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Abstract

Let X and Y be two normed spaces over fields F and K, respectively. We prove new generalised
hyperstability results for the general linear equation of the form g(ax + by) = Ag(x) + Bg(y), where
g: X — Yisamapping and a,b € F, A, B € K\{0}, using a modification of the method of Brzdek [ ‘Stability
of additivity and fixed point methods’, Fixed Point Theory Appl. 2013 (2013), Art. ID 285, 9 pages]. The
hyperstability results of Piszczek [ ‘Hyperstability of the general linear functional equation’, Bull. Korean
Math. Soc. 52 (2015), 1827-1838] can be derived from our main result.
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1. Introduction and preliminaries

In the sequel, X, Y denote normed spaces over fields F, K, respectively. Also, BA
denotes the set of all functions from a set A # @) to a set B # 0.
First, we recall several results concerning the Hyers—Ulam stability of the Cauchy
additive equation
glx+y)=g(x) +g(y) forx,yekX,

where g maps X into Y. In 1941, Hyers [11] gave a partial answer to a question of
Ulam and established the following classical stability result.
Tueorem 1.1 [11]. Let X, Y be two Banach spaces and g : X — Y be a function
satisfying

llg(x +y) — g(x) =gl <6

for some 6 > 0 and for all x,y € X. Then the limit

A(x) := lim M

n—oo 2"
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exists for each x € X and A : X — Y is the unique additive Cauchy function such that
llg(x) — Al <6

forall x € X. Moreover, if g(tx) is continuous in t for each fixed x € X, then the function
A is linear

In 1950, Aoki [2] (see also [18]) proved the following stability result for functions
that do not have bounded Cauchy difference.

TueOREM 1.2 [2]. Let X be a normed space, Y a Banach space and g : X — Y a function
satisfying

llg(x + y) — g(x) = gWIl < O(IxlI1” + [I¥II”) (1.1)
for some 0 > 0, some real number p with 0 < p <1 and all x,y € X. Then there is a
unique additive Cauchy function A : X — Y such that

lg() - AW < 5

llxll”
foreach x € X.

Remark 1.3. Theorem 1.2 reduces to Theorem 1.1 if p = 0.

Later, Gajda [9] obtained the result in Theorem 1.2 for p > 1 and gave an example to
show that Theorem 1.2 fails when p = 1. Rassias [19] proved Theorem 1.2 for the case
p <0 and it is now well known that for p < 0, if g satisfies (1.1) for all x,y € X\{0},
then g must be additive for all x,y € X\{0} (see [4]).

The hyperstability of the general linear equation of the form

glax +by) = Ag(x) + Bg(y), (1.2)
where g maps X into Y, a,b € F\{0}, A, B € K, has been studied by many authors
(see [8, 10, 12, 13, 15, 17]). This functional equation includes the Cauchy additive
equation (a =b =A = B=1), Jensen’s equation (¢ = b =A = B = 1/2) and the linear
equation (@ = A and b = B). The first hyperstability result appears to be due to
Bourgin [3]. However, the term hyperstability was used for the first time in [14].
Recently, Piszczek [16] proved the following hyperstability result for the general linear
equation.

THEOREM 1.4 [16]. Let X and Y be two normed spaces over fields F and K, respectively,
a,beF\{0}, A,BeK\{0}, c>0, p,geR with p+q <0 and suppose g: X —-Y
satisfies the inequality

llg(ax + by) — Ag(x) — BgW)Il < c(IxlI”lyllY) ~ for x,y € X\{0}.
Then g satisfies the equation

glax + by) = Ag(x) + Bg(y) forx,yeX.

The purpose of this work is to prove new generalised hyperstability results for the
general linear equation by using a modification of Brzdek’s technique in [5] and the
method applied by the authors in [1]. Also, we will show that Piszczek’s hyperstability
result (Theorem 1.4) and many other hyperstability results can be obtained from our
main results.
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2. Main results

In this section, we prove some new generalised hyperstability results for the general
linear equation (1.2) which extend Theorem 1.4. One of the main tools used in the
proof is the following fixed point result that can be derived from [7].

TueEOREM 2.1 [7]. Let U be a nonempty set, Y be a Banach space, fi,...,fi: U > U
and Ly,...,L; : U — R, be given mappings. Suppose that T : YV — YV is an operator
satisfying the inequality

k
I7€00 = TGl < D LIIE = (I
i=1

forall &, € YY and for all x € U. Assume that the functionse: U - R, andp : U — Y
satisfy the conditions

I7°¢(x) — el < &(x)  and &' (x) := Z A"g(x) < o0,

n=0
for each x € U, where A : RY — RY is defined by
k
AS(x) = " Lix)S(fi(x) @.1)
i=1

for all 6 € RY and x € U. Then there exists a unique fixed point yr of T~ with

llp(x) — (o)l < &7 (x)
for all x € U. Moreover, Y(x) := imT "¢(x) for all x € U.

Now we prove the first important result in this paper.

TueoreM 2.2. Let X and Y be two normed spaces over fields F and K, respectively,
a,b e F\{0}, A, B € K\{0} and let u,v : X — R, be functions such that

1 B
M, = {n eN: ‘Z 1@+ buysa(a+ b+ |25 (a0 < 1}

is an infinite set, where
s1(n) ;= inf{t € R, : u(nx) < tu(x) for all x € X}

and
so(n) :=inf{t € R, : v(nx) < tv(x) for all x € X}

for n € F\{0} and sy, 55 satisfy the two conditions

(W) lim, e s1(xn)s2(xn) = 0;
(W,) lim,,_,0 s1(n) = 0 or lim,,_,, s2(n) = 0.
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Suppose that g : X — Y satisfies the inequality

lig(ax + by) — Ag(x) — BgW)Il < u(x)v(y) for x,y € X\{0}. (2.2)
Then g satisfies the equation
glax + by) = Ag(x) + Bg(y) for x,y € X\{0}. (2.3)

Proor. Without loss of generality we may assume that Y is a Banach space, because
otherwise we can replace Y by its completion.

From the condition (W), we first assume that lim,,, s2(n) = 0. Replacing y by mx
for m € N in (2.2),

llg(ax + bmx) — Ag(x) — Bg(mx)|| < u(x)v(mx) for x € X\{0}
and

<

u(x)v(mx) for x € X\{0}. 2.4

1 B
Hzg(ax + bmx) — g(x) — Zg(mx)
We now define the operator 7, : YA\ — yX\0} py
1 B
(Twé(x) = &+ bm)x) — S E0mo) for x € X\{0}, & € YX\O
and put

1
1 so(mu(x)v(x) for x € X\{0}.
Then the inequality (2.4) takes the form

en(x) = '% u(x)v(mx) <

177:8(x) — gl < em(x) for x € X\{0}.

For a fixed natural number m € My, the operator A, : Rf\‘()} - Rf\{o’ defined by
1 B
Apn(x) = ‘Z‘n((a + bm)x) + 'Z‘n(mx) forn e Rf\w}, x € X\{0}

has the shape given in (2.1) with k = 2, fi(x) = (a + bm)x, fo(x) = mx, Li(x) = [1/A],
L>(x) = |B/A| for all x € X. Furthermore, for each &, u € Y\ and x € X\{0},

1 B 1 B
TG — (Tl = Hzf((a + bm)) = ZEm) = (@ + bm)) + Zu(m)

<

1 B
Z‘Ilcf((a + bm)x) — pu((a + bl + ‘Z‘”f(””) ~ pm)|

Li(0llE(fi(x)) = u(fi()ll

Li(0lI€ = (fi())Il.

2
i=1
2
i=1
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Next, we will show that for each n € Ny and x € X\{0},

il
AlllA

It is easy to see that inequality (2.5) holds for n = 0. By the definitions of A,, and &,,,

Al en(x) <

sl(m)sxm)] sy mu(xy().  (2.5)

B
si(a + bm)s,(a + bm) + ‘Z

1 1 Bl |1
Anen(0) < |7 ‘Z sa(m)u((@ + bm)x)v((a + bm)x) + ‘ZI : ‘; samju(mx)vimsx)
< % . ‘% so(m)sy(a + bm)sy(a + bm)u(x)v(x)
+ g’ . ‘% $2(m)sy(m)sz(m)u(x)v(x)
= % H% s1(a + bm)sy(a + bm) + E Sl(m)Sz(m)]Sz(m)”(x)v(x)-

Using the above relation and iterating the argument,

1
Al g, (x) = ‘Z ApmEm(mx)

<[HlAllx

- so(myu((@ + brx)v((a + bm)x)}

[l

[l

In the same way, by induction,

B
Apen((a+ bm)x) + ‘Z

si(a + bm)s,(a + bm) +

B
' Sl(m)Sz(m)]

B
si(a + bm)sy(a + bm) + ‘Z

S1(M)Sz(m)]Sz(m)u(WtX)V(mX)}

2
sl(m>sz<m>] S, (mu(ov ().

B
si(a + bm)sy(a + bm) + ’Z

s1m)sa(m)| 20,

si(a + bm)sy(a + bm) + 'g

o=}

for all x € X\{0} and n € Ny. By summing the geometric progression,

£()= ) Aben(x)
n=0

1

A

[ s2(m)u(x)v(x)
1 —|1/A|s1(a + bm)s,(a + bm) — |B/A|s|(m)s>(m)

for all x € X\{0} and m € My. From Theorem 2.1, for each m € M, there is a unique
solution G,, : X\{0} — Y of the equation

G = £ G(@ + bm)) =~ 5 Gm)
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such that
1 s2(m)u(x)v(x)
lg) = G0l < ‘ZH T 11/ATs (@ + bmysata + bm) — 1B/As s I &
for all x € X\{0}. Now we will show that for each n € Ny,
7 g(ax + by) — AT ,g(x) = BT gl
< [[1/Alsi(a + bm)sa(a + bm) + |B/Als1(m)s2(m)]"u(x)v(y) (2.7)

for all x,y € X\{0}. If n = 0, then (2.7) is simply (2.2). So take r € Ny and suppose that
(2.7) holds for n = r and x, y € X\{0}. Then

17 glax + by) — AT, g(x) — BT, gl

= H%T,;g((a + bm)(ax + by)) — gT,Zg(m(ax + by))
1 r B r 1 - B ,
‘A(Zng((“ + bm)x) + Z’/'mg(mx)) - B(Z"fmg((a + bm)y) + Z?",,,g(my))”
<[|3
A
1
" [ A
_ Hl
1A

By induction, the inequality (2.7) holds for all n € Ny. Letting n — oo in (2.7),

s1(a + bm)sy(a + bm)u(x)v(y)

1
ﬁ s1m)s2(m)|

si(a + bm)s,(a + bm) + ‘— 1

si(a + bm)s,(a + bm) +

B "|B
2 Sl(m)SZ(m)] 2

s1(mx) sy (mx)u(x)v(y)

si(a + bm)s,(a + bm) +

r+1
2 [siomsaom] " ucov

G (ax + by) = AG,,(x) + BG,,(y) for x,y € X\{0}.

Thus, {G}mem, is a sequence of functions satisfying (2.3). From (2.6) and the
assumptions (W) and sy(n) — 0, it follows, G,,(x) — g(x) as m — oo, so that g is
a solution of the general linear equation (2.3).

On the other hand, if lim,_,, s1(n) = 0, we replace x by my for m € N in (2.2) and
an analogous calculation leads to the same result. This completes the proof. O

Recently, Brzdgk [6] proved that if g : X — Y satisfies the general linear equation
on X\{0}, then g satisfies the general linear equation on X. This observation and
Theorem 2.2 yield the following result.

THeEOREM 2.3. Let X and Y be two normed spaces over fields F and K, respectively,
a,b e F\{0}, A, B € K\{0} and let u,v : X — R, be functions such that

1
Mo:z{neN:‘Z

si(a + bn)sy(a + bn) +

s1(n)sy(n) < 1}
is an infinite set, and

s1(n) ;= inf{t € R, : u(nx) < tu(x) for all x € X}
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and
s2(n) :=inf{t € R, : v(nx) < tv(x) for all x € X}

for n € F\{0} satisfy the two conditions

(W) lim,,_0 s1(xn)s2(xn) = 0;
(Wy) lim,,_,0 s1(n) = 0 or lim,,_, s2(n) = 0.

Suppose that g : X — Y satisfies the inequality
llg(ax + by) — Ag(x) — BeW)ll < uxv(y) for x,y € X\(0}.
Then g satisfies the equation
glax + by) = Ag(x) + Bg(y) forx,yeX.
RemMark 2.4, From Theorem 2.3, if A = B = 0 and g satisfies (2.2), then
glax+by)=0
for all x,y € X. This implies that g(x) = 0 for all x € X.

From Theorem 2.2, by the same technique as in the proof of Brzdgk [6,
Corollary 4.8], we get the following hyperstability results for inhomogeneous
functional equations.

CoROLLARY 2.5. Let X and Y be two normed spaces over fields F and K, respectively,
a,b e F\{0}, A,Be K\{0}, C : X X X — Y a given mapping and u,v : X — R, functions
such that

s1(a + bn)s,(a + bn) +

1
MO::{neN:‘Z

s1(n)s>(n) < 1}
is an infinite set, where
s1(n) :=inf{t € R, : u(nx) < tu(x) for all x € X}

and
s7(n) :=inf{t e R, : v(nx) < tv(x) for all x € X}

for n € F\{0} satisfy the two conditions

(Wy) lim,,_e 51(xn)s2(xn) = 0;
(W) lim,,_,0 51(n) = 0 or lim,,_,, s2(n) = 0.

Suppose that g : X — Y satisfies the inequality
lig(ax + by) — Ag(x) = Bg(y) — C(x, p)ll < u(x)v(y) for x,y € X\{0}
and the functional equation
flax+by)=Af(x)+ Bf(y)+ C(x,y) forx,yeX (2.8)
has a solution fy : X — Y. Then, g satisfies the equation

glax + by) = Ag(x) + Bg(y) + C(x,y) forx,yeX.
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COoROLLARY 2.6. Let X and Y be two normed spaces over fields F and K, respectively,
a,b e F\{0}, A, B e K\{0}, C €Y a given mapping and u,v : X — R, functions such
that

| B
My = {n eN: ‘Z 1@+ buysy(a+ bn) + | < s (a0 < 1}

is an infinite set, where

si(n) :=inf{r € Ry : u(nx) < tu(x) for all x € X}
and

sp(n) 1= inf{t € R, : v(nx) < tv(x) for all x € X}
for n € F\{0} satisfy the two conditions
(W) lim,e s1(£n)s2(xn) = 0;
(W,) im0 s1(n) = 0 or lim,,_,, s2(n) = 0.
Suppose that g : X — Y satisfies the inequality

lig(ax + by) — Ag(x) — Bg(y) — Cll < u(x)v(y) for x,y € X\{0}.

Then g satisfies the equation

glax + by) = Ag(x) + Bg(y) + C  for x,y € X.
Proor. Note that the function f; : X — Y, defined by

C
f()()C) = m forx e X,

satisfies the functional equation (2.8). The result now follows from Corollary 2.5. O

To end this section, we give another simple application of Theorem 2.3.

CoroLLARY 2.7. Let X and Y be two normed spaces over fields F and K, respectively,
a,b e F\{0}, A, B € K\{0} and let u,v : X — R, be functions such that

2 si(a + bn)s(a + bn) +

M, = {n eN: § s1(m)sx(n) < 1}

is an infinite set, where
s1(n) ;= inf{t € R, : u(nx) < tu(x) for all x € X}

and
so(n) ;= inf{t € R, : v(nx) < tv(x) for all x € X}

for n € F\{0} satisfy the two conditions

(W) lim,, e s1(£n)s2(xn) = 0;
(W) lim,,_,0 51(n) = 0 or lim,,_,, s2(n) = 0.

Suppose that H : X X X — Y is a mapping with H(w, z) # 0 for some w, z € X and that
H satisfies the inequality

I|H(x, VI < u(x)v(y) for x,y € X\{0}.
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Then the functional equation

h(ax + by) = Ah(x) + Bh(y) + H(x,y) for x,y € X, 2.9)
has no solutions in the class of functions h: X — Y.
Proor. Suppose that 4 : X — Y is a solution to (2.9). Then (2.2) holds and, according

to Theorem 2.3, h satisfies the general linear equation. This implies that H(w,z) = 0
for all w, z € X, which is a contradiction. This completes the proof. O

3. Further observations

In this section, we show that the hyperstability result of Piszczek [16, Theorem 2.1]
and some hyperstability results for inhomogeneous general linear equations can be
derived from our main results.

CororLrLary 3.1 [16]. Let X and Y be two normed spaces over fields F and K,
respectively, a,b € F\{0}, A,Be K\{0}, ¢ >0, p,q € R with p+ q <0 and suppose
g X — Y satisfies the inequality

lig(ax + by) — Ag(x) — BgWIl < cllxlPllyll* for x,y € X\{0}.

Then g satisfies the equation

glax + by) = Ag(x) + Bg(y) forx,yeX.
Prookr. Define u,v: X — R, by
u(x) := sllxll” and  w(x) := rllxl|?,

where r, s € R, with sr = c.
First, assume that ¢ > 0 and hence r, s > 0. Then

s1(n) = inf{r € R, : u(nx) < tu(x) for all x € X} = |n|’
and
so(n) = inf{r € R, : v(nx) < tv(x) for all x € X} = |n|9.

Thus,
lim s1(xn)sy(£n) = lim |n|P*? = 0.
n—oo n—oo

Since p,q € R with p + ¢ <0, either p <0 or g <0 and, correspondingly, either
lim, o 51(n) = 0 or lim,,_,, s2(n) = 0.

On the other hand, if ¢ = 0, then r = 0 or s = 0. From the definitions of s; and s, it
follows that lim,,_,o, $1(n) = 0 or lim,,_,, 52(n) = 0.

Finally, it is easy to see that My is an infinite set. Therefore, all the conditions in
Theorem 2.3 hold and we obtain the result. m]

By using the same technique, we also get the following two results.

CoroLLARY 3.2. Let X and Y be two normed spaces over fields F and K, respectively,
a,b e F\{0}, A,BeK\{0}, c>0, pgeRwithp+qg<0andletC: XXX —> Y bea
given mapping. Suppose that g : X — Y satisfies the inequality

llg(ax + by) — Ag(x) — Bg(y) — C(x, Il < cllxlI”llyll?  for x,y € X\{0},
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and the functional equation

flax+Dby)=Af(x)+ Bf(y) + C(x,y) forx,y€eX,
has a solution fy : X — Y. Then g satisfies the equation

glax + by) = Ag(x) + Bg(y) + C(x,y) forx,yeX.

CoroLLARY 3.3. Let X and Y be two normed spaces over fields F and K, respectively,
a,beF\{0}, A,BeK\{0}, c>0, p,geR with p+q <0 and C €Y. Suppose that
g : X — Y satisfies the inequality

lig(ax + by) — Ag(x) — Bg(y) — CIl < cllxlI”lyll? ~ for x,y € X\{0}.
Then g satisfies the equation

glax + by) = Ag(x) + Bg(y) + C  for x,y € X.

4. Open problems
The following hyperstability results were also obtained by Piszczek in [16].

TueOREM 4.1 [16]. Let X and Y be two normed spaces over fields F and K, respectively,
a,beF\{0}, A,BeK\{0}, c>0, p,geR with p+q >0 and suppose g : X - Y
satisfies the inequality

lig(ax + by) — Ag(x) = BgWIl < clixlIPlIyll” for x,y € X\{0}.

If either q > 0 and |a|’*? # |A|, or p > 0 and |b|P*? # |B|, then g satisfies the equation

glax + by) = Ag(x) + Bg(y) forx,yeX.

TueEOREM 4.2 [16]. Let X and Y be two normed spaces over fields F and K, respectively,
a,be F\{0}, A,BeRK\{0}, ¢>0, p,q >0, and suppose g : X — Y satisfies the
inequality

lig(ax + by) — Ag(x) — BgW)Il < cllxll”llyll! for x,y € X.

If |alP*? # |A| or |bIP*? # |B|, then g satisfies the equation

glax + by) = Ag(x) + Bg(y), forx,yeX.

We do not know whether Theorems 4.1 and 4.2 can be extended along the lines of
the results given in Section 3.
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