is
verified and the fundamental polynomials are interpreted as a kind of Sobolev orthog-
onal polynomial.

2. INTERPOLATION POLYNOMIALS

Throughout this paper all polynomials are assumed to be real polynomials in one
variable.

It is well known that if P(zq), P(z1), ..., P(z,) are known the polynomial P(z)
of degree n is uniquely determined by the Lagrange interpolation polynomial. In
another direction, if P®*)(a), k = 0,1,2,...,n, are known the polynomial P(z) is
uniquely determined by Taylor’s polynomial (or Newton’s interpolation polynomial).

In this section we introduce a heuristic method to find a polynomial P(z) of degree
n whenever P®)(z;), k=0,1,2,...,n, are specified.
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First, we develope a sequence of fundamental polynomials. For a nonnegative
integer n and a finite number of points zg, 1, ..., T, on the real line R we denote
by m(z|zo, 1, ..., Zn) the polynomial P(z) of degree n with the specified values

PI(z;)=0,3j=0,1,...,n—1

and
P™M(z)=n!, z€R.
Here, the points zg, z3, ... , T need not be distinct.
LEMMA 2.1. For an integer n > 1 the polynomial n(z|zg,z1,...,Zn) can be

uniquely expressed as an iterated integral

T rty th—1
(2.1) m(Z | Zo, L1,--- 1 Zn) =/ / / nldt, dt,_1...dt;.
zTp YT Tn—1

PROOF: Since

t
7r(k)(tl"EOaxl"'-axn)=/ 7T(k+1)(sl:l,‘0,:1,‘1,,..,zn)d8
T
for k=0,1,...,n—1 we have
x
7r(z|x0,a:1,...,xn)=/ 7' (t1|zo, T1, .-+ s Tn)dy

Ed1]
T ty
=/ / 7r”(t2|$0,.’L‘1,...,Zn)dtzdtl
o vey

T ry tn_y
=/ / / w(")(tn|zo,z1,...,xn)dtndtn_l...dtl
To vy Tn-1

z ty tn—1
=/ / / ntdt, dtp_y .. .dt;.
zg Y1 Tn-1 []

(i) 7(z|zo) =1 and n(z|zo,z1) = f;o dt = = — zy.
(i) w(z|zo,z1,22) = [}, [ 2dtadty = (z - )% = (zo — z1)%.
(lll) 7T(.’L' Ia:o,xl,xg,:cg) = f:o f;i f:z 3!dt3 dtz dtl
= (z - 22)° = (0 — 22)° = 3(z1 — 22)*(z — z0).
(iv) 7(z|zo,T1,T2,%3,74) = (z* — zd)—47z3(2> — 23) —6z2(z2 — 223)(z? — =)
- 2(223 - 62332 — 6112% + 12712223) (T — Zo).

EXAMPLE.
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The polynomials = (z|zg, Z1,...,Z,) can be written by means of a determinant.
If we define a double sequence by

N(m,n) min!
— n. 1.n+n—2j
P P e T ek

where N(m,n) = min(m,n) for nonnegative integers m and n then in view of the
theory of Sobolev orthogonal polynomials (see [2]) we have

7Yo,0 Yo,1 e Yo,n
1,0 Y11 s Yi,n
7(z | Zo, 1, "+ ,Zn) = det : : :
Tn—-1,0 Yn-1,1 *°° Tn-1n
1 z > e zn

Of course this result can be verified, a posteriori, by a direct calculation of the

determinant.
REMARK 2.2. (i) In the above it is not necessary that the points zo, z1,..., z, are
distinct. In particular, if zop = z; =...= z, = a then it is easy to see that

n(z|a,a,...,a) = (z—a)".

(ii) From (2.1) we obtain

7'(x|xo,Z1,- .- ,Tn) =nw(z|T1,T2y... , Tn),
and
(x| zo, 21, ... ,Zn) =n(n — V)n(z| T2, T3,... ,Zp).
In general, we have, for k =0,1,...,n
2.2) ®)(z | 2o,z Tp) = n! 7(z | Tk, T Ty)
(’ w 0y ¥1y--- y4n _(n—k)' kyTkt1ly:--yTn).
(iii) From (2.2) we also have
T
(x| To,Z1,.-- , Tn) :n/ m(tylT1, T2, ..., Tn) dby

zo

x t
=n(n—1)/ / w(ta|T2, T3, ..., Tn)diadty
g vy

n! z ty tr-1 .
= m/ / / W(tkl$k,l‘k+1,... ,$n)dtkdtk_1...dt1
*Jzg V2 Tp_1
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for k=0,1,...,n
(iv) If we put £ = min (z, zg, Z1,... ,Zs) and T = max(z,xg,Z1,...,Z,) then we
have

T F T
|7r(:1:[a:0,1:1,...,:cn)|$/ / / dtndtn_y...dty = (T —z)".
x z T

Now we give a representation of a polynomial P(z) whose k-th derivatives at zj
k=0,1,...,n, are specified. This result will be used to interpolate functions which
are sufficiently differentiable.

THEOREM 2.3. Let zy,z1,..., and =, be points on the real line R and let
P(z) be a polynomial of degree n such that the values P*)(zy), k =0,1,2,... ,n, are
specified. Then the polynomial can be uniquely represented as

n, P
(2.3) P(z) = Z P—k(!m—k)w(zmo,xl,... L, TE).

PRrROOF: The uniqueness is easy.
Now we use mathematical induction. If n =1 then

P(z) = P'(z1)(z ~ o) + P(x0) = P'(z1)7(z | z0, 1) + P(z0)7(z | z0).

Thus (2.3) holds for n = 1. Now we assume that (2.3) is true for all the polynomial
of degree n — 1. Let Q(z) be P'(z). Then Q" (zyy,) = PE+tD(zyy,) for k =
0,1,2,...,n—1.

Using the induction hypothesis we have

Q(z) = ZQ (xk“ 7(z|Z1,%2,- -, Tht1)

or equivalently,

n-1
plet1)
P'(z) = Z ———k(‘k-"—l) m(z|z1, T2, . s Thy1)
k=0 ’

https://doi.org/10.1017/50004972700032500 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700032500

518 S-Y. Chung (6]

Then it follows from (iii) in Remark 2.2 that

P(z) = / " P(t)dt + P(o)

-1
plk+1) T z
=3 _k('_k_wﬂ/ a(t)21,2,... ,zp1)dt + Plzo)
poard . 0
n—1
P(k+1) T
= k—(krl)ﬂ(zlfo,l‘l,-~- »Trt1) + Pzo)
e (k+ 1)

Pk)
= Z (l?k .’El.’l}o,.’El, . ,$k)

This completes the proof. 0

In view of (i) of Remark 2.2 we can see that if 2o =z, = ... = z, = a then (2.3)
is exactly the same as the Taylor polynomial at = = a that is,

n (k)
P@) =Y. Litd O

k!
k=0

3. AN INTERPOLATION WITH REMAINDER
In this section we give an interpolation of a differentiable function in terms of a
sequence of the fundamental polynomials introduced in the previous section. Moreover,
using an estimate for the remainder term, analytic functions will be approximated by
these fundamental polynomials.
‘Now we state the main theorem. (This reduces to Taylor’s theorem, if o = z; =
.=Zy=a.)

THEOREM 3.1. Let f(z) be an (n + 1)-times differentiable function on the in-

terval (a,b) and zg,Z1,... ,Zn be points in (a,b). Then f(z) can be written as
(k) (g

(3.1) fley=>_ f_k('—k)w(x | Zo,Z1,. .. ,Zx) + Ru(z| Z0,Z1,. .. ,Zn)
k=0 '

where

T pty tn
(32) R,,(IE I Ty, T1y- .- ,.’l:n) = / / . / f(n+1)(tn+1) dtn+1 dtn ce dtl
T v Tn

PRrROOF: In view of the fundamental theorem of calculus we have

19(@) = B + [ " f g gy
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for k=0,1,2,...,n
Then successive substitutions give

f@) = fao)+ [ " f ) dty

~ )+ [ {f’(zl) + [ f"(tz)} dty

z 1,
= f(.’ﬂo)ﬂ(.’l! | .’Eo) + fl(illl)’ﬂ'(il? | .’Eo,.’L‘l) + / / f (tz) dt, dt,
= f(zo) 7(z | o) + f'(z1) m(z | z0,71)
T tl n t2 Ht
+/ / {f (z2) + f (ta)} dto dty

f(2)

= f(zo) m(z | zo) + f'(z1) m(x | T, T1) + —57— 7(z|Z0, 71, 22)

T t to P
+ / / £ (ts) dts dta dty.
zg Yz JIT2

To complete the proof we use mathematical induction.
We assume that

(k) (
flz) = Zf (zk) (x| Zo, T1,- - -, Tk) + Rno1(x |20, %15 - -+, Tn1)

z prty th-1
_1($|.’L'0,.'L‘1,... ,xn_1)=/ / / f(n)(tn)dtndtn_l...dtl
Zg Y71 Tn-1

By substituting

where

tn
FO (tn) = FO) (za) + / FOD (b 1) dtn
In
we obtain

l(z | oy L1y azn—l)

ty th_1
/ / / { (") / f("+l)(tn+1)dtn+1} dtn di,_ 1- ’ dtl
o xy

(n)
_{ (x")ﬂ(xlfto,xl, .1 Zn) +/ / / FOV (1) dtppadt, ..., dty.
z0 Tn
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This implies that

f(")(xn)

Rpo1(z|Z0, %1, ,Tn-1) = .y

(Z | T, T1, ... ,Zn) + Ru(zT |20, 21, ... , Tn)

which completes the proof. 0

In (3.1) above it is easy to see from (iv) of Remark 2.2 that the remainder term
R, (z|zo,x1,-..,Zn) can be estimated roughly as

Mz -z)"

(3.3) R, (z|zo,Z1, ... ,Tn)| € o

where

= max{z, Lo, T1, - - - , Tn},

ST

= min{z, z¢, Z1,... ,Tn},
and

M = max {|f"D(¢)] | z <t < 7T}

Now we give a remainder term in a different form which is similar to Lagrange’s
remainder in the Taylor theorem, under some restriction on the points zq, 1, ..., T, -

THEOREM 3.2. Suppose that the function f(z) is (n+ 1)-times differentiable
in (a,b) and the points zg, 1, ... ,Zy are chosen so that either ¢ < To < 71 < ... < Zn,
OrT>2I9 =221 2...2Tn. Then we have

Fnr(e)
(34) Rn(l‘ l Zo,T1,y..- ,.’L'n) = (n—+-1)—"71'(.'l,' l oy, T1y.-. y Ty, IL'n)
for some & between x and x,. Moreover, in this case we obtain
K|z — $n|"+1

(3.5) 1)

Rn(xlwo,zl,m,xn)‘ <

where K = max {|f™+1)(t)| | t varies between z and z,} .

ProOF: If z = z then both sides in (3.4) are zero, so we assume z # zy. For a
fixed z # zo let M be the unique solution of

f@) = Z ) (o 0,21, on) + Cray G L EE)

Let
o(0) = Zf ) el ) 4 w0 ) — 1)
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Then we have

(3.6) g(k)(a:k) =0, k=0,1,...,n
and
(3.7) gty =M - Y1), a<t<b

Also, g(z) = 0 by the choice of M. Since g(zo) = 0, Rolle’s theorem implies that
there exists ¢; between zo and z such that ¢’(¢;) = 0. Since ¢'(z1) =0 and z; # ¢;
a second application of Rolle’s theorem shows that there exists ¢, between c¢; and r,
such that g”(c) = 0. This process continues until we obtain ¢, between ¢, and z,
such that g(®*1(c,41) = 0. So we have (3.4) from (3.7) with € = c,4;. On the other
hand, the last assertion follows easily from (3.3). This completes the proof. 0

It is well known that if f is real analytic on the real line R then for every compact
K of R there exist » > 0 and C > 0 such that

!
(n) . _
su )< C—, n=0,12,....
sup| fP (@) < O3
Under a slightly stronger condition, analytic functions can be approximated by the

polynomials discussed above as follows:

CoROLLARY 3.3. Let f(z) be areal analytic function on the real line satisfying
(3.8) sup|f™)(z)] < CH™n!, n=0,1,2,....
z€EK

for some H > 0 and let (z,),., be a bounded sequence of real numbers.
If H|Z —z| <1 then f(z) can be expressed as an infinite series

ad f(")(z,,)

(3.9) f(z)=z—n!—7f(x|$o,$1,---,xn)
n=0

where T = sup{z, Zo, Z1, T2, ...} and z = inf{z,zo,T1,Z2,...}.

PROOF: We have only to show that

lim R,(z|zo,z1,...,2Zn) =0.
n—o0

From (3.2) and the hypothesis (3.8) we have

z ty tn
/ / / FO Yt ) dnyy diy .. dby
g v Zx) In

x ty th
/ / .. dtn+1dtn...dt1 I
zg v Ty F

n

IRn(xle,xl’ s ’zn)| S

SCH"™ (n+1) =

<CH™(z- )",
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which goes to 0 as n — oo. 0

In the above the condition (3.8) is satisfied for every R > 0 when f is a real
analytic function which extends to an entire holomorphic function. Hence in this case
the above result holds automatically as follows :

COROLLARY 3.4. Let f(z) be areal analytic function which extends an entire
holomorphic function and let ()., be a bounded sequence. Then we have

X fk)
(3.10) f(z) =Z£%@—)1r(:c|zo,xl,... ,ZTk), T€R.
k=0 )

4. THE SOBOLEV ORTHOGONALITY
Here we shall discuss some interesting properties of the fundamental polynomials
m(z|xo, Z1,--. ,Zn) from the point of view of orthogonality. Throughout this section
the sequence (z,),., is fixed and bounded. By J(R) we denote the set of all real
analytic functions on R which extend to entire functions on the complex plane. Then
it is well known that f belongs to J{(R) if and only if for every compact subset K C R
and for every h > 0 there exists a constant C' such that

(4.1) sup |[f®)(z)| < ChFR, k=0,1,2,....
zeK

We define a symmetric bilinear form {-,-) on H(R) x H(R) as follows: for each f
and g in H(R)
oo ofs .
_ o f9(25)99(z;)
(7,90 = 3 L)
j=0
Then (-, -) gives an inner product on H(R) and a norm ||-|| given by (-, )2 The
only nontrivial thing for the bilinear form is the fact that (f,f) = ||f||* = 0 implies
f =0 . But this follows easily from Corollary 3.4.
We denote m,(z) = n(z|zo,z1,...,T,) for n 2 0, for simplicity. Then it is easy
to see that

_ e 7rﬂ(J‘)(;,;J.),rm(j)(mj) _ 1, m=n,
(ﬂ'n , 7rm) = Z ) =
im0 3! 0, m#mn,
since
0, 7=012,...,n-1
7-‘-1(1])(1;]) = n!, ] =n
0, j=2n+1
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This means that the polynomials {mn(z)}. , are an orthonormal polynomial system

with respect to the (Sobolev) inner product (-,-).

Now we prove the completeness of this orthonormal polynomial system {wn(z) }:’:0
in H(R).

THEOREM 4.1. The orthonormal family {m(z)}.. , is complete in H(R).

PROOF We have only to show that for every f € H(R) a sequence of polyno-
mials Z (f9(z;))/(GN)m;(z) converges to f in the normed topology on H(R). From
CoroH;ry 3.4 we have already that Z (fY9(z;))/(3")m;(z) converges pointwisely to f.

Moreover, Theorem 3.1 means that for every integer N >0
f
f(z) = Z 7;(z) + Rn(z | To, %1, -+ , Tn).

From these facts we have
RY(z;|z0,21,... ,7a) =0, j=0,1,2,...,N

and
RY (z|z0,21,... ,32) = fP(z), j=N+LN+2,....

Since the sequence (Tn)n., is bounded it follows that

|- 25

= ”RN(.’E I Zo,T1y. .. ,.’L‘N)“2

i If(])(z.‘l <C Z K2
.7

Jj=N+1 : j=N+1

The last inequality follows from (4.1). This implies that
Hf f‘” D)/ @)

converges to 0 as N — oo, by taking h so that 0 < h < 1. 0

REMARK 4.2. In view of the above theorem we obtain some properties which are fun-
damental in the theory of Hilbert space.

(o]
(i) If f € H(R) has an expression f(z) = > a;m;j(z), a; € R then we have
3=0

a; = = (f,m;(z))

f(J)( )
J!
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for 7=0,1,2,.... and

00 . 2
IIESIEEL 28

J=0
(ii) By Bessel’s inequality we can see that for each f € J(R) the polyno-
N A
mial Y (9 (z;))/(")m;(z) gives the best approximation to f in the
=0

polynomials of degree at most V.
For the inner product (-, -), we call the double sequence defined by ¢, n = (™, z")
for m,n =0,1,2,..., a moment sequence of the inner product {-,-). Moreover, we say
that the inner product (-,-) is positive definite if

Ap = detfps 517 ;g > 0

for each n > 0.
Using the theory of Sobolev orthogonal polynomials (see [2] for details ) we can
see that

(i) (,-) is positive definite, since
(42) (ﬂ'n ) 7l'm> = 6m,n

for any m,n > 0.

(ii) A, =1 for any n 2 0.

(iii) The polynomials {m,(z)}
to nonzero constant multiples.

(iv) The polynomials {7|',,(:1:)}:°=0 form a Sobolev orthogonal polynomial sys-

are the only polynomials satisfying (4.2) up

tem relative to (-,-).
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