ON UNRAMIFIED SEPARABLE ABELIAN
p-EXTENSIONS OF FUNCTION FIELDS 1

HISASI MORIKAWA

1. Let & be an algebraically closed field of characteristic p>0. Let K/k
be a function field of one variable and L/K be an unramified separable abelian

extension of degree " over K. The galois automorphisms e, . . ., ¢ of L/K

are naturally extended to automorphisms 7(s), ..., n(er)” of the jacobian

variety J. of L/k If we take a svstem of p-adic coordinates on J;, we

get a representation {My(7(e,))} of the galois group G(L/K) of L/K over

p-adic integers.
The aim the present note is to determine the p-adic integral representation

{M,(5(e,))} for cyclic L/K (as a representation over p-adic integers). Use will

be made of the results in our previous paper {21

2. Let {H,, H, ..., Hs} be the set of all the subgroup of G(L/K) such

that G\L/K)/H; (i =0, 1, ...,s) are cyclic, where H, means G(L/K). We
denote by Lp; the subfield of L corresponding to H;.
We use the following notations:
p: the degree of Ly, over K,
Joy© the jacobian variety of L,/k,
w0 the trace mapping of Ji. onto J.., where L' DL"”
Byt the irreducible component of ., .-1{0) containing {0},
Ap: the quotient abelian variety of J,, by Bri,
«ryyet the natural homomorphism of J.. onto Au.,
Zr 0 the homomorphism of A, onto J.. such that #p i ary = mr,

gz - the cotrace mapping of J.» into Ju,
B the quotient abelian variety of J. by pu,z-(Jir),
A(n): the group consisting of all points ¢ on .I such that #f = 0, where

.1 is an abelian variety.
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12) See 1.2 in [2].
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3. When the order of .1(p) is p”, we say, for the sake of simplicity, that
the p-dimension of .1 is y. We denote by 7(.1) the p-dimension of .i.

The next Safarevic’s lemma is fundamental for our study:

Lemma 1 (Safarevié).” Let K be a function field of one variable over an
algebraically closed field k and K' be a separable normal extension of p-power
degree over K, where p is the characteristic of k. Let rx and rx. be respectively
the number of independent unramified separable cyclic extensions of degree p

over K and K'. Then we have
reo=LK": K] (yrx—1)+1.

On the other hand, the number of independent unramified separable cyclic
extensions of degree p over K equals to the p-dimension 7(Jx) of Jx([2]).

Therefore we get:
Lemma 2. If LDLy, DLy, DK, we have
r(Jo) =[L: Lud G, ) =D +1=p""GJu) -1+ 1,
v(Jm) =[Lp;: L]l G(y) =D+ 1= p" 7% (Jy,) — 1)+ 1.

If x is a generic point of Ju, over k, then (4,,, —%(2y,))% is a generic point
of By, /K over k, where d,,, is the identity automorphism of J,, and 7(zz,)
is the extension of a generator &, of the galois group G(Ly,/K) of Ly/K.

Therefore we may denote
BLHi/K= (6JLI[l_ - ﬂ(EHi) ) (]L”i)'

Lemma 3. (B, /K) = (y(Jx) =1) ([Ly,: K1-1)
=((x) -1 (p*¥=1)

Proof.  pr,x(Jx) and Bry,x generate Ji,, and pg,,x(Jx) N By, is a finite

group. Hence we have

T(BL)(i/K) = T(]L”i/lll,ul-lk(jl()) = T(]L”i) - T(PL)IZ-IK(]K))
=([Ly,: K] ¢(Jx)=1)+1) —7(Jx)
=(y(Jx)=1) ([Lni: Kl-1D=@{Ux)-1) (p—1).

4.  First we shall show that gy ., and oz, x are purely inseparable.

3) See §$3 in [3].

https://doi.org/10.1017/50027763000005869 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000005869

ON UNRAMIFIED SEPARABLE ABELIAN p-EXTENSIONS OF FUNCTION FIELDS I 223

LEMMA 4. pujiy(pry x) is purely inseparable.

Proof. Assume that prz;,,(0) (pz;/x(0)) constains a Ly;(K), non-zero
element #. Then there exists an element f in L(Ly,), not in such that
S (f27) is contained in Ly, (K). This contradics with the separability of
L/Ly,(Ln/K).

LemMma 4. If G(L/K) is cyclic, the p-addic representation Mp(y(e,)) is
equivalent to the direct sum of (y(Jx) — 1) times of the regular representation

and the identical representation as a representation over p-addic numbers.

Proof. We shall prove the proposition by the induction on the degree p’
of L/K. 1If r=0, the proposition is clearly true. We assume that the propo-
sition is true for the subfield Ly such that L/L; is of degree p. Let : be a
generator of G(L/K). Then the subgroup H corresponding to Ly is (¢ ).
Since 7(¢) (owey(Jiyw)) = pueyJry), 7(s) induces an automorphism 7*(:) on
Je/otiiy(Jey).  On the other hand Briuy, = (G5, —7(e?™)) (J1) and Ju/ocrey(Jiy)
is isogeneous with By, hence 7°(¢?"™) % 8;,0,/0,(Joy). By virtue of lemma 3
the p-dimension of By, is (p— D (r(J) — 1D = (p — Dp yiJx) = 1.
Therefore, since B, = (6s, —7(e?")) (J.), we observe that the p-adic repre-
sentation {My(7*(e*))} of {»*(¢")} is equivalent to (r(Jx) — 1)-times of the
faithful irreducible representation of G(L/K) over p-adic integers as a repre-
sentation over p-adic numbers. This shows that {M,(x(c*))} is equivalent to
the direct sum of (y(Jx) — 1)-times of the regular representation and the

identical representation as a representation over p-adic numbers.

ProposiTiON 1.  The p-adic representation {My(3(s,))} of G(L/K) is
equivalent to the direct sum of (y(Jx) — 1)-times of the regular representation

and the identical representation as a representation over p-adic numbers.

Proof. Since G(L/K) is abelian, {M,(»(e,))} is equivalent to a direct sum
of p-adic irreducible representations of cyclic factor groups of G(L/K). By
virtue of lemma 4, {Mp(5(c.))} contains at least (y(Jx) — 1)-times of the p-adic
irreducible faithful representation of any non-trivial cyclic factor group of
G(L/K). On the other hand the degree p"(y(Jx) — 1) + 1 of {M,(5(2))} is
equal to that of the direct sum of (;(Jx)— 1)-times of the regular represen-

tation and the identical representation.  Moreover the latter sum contains
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exactly (y(Jx) — 1)-times of p-adic irreducible faithful representation of any
non-trivial cyclic factor group of G(L/K) and y(Jx)-times of the identical
representation. This shows that {Mj(y(e,))} is equivalent to the sum of
(r(Jx) — 1)-times of regular representation and the identical representation as

a representation over p-adic numbers.

ProposITION 2. pryx( J&) N Biyx = pryx ey ik Jig (D7)

= (5JBL1]i/K - 7?Br,,,vi/x(aqi) )7H0),
where npy, x(Em;) is the restriction of 7(Eu,) on Biyu.

Proof. Since iy xpryx = Tig/k XLy xoryyx = D05, We have pry ik Tryx
(Argyx(9')) = azx(0) N prpyx(Jx) = Brgyx N prgyx(Je). On the other hand
Tk (Jig (D) = ﬁLHi/K(ALHiIK( $"%)), hence we have pry,x(Jx) N Brg,x = prg/x
Ltk ( Jog, (D) ).

From (8s5, = 7(8m))ogx(Jx) =0, we observe that pr, x(Jx) N Bryx
C (Onpyy ke — 181y x(€m;))71(0). Therefore it is sufficient to prove that the order
of prpyx(Jx) N Bryx equals to that of (eng, x = 7s, x(2))7'(0).  Since
Jx(") oLy Jom,(9*) = G(Ly,/K) and pr,x is purely inseparable, the order of
0Lk (J) N Brgx is p"7® 7P On the other hand, by virtue of proposition 1,
the p-adic representation (Mp('ﬂBLHi!K(;Hw))} of G(Ly/K) is equivalent to
(r(Jx) —1)-times of the sum of all the non-trivial irreducible p-adic represen-
tations of G(Lg,/K) as a representation over p-adic numbers. This shows
that the order of (6JBLH‘,K - vBLH',,K(EH,-))'l(O) is pu"YK~D  We have proved

proposition 2.
5. Using proposition 2, we shall determine the structure of J;.

ProrosiTiON 3. Let Hj be the subgroup of H; such that H;/H; is a cyclic
group of order p. Then prr( Byj1,) is the invariant abelian subvariety for
{n(e,)} on Jo such that the p-adic represemtation {M}(3(e.))} of {n(e))} on
0c11,(Buyeg,) is equivalent to (y(Jx) — 1)-times of the p-adic irreducible. repre-
sentation {M#»'(%(e,))} of G(L/K) whose kernel is Hj, as a representation over

p-adic numbers.

Proof. By virtue of proposition 1, the multiplicity of {Mpi(9(e.))} in
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oury(Jey) is (r(Jx) = 1) and that in puu,,(Ju,) is zero. This proves the
proposition.

We denote by By, the above pujiy (Bry ). Namely By means the
invariant subabelian variety on J. for {5(¢*)} such that the p-adic representation
of {y(e,)} on By, is equivalent to (y(Jx) — 1)-times of the p-adic irreducible
representation of G(L/K) whose kernel is Hj;, as a representation over p-adic

numbers. Then we get

Tueorem 1. J, is isogeneous with Bu, + ... + Bn, + ouyx(Jx) and the
subvarieties By, . . ., By, and pyx(Jx) satisfy the following conditions :
(1) o Je) N\ By, = pL/K?TLH[/K(]H,( ),
(2) if Ly;N\Ly;= Lu,,

then
By, N B”] = PL.’LJJ,(”LH,»/LIJI( ]Lll,-(p) yN ”LII,/Ln,(]I-n,«( »))
= pL/LHl( ]LHZ) nBH] n BHj'

Proof. The first assertion has been proved in proposition 1. Let H; be the
subgroup of G(L/K) such that Hi/H; is a cyclic group of order p. Then, by
virtue of theorem 2 in [2], we observe that Jx(p*™")/mrgux(Jop Ap*™H)
= G(L/K)/H; and Jx(p")/mrgx(Jen(2)) = G(L/K)/Hi, hence Jx(p)/momyix
(Jen(p)) and Jx(p)/mryyx(Jey(p)) are isomorphic. On the other hand
o ik Jen (D)) Srry s Joy (D)), therefore we have sy x Jog (9) =mry ey, (D))
for Ly %K. Moreover, since [Jiy (D) mrgsiy, (Jou,(p))I=p and pr, s moyx
(Jeu D)) Cory i Jx(p)), we have ooy xRy i Jog, (P)) = ik g J oy, (D)
= 0k (I N ey Jog, ().

On the other hand, by virtue of proposition 2 and the pure inseparability

of o, x, we have

.DL.!K( ]K) N By, = pL/]\‘( ]I\) N pL/Lu,-(BLHi/LH,L-')
= OL/L}IL.(PLH,-/K(]K) N (pLHi/LH,.'( ]LHZ.) f\BLHi/LH,.'))
= 0112, Orpyx( J&) N oL e, wogea, (Jin (D))
= 001201 0Ly x ) Nrergrny Ty (9)).
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This proves (1).

By virtue of (1) we have

pLJL],i( ]L”i )N BIIJ = pL/L"i 71'[,][[/\ ")"""i( ]L”,-,r\ ,,7(ﬁ))

and

0L,’L//,-( ]Lu,-) N By, = OLILy; T L~ llllﬂllj(ler,;m n/(P) ).

On the other hand ‘DL”‘”:‘(]L”: ) f\pL'L”J(JL”}) C poL”u.,\ L”j(]"”i" 1_”])

hence

Bn, N Bn,- = PuL; L ~ ]1]/Lni( JLI]i/\ nj( P))

N OLILI; WLy~ nj/Lnj( ]z,ﬁl.,-\ ,,_,Kp)) C OLILa;~ Ln,( ]LH,A Ln).).
This shows that

Bu; N By = BuyN BN oring, ~ 1 i~ 1oy (P)).
Therefore, if Lu,NLy;= Ly, we have

By;,NBy, = (PL/Ln[(]L);I) N By N (pL/Lyl(]LH[) N By;)
= PL/LH,( 7~'LH,~/Ln,(JLn,( 17)) N pLH,/Ln,(]Ln](P) )).

6. In this section we shall study some p-adic integral representations of

cyclic groups.

LemMa 5.  Let {R(:*)) be a regular representation and {M(:")} be any

representation of a cyclic group (¢). Then a p-adic integral representation
{(M(e“) 0 )}
A(EY) R(¢")

(5 R

as a p-adic integral representation.

is equivalent to

Since the group ring Z,LG] over p-adic integers is projective as a left

G-module, this lemma is clearly time.

LEmMMA 6. Let G = (¢) be a cyclic group of order p” and Gr-, be the
subgroup (P7).  Let {N(e?")') be the non-trivial irreducible p integral
representation of Gr-i.  Let {Hr(:)*} be the representation of G induced by

https://doi.org/10.1017/50027763000005869 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000005869

ON UNRAMIFIED SEPARABLE ABELIAN p-EXTENSIONS OF FUNCTION FIELDS I 229

(NP} and {R,-\()"} be the regular representation of G/G,-.. Then any
D-adic integral representation of the following tvpe
{(E,,xM(a) 0 )}
() E,x Ry_1(%)
is equivalent to
{(EnXM(e) o 0 )‘}
a O ! En X Rr-l(::-)
as a representation over p-adic integers, where z is the class of ¢ in G/Gr-y

and a is a p-adic integral (np"”', n(p —1))-matrix.

Proof. Since {M(e)*} is the induced representation of G by {N(2"7)*},

we have
0 Eyp-1; 0...0
A 0 O Eﬂ{ﬁ—])
E, X A/[(S) = ’
I 0 Em[)—l\
E,xN O. ... 0

where N = N(:”"). We put

0 Eup-0-+-0
Em{)—l)
(Bnx AL )- Eax N 0 |
A(2) E,xR(Z)) | Aggr =2 v oo v Ao, pr-1-10 0 E,
. Ex
Apr=1-1,00 * + Apr-1oy, pro1g E, 0

We choose p-adic integral matrices X;; such that
Xi0=0, Xivi,1=Ai)1, Xivr,j=Ai,j— Xi, j-1
(i=0,1,...,p"'=1; j=1,2,...,p '=1), where Xpr-1,; = Xo,; and Xi, -
= Xj pr-1-1. Then we have
Enpr-1p-1y

(En X M(s)

Byt () Enx R,"-l(-f))

X[)"""i, 0 A ‘X/)I‘—i_]' ALl'-l_l
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E, x M(e);
Enpr-1p-1) . ,
Lnpr-vp-n , ;
Xopevovoeoens Xopr-i1-1
ag
X =l . . ~
¢ Eppr-1 . 01 Enx Ry-1(¥)
Xpr-1-1, 00+ * Xpr=11, pr-1-1 Qpr-1-1 , s

where
a; = Ai, o+ Xit1,0(En X N — Enip-1)).

This proves the lemma.

LEmMA 7. In the notations in lemma 6, let

(%) (50 k)]
and

- Enx () | ’
o (ot ) |

be p-adic integral representations of (e¢) whose restrictions on the subgroup
(e?"™) are equivalent (as p-adic integral representation). Then the represen-
tations (*) and (**) are equivalent (as p-adic integral representations).

Proof. By virtue of lemma 6, we may assume that
A'(e) = (o', 0) and A"(¢) = (a”, 0)

with p-adic integral (np" "%, n(p — 1))-matrices a’ and a”. From the assumption

of the lemma, we have
A"(e? ™) = A(? ) 4 EnX Rpy(Z7 ) X = X« Enx M(e?™)
Exx N(#™)
=4+ X-X . ,
En x N(e#™)

with a p-adic integral matrix X.
On the other hand we observe that

0 En(p-l) 0:--0

E,x M(E) = . ..
0 - ‘ En(p—l)

E,x N(¢?' ) 0
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and
AP — A(e?)

pr—l_l

= 3V ExX R ()71 (A(e) = A1)V En x B (€)%
v=0

Therefore, putting
n(p-1) n(p"=1-1)(p-1)
T pmme———————

AT = (P = (P, Q )

we have
P=E,x RE)? " (a" -0a).

On the other hand, if we put

n(p=-1) n(p""1=1)(p-1)
PSS NS,

x=(v, ~ z )
we have
P=Y(Enp-1y— Enx N(c?)).
This shows that

a’ —a'= En X Rf—l(E )1—1)"—1 Y(En(p-n - En X N(app_l) )
= EnX Rr-1(2)Y (Enp-1, — En x N(e2 1))

Hence, putting Y= E, x R,_1(¢)Y, we have

Ey M( )‘ Enip- et | -1

(s o) = 5 )
Enx M(e) | Enipotyprt |

(e Eaxra®) R )

7. In this section, using proposition 2 and lemma 7, we shall prove the

main theorem.

LemMma 8. If G(L/K) is a cyclic group of order p, the p-adic represen-
tation {Mp(9("))} of the galois group is equivalent to the direct sum of (y(Jx)
—1)-times of the regular representation and the identical representation as a

representation over p-adic integers.

Proof. First we notice that there exist only two inequivalent p-adic

integral representations of G(L/K)
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1y
1 v
N[ 3 {(* no) ]

0

which have the same irreducible components 1 and {N(¢)*}, where {N(¢)"} is
the non-trivial irreducible representation.”

By virtue of proposition 2, we observe that
pL/.A'(JK) mBL/K = (BRL/K - ﬁ(E)BL/K)-l(O).

This shows that {Mp(»(e))*} contains no
1 0\
{(0 N(e)) }
as a component. Namely there exists a system of p-adic coordinates on J.

such that
.RJ( E)

My(9(e)) = r(Jx) -1 ,

* Rl(E)
1
where {Ri(¢)"} is the regular representation of G(L/K). By virtue of lemma

5, there exists a system of p-adic coordinates on J, such that

Ri(e)

My(n(e)) = Ux) -1

Rl(e)

15 Since [Qp(*~1): Qpl=p""1(p—1) and the class number of Q,(¥~/1 ) is one, there
exists only one faithful p-adic integral irreducible representation. Moreover G=(¢) is
cyclic, hence a p-adic integral representation

(8 )}
d(e) Mle)
with an irreducible representation {M{s)"} is equivalent to

{(M(E) Ifl(a))u}

as a representation over p-adic integers. See §4, 6 in [1].
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TueoreM 2. If GUL/K) is cvclic, the p-adic representation {M(5(z))}
of the galois group G(L/K) is equivalent to the direct sum of (y(Jx)— 1)-times
of the regular representation and the identical representation as a representation

over p-adic integers.

Proof. Let ¢ be a generator of G(L/K) and H; be the subgroup (s*')
(1=1,2, ...,7). We shall prove the theorem by the induction on G(L/K)/H..
If =1, by virtue of lemma 8, the theorem is true. = We assume the theorem
on G(L/Ly, ). Then, since G has only one faithful irreducible p-adic integral
representation {#7(s)*} and any p-adic intcgral representation of the following
type

{(j}i(;)) jf;(s) ) }

is equivalent to

{(M(s) M(s))“}"”

there exists a system of p-adic coordinates on J; such that

E: -1 % A?{(E)
AIp(‘//(E)) = < A(E) . E:‘.]\'\—l X 1?/ —1( 5) )
b(e) | 1

where {MI(:)*} is the representation of G(L/K) induced by the non-trivial
irreducible representation N(:?7) of (¢¥7') and {R,-,(z)*} is the regular
representation of G(L/K)/Hy_..

On the other hand, by virtue of lemma 8,
() (M)

is equivalent to the direct sum of (y( Ji) —1)p" '-times of the regular represen-
tation of (:”"') and the identical representation. The latter representation is
equivalent to the restriction on (¢*7") of the direct sum of (r( Ji) —1)-times
of the regular representation of G(L/K) and the identical representation.

Therefor, by virtue of lemma 5, 7, we have a system of p-adic coordinates on
J such that
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Rr(E)

Mp(?‘](E))= * ) T(]lx)"‘]- ,

Rr(e)
1

where {R,(¢)*} is the regular representation of G(L/K).
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