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The gradient structure of a flow: I

C. CONLEYY

Mathematical Sciences Department, IBM Thomas J. Watson Research Center,
Yorktown Heights, New York, USA

Abstract. Each flow dominates a unique gradient flow (the gradient part) which in
turn dominates any other gradient flow dominated by the original flow. The set of
points carried to rest points of the gradient part (the chain recurrent set) is character-
ized in terms of a recurrence relation. Filtrations of the given flow correspond to
those of the gradient part.

0. Introduction

The basic object of study here is the collecticn of flows on a compact metric space
which will be called the state space. This collection of flows is itself a complete
metric space when endowed with the compact-open topology. From a general point
of view the aim is to study mathematical entities which are constructed in terms of
the state space and the space of flows, and in particular ones which pay attention
to the topologies.

In the background it is assumed that the flow provides an imperfect model of
some other object being studied (for example, an electrical network) and that the
entities constructed relate to properties of this object (as, for example, the stable
equilibria correspond to observed states of the network). However, such a point of
view will not be allowed to hamper the development here.

An example of such an entity is the function which assigns to each flow its
collection of closed invariant sets. This pays attention to the topology in that it is
an upper semicontinuous function on the space of flows [5]. Another function,
defined on the product of the state space and the space of flows, assigns to each
pair the w-limit set of the state with respect to the flow. This function does not pay
attention to the topology in an easily describable way; however, a possible replace-
ment is described below which is upper semicontinuous in both variables (§ 3.4).

A somewhat different example is provided by the filtrations of the flow. A
filtration can be defined to be a finite decreasing sequence of closed subsets of the
state space, each of which is carried properly interior to itself by the flow. In a
natural way, a sheaf over the space of flows can be constructed whose stalks consist
of algebraic structures (graphs, cohomology algebras and homomorphisms) defined
in terms of the filtrations. The dependence on the topologies is manifest in the sheaf
structure (see [3], [4], [6] and [7]).

It is this last entity, the sheaf of gradient structures on the space of flows, which
is of primary interest here. The first step is to relate the existence of filtrations to
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the recurrence properties of orbits, and this is carried out in part 1. In part II the
sheaf is constructed and some problems are discussed in which the algebraic aspects
play a role.

These problems generally concern a one- or two-parameter family of flows for
which it is of interest to distinguish parameter values where the stalk of the sheaf
changes in some way. Such a change corresponds in these problems to the existence
of an orbit of special interest such as a homoclinic or heteroclinic orbit. In turn,
this orbit corresponds to a progressive wave solution of a partial differential equation.

This first part is divided into five sections, in the first of which is listed the notation.
The second section contains a treatment of attractors designed to fit the remainder
of the work. In the third section the relevant notion of recurrence is introduced.
The main points are the definition of a generalized w-limit and recurrent set in
terms of (g, ¢, f)-chains, and the characterization of the former as the smallest
quasi-attractor containing the usual w-limit set. In the fourth section the ‘gradient
part” of a flow is described. Flows could be classified in terms of their gradient
parts; some of the significance of such a classification is seen in the statement that
all recurrent flows fall into the same (the trivial) class, and all flows which are
‘w-similar’ (4.3A) under the domination relation have similar gradient parts. This
implies in particular that the algebraic structures associated to the filtrations are the
same (thus invariants of the similarity class), as will be shown in the second part.
In the final section Morse decompositions are defined and related to the existence
of filtrations.

1. Notation

1.1. X denotes a compact metric space with metric p. The metric on X x X is
denoted by p also.

For Yc X, C1Y,48Y, Comp Y, Int Y and Ext Y denote respectively the closure,
boundary, complement, interior and the interior of the complement of Y.

If A, B X, AAB=AnComp B.

1.2. Flows on X are denoted by f=f:XXxR—-> X For Yc X and JcR, Y-J=
J(Y xJ), f being known from the context.

To each flow f there corresponds the backward flow f* defined by f*(x, t)=
f(x, —t). Note f**=1.

1.3. A set Y is invariant under f if Y- R=Y. If Y is invanant, then Cl1Y, dY,
Comp Y, Int Y and Ext Y are also, and all are invariant under f* as well. Also
f|Y will denote the restriction f| Y X R~ Y.

A rest point of f is a point which is an invariant set. C(f) denotes the set of rest
points (C stands for ‘critical’; in the usual gradient case critical points correspond
to rest points).

14. For Y& X, o(Y,f)=(),ecr CHY: (t7)}. Then @(Y, f) is a closed invariant set
and is connected if Y is. For Y={x}, w(x, f) is the usual w-limit set of x. The
corresponding a-limit set will always be denoted by w(x, f*).

1.5. The set {y|w(y,f)n Y # &} could then be denoted a(Y, f). However, to avoid
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confusion, &(Y, f) will be used. This set is obviously invariant, but is not necessarily
closed even when Y is.

Observe that generally a(Y N Y, flca(Y,f)nda(Y,f) and a(Y,u Y, f)=
a(Yy, flua(Yyf).
1.6. For < X x X, P*={(x, y)|(y, x) € P}. Note P**=P.

2. Attractors and quasi-attractors

Definition 2.1A. A set A is called an attractor for f if A admits a (closed) neighbour-
hood N such that A=&(N, f).

If A is an attractor, @(A, f) is called the domain of influence of A.

If A is an attractor for f*, A is called a repeller for f and &(A, f*) is again called
the domain of influence.
Definition 2.1B. An attractor neighbourhood means a closed subset N of X such
that for x € 9N, w(x, f*)<= Ext N.

LeMMA 2.2A. If N is an attractor neighbourhood, then the set A={x|x- Rc N} is
an attractor and N < a(A, f).

Proof. A is closed since it is the maximal invariant set in the closed set N. Let
A’=w(N, f). Then A’ is a closed invariant set containing A. For y€ A’ and any ¢,
there exists t'=t such that y- '€ N. Thus w(y, f*)n N # . It follows that y- R n
IN=. Since y- RNnN=, y- R N. Thus A=A’. N is a neighbourhood of A
since An3dN =J. Thus A is an attractor. For x€ N, w(x, t)c o(N, f)= A; thus
Nca(Af). O

Remark. If N is any closed subset of X such that x € 9N implies w(x, f) " Ext N # J,
then A={y|y- R< N} is an attractor. However, it is not generally true that
Nca(Af).

THEOREM 2.2B. If A is an attractor, then A is a closed invariant set, a(A, f) is an
open invariant set and A*= Comp (A, f) is a repeller.

Also a(A, f)= X\A* and a(A*, f*)= X\A while A** = A
Proof. That A is closed and invariant and that &(A, f) and A* are invariant is clear.

Let A=w(N,f) where N is a neighbourhood of A. Then Nca=a(A,f),
so the latter is a neighbourhood of A. Now da is a closed invariant set and thus
contains the w-limit set of each of its points. Furthermore, da n A=. Thus
de¢na= and & is open. Observe also that if xe &, then x+ R meets N so that
w(x, f)cw(N,f)=A.

Now A* =Comp & is a closed invariant set. Let U be any open neighbourhood
of A with ClLUc N and let N*=Comp U. Then for xedN*=aU < a(A,f),
w(x, f)c Ac Ext N*, Thus N* is an attractor neighbourhood for f*. The set
{x|x- R= N*} is disjoint from &(A,f) but must contain all points in A*=
Comp @(A, f). Thus A* is an attractor for f*.

For xea(A fN\A, o(x,f*)cExt NcInt N¥*; thus w(x,f*)c A* and xe
a(A*, f*). If follows that a(A*, f*)=X\A and the theorem is proved. O

https://doi.org/10.1017/50143385700009305 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700009305

14 C. Conley

CoRrROLLARY 2.2C. Any closed neighbourhood N of A which is contained in a(A, f)
is an attractor neighbourhood.

Proof. If x€ 9N, then w(x, f*)< A*< Ext N. O
Remark. ¢ and X are both attractors and repellers with neighbourhoods ¢ and X
respectively.

THEOREM 2.2D. If A, and A, are attractors, then A=A, N A, and A=A, U A, are
attractors. Also A*=AYU A%, A*=A*n A%, a(A,f)=a(A, f)na(A, f) and
Q@(A f)=a(A, f)ud(Ayf). .
Proof. Let N, and N, be attractor neighbourhoods for A, and A,. Then N, N, is
obviously an attractor neighbourhood and A, n A, is the corresponding attractor.
Since a(Ag,f)={y|lw(y,f)<=Ag} for B=1, 2 (in contrast to the general
definition), it is clear that &(A,NnA,, f)=a(A,, f)na(A,, f). If follows that
A*=Comp a(A, f)is given by A¥ U A¥. Applying the above argument with A}, A¥
and f* replacing A,, A, and f, the theorem follows. O
Definition 2.3A. An invariant set of A which is the intersection of attractors will be
called a quasi-attractor. A quasi-repeller of f means a quasi-attractor of f*.
Remark. Attractors are isolated invariant sets ([2], [5]). Thus quasi-attractors are
quasi-isolated invariant sets ([5]). The only sets which are both attractors and
repellers are X and ¢; however, it is possible to have non-trivial sets which are
both quasi-attractors and quasi-repellers.

Remark. For any subset Y < X, there is a unique smallest Quasi-attractor containing
Y.

THEOREM 2.3B. Let A be a closed invariant set of f. Then A is a quasi-attractor if
and only if any neighbourhood of A contains an attractor neighbourhood, while A is
an attractor if and only if every small enough closed neighbourhood of A is an attractor
neighbourhood.

Proof. This follows immediately from 2.2C and 2.3A. O

THEOREM 2.4A. Any closed -open subset of an attractor is an attractor. Any component
of a quasi-attractor is a quasi-attractor.

Proof. A component of a quasi-attractor must be the intersection of components of
attractors and thus of closed-open subsets of attractors. Thus the second statement
follows from the first.

If A’ A is a closed-open subset of the attractor A, then there is a closed
neighbourhood N of A’ such that Nc @(A,f) and NnA=A’. Thus N is an
attractor neighbourhood (x€dN implies w(x,f*)c A*<Ext N) and so A'=
{x|x+ R< N} is an attractor. O

2.4B. It is not generally true that a component of an attractor is an attractor; however:

LEMMA. Let x be a point in an attractor A such that any neighbourhood of x meets
at least two components of A. Then no neighbourhood of x with closure in a(A, f) is
connected.
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In particular, X is not locally connected at x.
Proof. Let Y be a connected set with Cl Y < &(A, f). Then w(Y, f) is a connected

set in A and meets each component of A that Y does. Thus Y meets only one
component of A and so cannot be a neighbourhood of x. O

THEOREM 2.4C. If X is locally connected, each attractor has finitely many components
and each component is an attractor.

Proof. This is from 2.4A and 2.4B. a
Remark. 1t is not true that attractors in a locally connected space have to be locally
connected.

THEOREM 2.4D. Suppose A is an attractor for f and that A< A is an attractor for
f=f|A. Then A is an attractor for f.

Consequently if A is a quasi-attractor for f =f| A, where A is a quasz -attractor for
f, then A is a quasi-attractor for f.
Proof. Choose a closed neighbourhood N of A relative to X such that N < a(A, f)
and NnAc (A, f). For example, let N be the closed £/2 neighbourhood of A,
where ¢ =min{p(A, X\@(A, f); p(A, A\@(A, f)}. Then for xedN, either
xea(A, f)\A or xe An a(f, A). In the first case w(x, f*)< Ext @(A, f)< Ext N,
while in the second case w(x, f*) < AnExt &(A, f)< Ext N. Thus N is an attractor
neighbourhood (in X) and the theorem follows. O

THEOREM 2.4E. Suppose X' is any closed invariant set of f and that A is an attractor
(quasi-attractor) for f;, then A'= An X' is an attractor (quasi-attractor) for f = f| X'

Proof. Let N be an attractor neighbourhood of A. Then N X’ is an attractor
neighbourhood of A'. O

3. The chain recurrent set and Q-limit sets
3.1. (g, t, f)-chains

Definition 3.1A. Given (x,y)e X x X and ¢, t>0, an (g, ¢, f)-chain from x to y
means a collection (x =x,...,X,01=y; t1,..., t,) suchthatfor 1<i=<mn, ;= t and
p(xi+ by, xip1) = &

LEmMMA 3.1B. If there are (g, t, f)-chains from x to y and from y to z, there is an
(g, t, f)-chain from x to z.

Proof. The two given chains are put together in the obvious way. O

3.2. The partial order P(f)

Definition 3.2A. P(f)={(x, y)| for any &, t>>0, there exists an (&, t, f)-chain from
X to y}.

THEOREM 3.2B. P(f) is a transitive relation.

Proof. From 3.1B. O
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LEMMA 3.2C. If (x, y)€ P(f), then for any f, (x- i, y) € P(f).

Proof. Given ¢, t>0, construct an (g, t+]|f], f)-chain from x to y. On replacing
x;=x by X;=x-fand t, by {,=t,—i(>1t), there results an (¢, ¢, f)-chain from x-
to y. O

THeOREM 3.2D. P(f)* = P(f*) (cf. § 1.6).

Proof. Suppose (x, y)€ P(f) and that ¢, t > 0 are given. Choose £’ < £ such that for
p(y,z)<e, p(y-(=t), z-(—=1))<e Then if (x=xy, X3, ..., Xps1 =V} bi,..., 1 ) IS
an (&', 2t, f)-chain from x to y, it is easily verified that (y=x,,,; x,- (t,—1),
Xpoi *bamgsee ey Xy iy X3 L ty— 1t by, ..., 1)) is an (g, t, f*)-chain from y to x. (An
initial orbit segment has been attached to y; otherwise the chain just goes backward
over the given one.) O

THEOREM 3.2E. P(f) is closed in X x X.

Proof. Suppose (x, y) is a limit point of (f) and let ¢, t> 0 be given. Using 3.2C,
(x-t,y) is also a limit point of (f). Choose (x', y')e 2(f) such that p((x’,y’),
{(x-t,y))<e/2. Choose an (&/2, t, f)-chain from x’' to y’. On replacing x,,., =y’ by
X,+1=Y, an (g, t, f)-chain from x’ to y is obtained. Also (x =x;, x,=x"; t;=1) is
an (g, t, f)-chain from x to x". By 3.1B x and y are connected by an (g, ¢, f)-chain
and the theorem follows. [

THEOREM 3.2F. If (x,y)e P(f), then Cl(x- R)XCl(y- R)c P(f).
Proof. Apply 3.2C, 3.2D, 3.2C, 3.2D and 3.2E. 0

THEOREM 3.2G. If x€ w(y, f*), then (x, y)€ P(f).

Ifyew(x,f), then (x,y)e P(f) and (x,z)e P(f) if and only if (y, z)e P(f).
Proof. Suppose xcw(y, f*) and let £ t>0 be given. Choose t'>1t such that
p(x-t,y-(—t))<e Then (x=x,, x,=y - (=t'), x3=y; =t t,=t)isan (g t,f)-
chain from x to y.

Suppose y € w(x, f). Given (g, t)>0, choose t'>t so that p(x- t', y)<e. Then
(x, y; t') is the required chain from x to y.

If (y,z)e P(f), 3.2B implies (x, z) is. If (x,z)e P(f) and ¢, t>0 are given,
choose I so that p(x-f, y-t)<e, By 3.2F (x- £, z)e P(f). Also (y,x- f;t) is an
(g, t,f)-chain from y to x- Z Thus there is an (¢, ¢, f)-chain from y to z and the
theorem follows. O
3.3. The chain recurrent set and an equivalence relation

Definition 3.3A. Let R(f) = {x|(x, x) € P(f)}; R(f) will be called the chain recurrent
set.

Let (f)=2(f)nP(f)*.

THEOREM 3.3B. R(f) is a closed invariant set of f containing the non-wandering set
and R(f)=R(f*).

E(f)=8(f*)<R(f)XR(f) is closed in R(f)x R(f) (hence in X x X) and is an
equivalence relation.
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Proof. R(f) is closed and invariant by 3.2E and 3.2F and equals R(f*) by 3.2D.
Z(f)=4%(f*) by 3.2D and is closed by 3.2E. If (x, y)€ €(f), then both x and y
are in R(f). If xe R(f), then (x,x)e P(f) so in &(f). €(f) is symmetric by
definition and transitive since 2(f) is. Thus €(f) is an equivalence relation on
R(f). If x is a non-wandering point and ¢, ¢t >0, then an (g, ¢, f)-chain from x to
x is easily constructed. O

THEOREM 3.3C. The equivalence classes of €(f) are unions of components of R(f)
and each meets at most one component of X non-trivially.

Proof. Let R’ be a component of R and suppose x, y € R'. Then, since R’ is closed,
given (g, t)>0, there is a finite sequence (x=x,,...,X,+;=y) in R such that
p(x;, xir1) <e/2. Since (x;, x;) € P(f), there is an (&/2, t, f)-chain from x; to x;.
Replacing the last point of this chain by x;.,, one has an (g, ¢, f)-chain from x; to
x;+1. If follows that such a chain exists from x to y. Since x and y were arbitrary
points of R’, all points of R’ are equivalent.

If (x,y)e €(f), then the (g, ¢, f)-chains from x to y show that x and y are
‘e-connected’ in X for any e. Thus x and y lie in the same component of X. O

Remark. This does not imply x and y are in the same component of R(f) since the
chains may not be contained in R(f). However, see 3.6D.

3.4. Q-limit sets
Definition. 3.4A. For C < X, Q(C,f)={y|there exists xe C with (x, y)e P(f)}.
Note Q(C, ) =Uscc Q(x, f).

THEOREM 3.4B. If C is closed, Q(C, f) is a closed invariant set.

If {C,}T is a sequence of closed subsets of X and C =lim sup {C,}Y, then Q(C, f) >
lim sup {Q(C,, f)}T.
Proof. Q(C, f) is invariant by 3.2F and the rest follows from 3.2E. d

LemMa 3.4C. If C is closed, Q(C, f) 2 o (C, f).

Proof. Suppose ye€ w(C, f)=( )ier C{C: (1,0)}. Then given n>0, there exists

x, € C such that p(x,  n,y)<1/n Let xe C be a limit point of {x,}7. Given &,

t>0, choose &' between 0 and ¢ so that p(x’,x)<e' implies p(x'-t,x- t)<e.

Choose n so that n>2t, 1/n<e¢ and p(x,, x)<&'. Then (x=x;, X,=X, 1, X3=y;

L=t t,=n—t)is an (g, t, f)-chain from x to y. Thus (x, y)€ ?(f) and y € Q(C, f).
O

THEOREM 3.4D. If C is closed, then Q(C, f)=Q(w(C, f), ).

Proof. By 3.2G Q(x, f)=Q(w(x,f),f). Thus Q(C, f) = \recc Qw(x, ), f). Since
w(x, f)c w(C, f) whenever xe C, Q(¢, f)= Q(w(C, f),f). But by 3.4C and 3.2B
Q(C, )2 Q(w(C, f), f) and the theorem follows. O

THeoREM 3.4E.
(1) yeQUx, f) if and only if xe Q(y, f*).
(2) If (x,y)e &(f), then Q(x, f)=Q(y,f).
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3) Qx, f)nQ(x, f*) is non-empty if and only if x € R(f); in this case it is precisely
the equivalence class of x.

(4) For xe R(f), w(x,f)uw(x, f*) = Qx, )N Q(x, [*).

(5) Inany case Q(x, f) contains any component of R(f') which it meets non-trivially.
Proof. The first statement comes from 3.2D; the second and third from 3.2B and
the definitions. The fourth comes from 3.2G and the last from 3.3C. O

3.5. The (&, t)-approximation of the Q-limit set

Definition 3.5A. Q'(C, ¢, t, f)={y|there is an (g, t, f)-chain from x to y for some
x € C}. Note that if C< C, then Q'(C, ¢, £, )= Q'(C, &, t,f).

LemMaA 3.5B. Q'(C, &, t, f) is open and contains Q(C, f).

Proof. Given an (¢, t, f)-chain from x to y, let ¢'=p(x," t,, y). For z such that
p(z,y)<e—¢’, an (g, I, f)-chain from x to z is obtained on replacing x,.; =y by
X,41= 2. It follows that Q'(C, ¢, t, f) is open. [

LEMMA 3.5C. The closure of Q'(C, ¢, t, f) is an attractor neighbourhood and contains
an e-neighbourhood of the corresponding attractor.

Proof. If ye V'=Q'(C, ¢, 1, f) and p(z,y- t)<g, then (y, z; t) is an (g, ¢, f)-chain
from y to z and so z€ €. For y € 8Q' choose a neighbourhood U of w(y, f*) such
that for ze U, p(z- t, w(y, f*))<e. Then each ze U is connected to w(y, f*) and
thence to y by an (g, £, f)-chain. Since y €€, y is not in the open set {}'. Thus
UnQ' = and o(y, f*)< Ext Q' so that Cl1Q)' is an attractor neighbourhood.

If ('Y, then the first sentence of the proof implies that an e-neighbour-
hood of Y-t is in (). For A the attractor in C1Q)’, A= A" t; thus the lemma is
proved. O

Definition 3.5D. Q(C, e, 1, f)={x|x- RcQ'(C, &, t,f)}.

THEOREM. Q= Q(C, &, t, f) is an attractor containing Q(C, f). a(Q), f) contains an
e-neighbourhood of Q; in particular, at most a finite number of the sets Q(C, e, 1, f)
are distinct. :

Proof. Except for the assertion concerning the number of distinct sets, this is a
rewording of 3.5B and 3.5C. To see the last, observe that the Hausdorff distance
between any two such sets is at least &. The result then follows from the fact that
the space of closed subsets of X with the Hausdorff metric is compact. O

LEMMA 3.5E. Given an attractor A and a neighbourhood U > A, there exist &, {>0
such that fore <gand t=7, V(A ¢, 1, f)< U. Then with U< (A, f), YA, &, t,f) =
A

Proof. Choose a neighbourhood N of A such that Nc U and A= w(N, f). Then
there exists 7 such that N=CH{N-[f, o)} Int N. Let £=p(aN, N). Given x€ N,
e<éand t="flet (x=x,...,%,1=V; ti,..., t,) be an (g, ¢, f)-chain from x to
y. If x; e N, then x;- t;€ N so x;,, € N. Since x, € N, it follows that x,,,=y€ N and
the result follows. a
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3.6. Characterization of Q-limit sets

THEOREM 3.6A. Q(C, f) is precisely equal to the smallest quasi-attractor of f containing
w(C, f). In particular, if w(C, f) is connected, then so is Q(C, f).

Proof. From the definitions Q(C, f)=( )..1»0 Q'(C, &, t,f). Thus Q(C, f) contains
the quasi-attractor (), ,~o 2(C, ¢, £, ). On the other hand, since Q(C, f) is a closed
invariant set in '(C, ¢, t, f'), it must be contained in Q(C, &, ¢, f). Thus it is equal
to the intersection of the latter and so is a quasi-attractor. By 3.4D it contains
«(C, f) and by 3.5E it is contained in any attractor containing «(C, f). Since
components of quasi-attractors are quasi-attractors (2.4A), the connectedness of
o(C, f) implies that of Q(C, f). O

COROLLARY 3.6B. Comp R(f)= u{a(A, f)\A|A is an attractor of f}.

Proof. If A is an attractor and x € &(A, f)\A, then w(x, f) = A and by 3.6A Q(x, ) <
A, so that x £ Q(x, f) and x € Comp R(f). If x 2 Q(x, f), then there is some attractor
A containing Q(x, f) but not x. Then since w(x, f)= Q(x, f)< A, xe @(A, f). O

THEOREM 3.6C. Let A be a quasi-attractor of fand let f = f| A. Then Q(x, ) =Q(x, f)
Jorany xe A.

Let A* be a quasi-repeller of f and let f = f| A*. Then Q(x, f)=A*NQ(x, f) for
any x € A*,

Proof. In the first case 2.4D implies Q(x, f) is not only a quasi-attractor of f but
also of £ Since it contains w(x, f) and is contained in Q(x, f), it must be equal to
Q(x, f) by 3.6A.

In the second case 2.4E implies that A* N Q(x, f) is a quasi-attractor of f contain-
ing w(x, ) hence Q(x, f) (by 3.6A). Let A* be any repeller of f dual to an attractor
containing Q(x, f). By 2.4D A* is also a repeller for f. Then its dual attractor (with
respect to f) must contain (x, f) hence Q(x,f)n A* Thus any attractor of f
containing Q(x, f) also contains Q(x, f) N A* and so Q(x, f)=Q(x,f)n A*. O

THEOREM 3.6D. The equivalence classes of R(f) are precisely the components of R(f).
IffEfl R(f), then P(f)=P(f); thus (e, t,f)-chains connecting points of R(f)
can be chosen to lie in R(f).

Proof. Let E(x)=Q(x, f) nQ(x, f*) be the equivalence class of x. Let f=f|Q(x, f)
and let f= f| E(x). By the first sentence of 3.6C Q(x, ) = Q(x, ) (note x € Q(x, f)).
By 2.4E E(x)=Q(x, f*)nQ(x,f) is a quasi-repeller of f. Thus by 3.6C (second
sentence) Q(x, f)= E(x) nQ(x, f)= E(x).

By 3.6A E(x} is connected and so is a component of R(f) (using 3.3C). In a
similar way E(x) is equal to Q(x, f*). Since f chains are also f chains, all points
of E(x) are equivalent under f and, since equivalence classes of &( f ) are contained
in components of R( f ), it follows that E(x) is an equivalence class of &( f ). O
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4. The gradient part of f

4.1. Functions which decrease on orbits

Definition 4.1A. Given a flow f on X, define:
D'(f)={g:X > R|g is continuous and for x€ X and t>0, g(x - t)=g(x)}.
R'(f)={xe X |for ge D'(f) there exists 1> 0 such that g(x- 1) = g(x)}.
D(f)={ge D' (f)|if x£ R(f) and t>0, then g(x- 1) <g(x)}.

4.1B. These definitions are obtained from Auslander [1], who was interested in a
more general situation. The set R'(f) is called the generalized recurrent set by
Auslander and he justifies the name by characterizing the points of R'(f) in terms
of orbit prolongations. Our lemma 4.1E below is of the same type as his result
(though easier as well as more suited to the present purpose). Lemmas 4.1C and
4.1D are also proved by him in his more general setting.

LEmMMA 4.1C. R'(f) is a closed invariant set.

Proof. R'(f) is the intersection of the closed sets C(g, t) defined for ge @'(f) and
t>0by C(g, t)={x|g(x- t)—g(x)=0}. Thus R'(f) is closed. For x € R'(f) there
exists g€ @'(f) such that for t>0, g(x- t) < g(x). Given 7€ R, let g be defined by
g(x)=g(x-(-1)). Thenge @ andfort>0,g((x- 1) - t)=g(x-t)<g(x)=g(x- 7).
Thus x £ R'(f) implies x- € R(f) for all fe R and so Comp R'(f) and R'(f) are
invariant. O

LEmMMa 4.1D. @'(f) is a complete metric space (under the sup norm metric or
equivalently the compact-open topology) and D(f) contains a dense set of second
Baire category in 2'(f). In particular, 2(f) # O.

Proof. 9'(f) is a closed subset of the space of continuous functions on X with the
sup norm metric. Thus @'(f) is a complete metric space.

If R'(f)=X, then @'(f)=2(f) and the lemma is true.

If not, let m be a fixed positive integer. For x € Comp R'(f) choose a function
g€ D'(f) such that g(x-1/m)<g(x). Since g is continuous, there is a compact
neighbourhood C(x) of x such that g| C(x)>g|C(x) - 1/m (pointwise).

Thus there is obtained a cover of Comp R’(f) from which a countable sub-cover
{C,}}" can be chosen.

Now for each positive integer n, let ¢(n, m) be the set {ge D'(f)|g|C.>
g|C,- 1/m}. Since C, is compact, ¢(n, m) is open in &'(f); it is non-empty by the
construction of the C,,. For g€ @'(f)and ¢ > 0, g € ¢(n, m) implies g+ eg € d¢(n, m).
Thus ¢(n, m) is also dense in @'(f) so ﬂc::l ¢(n, m) is a dense set of second Baire
category with the property that for g in this set and xe Comp R'(f), g(x-1/m) <
g(x).

Let ¢(m)={g|xe Comp R'(f) implies g(x-1/m) < g(x)}. Then $(m) contains
a dense set of second Baire category as does ﬂ:=1 ¢é(m). But the last set is just
P(f) so the theorem is proved. O
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LemmMmA 4.1E. R'(f)< R(f).

Proof. Suppose x £ R(f). By 3.6B there is an attractor A such that X a(A, f)\A.
Let A* be the dual repeller.

Let p: X - [0, 1] be any continuous function such that p|A*=1, p| A =0. Define
p(x)=sup{p(y)|y e x- [0, ©)}. Clearly p decreases on orbits so is in D'(f) provided
it is continuous.

For xe a(A, f)\A, let p(x)=8. Let C<= &(A, f) be a compact neighbourhood of
x such that p| C > 8/2. Choose a neighbourhood u of A such that g|u < §/2. Choose
t>0 such that C1{C- (t,0)}< u. Then for x’e C, 5(x") =sup {p(y)|y € x'[0, ©]} =
sup {p(y)|y e x' - [0, t]}. Since p is continuous and x[0, t]-> x- [0, t] as x> x, § is
continuous at x.

Thus p is continuous at all points of &(A, f)\A. It is obviously continuous at
points of A* and also at points of A, since the positive half-orbit from points near
A stays near A. Thus 5: X - R is continuous and so in 2'(f).

Clearly p decreases at some point of every orbit in & (A, f)\ A. Thus this set, and
in particular X, is contained in Comp R’(f). Thus Comp R(f)< Comp R'(f) and
the lemma follows. [
Remark 4.1F. It is not generally true that R'(f) = R(f). For example, let X denote
the unit square in the plane and let f be the flow generated by the vector field x =0,
y=—xy(1-x)(1—y). Then R'(f) is the boundary of the square (rest points are
clearly in R'(f) while the function g(x, y) =y decreases on all other orbits) while
R(f)= X (there are no non-trivial attractors).

4.2. Gradient flows

Definition 4.2A. A flow f will be called a gradient flow if R(f') is totally disconnected.
Note. Then R(f) consists of rest points and has point-like components. The example
of 4.1F is ‘gradient’ in the sense that there exists a function which decreases on
non-constant orbits, but it admits no filtrations. The point of view here is that the
filtration is the notion of importance.

THEOREM 4.2B. If f is gradient-like, R'(f) = R(f) and in particular, for g 2(f), g
is strictly decreasing on all non-constant orbits. (This is meant to justify the name
‘gradient flow’.)

Proof. Since R(f) consists of rest points and all rest points are in R'(f), R'(f)>
R(f). The reverse inclusion follows from 4.1E. The remainder is from the definitions.

O
4.3. Domination

Definition 43A. Let f and f' be flows on X and X' respectively and let k be a
continuous map from X onto X'. If for each xe€ X, h(x-[0, %)) = h(x) - [0, ),
then f will be said to dominate f' with map h. In symbols, f> f'(h). If f> f' and
f'>f, then f and f' will be called ‘w-similar’.

LemMA 4.3B. The relation > between flows on compact metric spaces is reflexive and
transitive.
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Suppose f > f'(h). Then if Y is a closed invariant set of f, h(Y) is a closed invariant
set of f'. If Y is a closed invariant set of f', then h™'(Y) is a closed invariant set of f.

LemMAa 4.3C. If f> f'(h), then for any Y < X, h(w(Y, f))=w(h(Y),f).
Proof. Since X and X' are compact and Hausdorfl, for any Y< X, h(Cl(Y)) =
Cl (h(Y)).

From the definition (4.3A), for te R, h(Y:[t,00))=h(Y) - [t, ) (the - is used
both for f and f').

Thus  h(CI(C-[t,0))=Cl(h(C)-[t,0)) and (). h(CI(C-[t,0))=
w(h(C), f').

Since the sets Cl (C: [t,00)) are compact and decrease as ¢ increases, and since
X' is Hausdorfl, [, .z h(Cl(C-[t,0)))=h(),.r C1(C-[t,0)))=h(w(cf)).
Thus the theorem is proved. O

LEMMA 4.3D. Suppose f> f'(h).

If A’ and A™ form an attractor-repeller pair for f', then h~'(A’) and h™'(A'*) form
an attractor-repeller pair for f and h(a(h™'(A’),f))=a(A’, f').

If A and A* form an attractor-repeller pair for f, and h(A) ~ h(A*) =3, then h(A)
and h(A*) form an attractor-repeller pair for f' and h(a(A, f)) = a(h(A), f).
Proof. Observe that two closed invariant sets A and A™ of f form an attractor-repeller
pair if and only if they are disjoint and x € Comp (AU A*) implies w(x, f*)c A*
and w(x, f)c A.

If A’ and A'* are an attractor-repeller pair for f', then h~'(A’) and h™'(A'*) are
closed disjoint invariant sets. Also xe€ Comp(h™'(A")uh™'(A™)) implies h(x)e
Comp (A’U A'*) and an application of 4.3C shows h™'(A’) and h™'(A"™*) form an
attractor-repeller pair for f

If A and A* form an attractor-repeller pair for f, and h(A) and h(A*) are
disjoint, then C again implies that h(A) and h(A¥*) form an attractor-repeller pair

for f ]
THeorReM 43E. If f>f'(h), then for all xe X, h(Q(x, )< Q(h(x),f’) and
h(R(f))= R(Sf").

Proof. Since Q(h(x), f) is the intersection of attractors containing w(h(x),f")=
h(w(x,f)), and since the inverse image of an attractor is an attractor,
R~ ' (Q(h(x), f')) obviously contains Q(x, f). The result for R(f) follows from that
for Q)-limit sets. 0O
THeoreM 4.3F. If f is a gradient flow and f> f'(h), then h(R(f))=R(f").

Proof. If x'e R(f'), then x’ is a rest point of f'. It follows that if h(x)=x', then
h(w(x, f))=x". Since w(x, f)c R(f), h(R(f))> R(f’) and by 4.3E the theorem is
proved. O
4.4, The gradient part of f

Definitions and remarks 4.4A. Let (f)=%(f)u{(x, x)|x € X}. Then &(f) is an
equivalence relation on X, each equivalence class being either a point of Comp R(f)
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or a component of R(f). Also Z(f) is closed in X x X so that the equivalence
classes are closed sets comprising an upper semicontinuous decomposition of X,

Let X be the set of equivalence classes of €(f) and let = : X > X send each point
to its equivalence class. Define a set u < X to be open if 7 '(u) is open; then the
open sets form a topology on X such that X is a compact metric space.

LEMMA 4.4B. w(R(f)) is a totally disconnected subset of X.

Proof. Let U < X be an open set such that U n R(f) = . Suppose x€ 7~ (7w (U))
and let y € U be such that #(y) = w(x). Then either x =y or x and y lie in the same
component of R(f). In either case (using U n R(f) = in the second) x € U. Thus
a ' (m(U))=U and is in particular open. Given two points of w(R(f)), there
correspond two components of R(f). Choose disjoint open sets of X with boundaries
in Comp R(f) and such that each contains one of the components. Then the images
of these two open sets are disjoint and open in X and have boundaries in X\ w(R(f)).
Also each contains one of the given points in #w(R(f)). Thus w(R(f)) is totally
disconnected. O

Definition 4.4.C. For %¢ X, define f(%, )= mw(x (%) - 1).

LEMMA. For all X and t, the set f (X, t) consists of precisely one point. Also X € f (% 1)
if and only if x€ w(R(f)).

Proof. If %2 w(R(f)), then # (%) so # (%) -t consists of precisely one point

which is not in R(f) Then =(7~'(X) - t) consists of one point which is not equal
to x. If xe w(R(f)), then 7 (%) is invariant under f so that 7 (%) - t = 7~ '(%)

and f(%, 1) = {x}. O
Definition 4.4D. Define f: X x R > X by f(%, t) € f(%, t). f will be called the gradient
part of f

THEOREM. [ is a gradient flow on X with f> f(w). If f is any other gradient flow
dominated by f, then f dominates f.
In particular, the rest point set of f is in one-one correspondence with the components

of R(f).
Proof. It follows from the definition that the diagram

S
‘XXR— X

lﬂxm l,

XxRL X
commutes so that, if f is a flow, it is dominated by f. Again from the definition,
f(& t,+86)=f(f(% 1)), t,) and f(X, 0)=x for all X, t, and ¢,.
If X, > % and t, - ,thenlim sup {7 '(x,)} = 7~ '(X) so thatlim sup {7 '(%,) * 1,} <
{m~'(x) - t}. Thus limsup {w (7 '(%,) * t,)}=limsup {%,  t,}c w(7 ' (X) - t)=%-¢
and, since the latter is a point, %, t, > %- t. Thus f is continuous and so a flow.
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Now suppose A and A* form an attractor-repeller pair for £ Since no component
of R(f) can meet both A and A*, w(A) n w(A*) =D (4.4A). Thus m(A) and 7w(A*¥)
form an attractor-repeller pair for f and 7(&(A, f)) = @(w(A), f) (4.3D). In par-
ticular, w7 (Comp R(f))=n(U{a(A f)\A]JA is an attractor of f})=
U {a(—(A), f\7m(A)} = Comp R(f). Also by 43E =#(R(f))<R(f); thus
w(R(f) = R(J). ]

From 4.4C (the lemma) w(R(f)) is precisely the rest point set of f; since this
set is totally disconnected by 4.4B, f is a gradient flow. Also 4.4C implies there is
a one-one correspondence between R(f) and the components of R(f).

If f is another gradient flow and f> f(h), then each component of R(f) must
be mapped to a single point of R(f) (by 4.3E and the fact that R(f) consists of
rest points). Thus a map h: X > X can be defined by h(%) = h(#w~'(%)). It is then
easily seen that £ is continuous and that f> f(k). O

THEOREM 4.4E. If f and f' are w-similar, then so are their gradient parts.
Proof. Suppose f>f'(h) and f'> f(h') and let f and f’ denote the gradient parts
with domination maps = and #'. Then since f> f'(#'°h), f>f'. Similarly

f'>f O

5. Morse decompositions and filtrations
Definition 5.1. If s is the intersection of a quasi-attractor and a quasi-repeller, then
s will be called a quasi-Morse set.

If s is the intersection of an attractor and a repeller, s will be called a Morse set.

Note. A quasi-Morse set is the intersection of Morse sets.

LEMMA 5.2. s is a quasi-Morse set if and only if s =Q(s, ) Q(s, f*).

Proof. For any closed set C, Q(C, f) is a quasi-attractor and Q(C, f*) a quasi-repeller;
thus Q(C, f)nQC, f*) is a Morse set.

Suppose s=An A* where A is a quasi-attractor and A* is a quasi-repeller.
Since s is invariant, w(s, f)=s so that sc Q(s,f)= A and s< Q(s, f*) < A*. Thus
s=s, ) Qs f*). O

LemMMA 5.3. If s and § are quasi-Morse sets and s " R(f)=35n R(f), then s=35.
Proof. First observe that for any flow f on a compact metric space Y, Q(R(f),f) =Y.
Namely Q(R(f), f) is a quasi-attractor; if the complement in Y were non-empty,
it would contain a closed invariant set and any such meets R(f) non-trivially.
Now if x € R(f]|35), then x is in R(f) so in §n R(f) and so in s. Thus Q(s, f) >
Q(R(f]5), f) > Q(R(f|5), f|5)=5. Similarly Q(s, f*)> 5 and then s > 5 With the
roles of s and § interchanged, §> s and the result follows. )

LEMMA 54. s is a Morse set if and only if s=Q(s, f}nQ(s, f*) and s~ R(f) is
closed and open in R(f).

Proof. Suppose s =An A*, where A is an attractor and A* is a repeller. By 5.3
s=Q(s, )N Q(s, f*). Also AnA*NR(f)=a(A, f)na(A* f*)nR(f) since
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@(A, f)\A and &(A*, f*)\ A* are disjoint from R(f). Thus s A R(f) is closed and
open in R(f).

Suppose then that s ~ R(f) is closed and open in R(f) and that s =Q(s, f)
Q(s,f*). Let u be an open set containing s with un R(f)=sn R(f). Since
Comp (u) N Q(s, f*)< Comp Q(s, f), for x in the first set there exists an attractor
A(x) containing (s, f) but not x. Since Comp (u) N Q(s, f*) is compact, there is
a finite collection A,, ..., A, of attractors containing Q(s, f) whose complements
cover Comp (u) nQ(s, f*). Then A=A, - - - " A, is an attractor containing Q(s, f)
and disjoint from Comp (u) " Q(s, f*).

Similarly there can be found a repeller A* containing Q(s, f*) which is disjoint
from Comp (u) " A. Then An A* =5 is a Morse set contained in u and containing
5. Also sNnR(f)=unR(f)25nR(f)>snR(f)so snR(f)=§nR(f). By 5.3
s =§ and the result follows. O

Definition 5.5. A Morse decomposition of X with respect to f means a (finite)
ordered collection of Morse sets {s,,..., s,} such that

(@) R(NH=U;R(f)ns,

(b) for i<j, Usi, f)ns;=D and Q(s;, f*) ns; =D
Definition. A filtration of X with respect to f is a finite increasing sequence
d=A,..,A,=X of attractors of f.

THEOREM 5.6. There is a one-one correspondence between filtrations and Morse
decompositions such that to the filtration {¢ = A,, ..., A, = X} there corresponds the
Morse decomposition s, , . .., s, with s;= A, A¥ ,,i=1,...,n

Then to the Morse decomposition {s,,...,s,} there corresponds the filtration

A=Q(s5yu---us, f),i=1,...,n and Ay= ¢.
Proof. Let {¢ = A,, ..., A, = X} be a filtration. The sets s; = A, " AX, are obviously
disjoint Morse sets and satisfy Q(s;, f) N s; = Q(s;, f*) N 's; = ¢ whenever i <j. Sup-
pose x€ R(f). Then for some i,x€ A; and x¢& A;_,. Since x£ A;_, and x€ R(f),
x&a(A;_y,f). Thus xe A¥,, hence s;,=A;n A} .. Thus Us;nR(f)=R(f) and
{si,..., s,} is a Morse decomposition.

Now let {s,,...,s,} be a Morse decomposition and let A,;=Q(s,u---Us,f)
fori=1,...,n and A,=¢. Then A,,..., A, is obviously an increasing sequence
of quasi-attractors.

Suppose j>i. Then since Q(s,f)Ns;=¢ for k=1,...,1i, it follows that A, =
Qsy,...,s5,0)=Ui_, Q(si, f) is disjoint from s, Thus A;nR(f)=U,_, sin
R(f) and is a closed and open subset of R(f). Since A, is a quasi-attractor, there
must then be an attractor A; containing A; such that A,n R(f)=A;nR(f); 5.3
then implies A; = A; and is therefore an attractor. Thus {¢ =A,,..., A, =X}is a
filtration.

Since A; contains s,, ..., s; and is disjoint from s;,,, ..., s., A; " A¥X, is a Morse
set containing s; and disjoint from s; for j# i This implies A;"A¥X, N R(f)=
s5;AR(f) and so by 5.3 s;=A;nA¥, and the one-one correspondence is
established. O
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