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Abstract

The best known results about the distribution of prime numbers in short intervals imply that all
intervals [n, n + H] C [N, 2N] contain the expected number of primes for all H > N 7/12 " and almost
all intervals [n, n + H] C [N, 2N] contain the expected number of primes for all H > N 176 As a
natural generalization, this paper is concerned with the distribution of prime numbers in intervals of
type [n%, n* + H] with o > 1.
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1. Introduction

Lety(x)=), <x A(n), where A(n) is the von Mangoldt function. We consider the
asymptotic formula

Y(x+H)—v(x)~H asx— oo, (1)

which is related to the number of primes in the interval (x, x + H]. The prime number
theorem implies that (1) holds with H >> x. An interval (x, x + H] with H = o(x) is
called a short interval. The best known unconditional result about the distribution
of primes in short intervals is due to Huxley [8] and asserts that (1) holds for all
H > x7/12+¢_ This was slightly improved by Heath-Brown in [7] to H > x7/12=0(1),
Under the assumption of the Riemann hypothesis, Selberg [11] proved that (1) holds
for all H > x!/2 f(x) log x where f(x) — oo arbitrarily slowly. These results imply
that all intervals [n, n + H] C [N, 2N] contain the expected number of primes for
all H > N7/12 and, assuming the Riemann hypothesis, for all H > N'/? f(N) log N
where f(N) — oo arbitrarily slowly.
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We can relax our conditions and investigate if (1) holds for ‘almost all’ x.
By this, we mean that the measure of x € [X, 2X] for which (1) does not hold
is o(X). Huxley’s zero density estimate [8], in conjunction with the method of
Selberg [11], shows that (1) holds for almost all x with H > x!/9+¢_slightly improved
by Zaccagnini in [14] to H > x!/9=°(D_ Under the assumption of the Riemann
hypothesis, Selberg [11] proved that (1) holds for almost all x with H > f(x) logzx,
where f(x) — oo arbitrarily slowly. These results imply that almost all intervals
[n,n+ H] C [N, 2N] contain the expected number of primes for all H > N 1/6
and, assuming the Riemann hypothesis, for all H > f(N) log?N with f(N) — oo
arbitrarily slowly.

As a natural generalization of the above results, this paper is concerned with the
distribution of prime numbers in intervals [n%, n* 4+ H], with fixed ¢ > 1. Our main
unconditional result is as follows.

THEOREM 1. Let € >0 and a > 1. Then almost all intervals [n%, n* + H] C
[N, 2N] contain the expected number of primes for all H > N1 ywhere

1 - <6
- ifl<a<-,
6 -5
1l — 10 .6 6
c(a) = “oa lf§<a§§+A,
51 —I+k
1 — sup d+a +K) if >4,
(k,D) O[(5k+12)

with A suitable positive constant and (k, ) running over the exponent pairs.

For the sake of simplicity, we will explicitly work out the value of the function c(«)
only for the extreme and more interesting values of «. However, it will be clear from
the proof that the same method enables one to obtain the explicit values of the function
c(a) in the whole range o > 1. As one might expect, we get an increasing function
c(a) such that ¢(1) = 1/6, c() < 7/12 for every o and

: 7
e =

To bound some sums which arise in our argument we employ the counting functions
N(o, T) and N*(o, T). The former is defined as the number of zeros p =8 + iy
of Riemann zeta function which satisfy 0 <8 <1 and |y| < T, while N*(o, T) is
defined as the number of ordered sets of zeros p; = B; +iy;(1 < j <4), each counted
by N(o, T), for which |y; + y2 — y3 — y4| < 1. If we make the heuristic assumption
that

N(o, T)*
= @

as in Bazzanella and Perelli [2], then we can simplify and improve Theorem 1 for large
values of « as follows.

N*o, T) <«
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THEOREM 2. Assume (2), suppose that ¢ > 0 and o > 4. Then almost all intervals
[n%, n® + H] C [N, 2N] contain the expected number of primes for all H > N¢®)+¢

and
@) 7 5
cla)=———
12 12«
We conclude by presenting our results under the assumption of more standard
hypotheses.

THEOREM 3. Let o > 1, € > 0 and assume the Lindeldf hypothesis. Then almost
all intervals [n%, n® + H] C [N, 2N] contain the expected number of primes for all

H > N¢@+e gngd
(@) 1 | 1
cla) = .

THEOREM 4. Let o > 1 and assume the Riemann hypothesis. Then almost all
intervals [n*, n* + H] C [N, 2N] contain the expected number of primes for all
H > NC(“)f(N)logzN with f(N) — oo arbitrarily slowly and

1 I 1

As one might expect, under the assumption of the Lindel6f hypothesis or the
Riemann hypothesis, we get an increasing function c(«) such that ¢(1) =0, c(x) <
1/2 for every o and

li =1
N €0 =3

The main tools of the proofs are the Kusmin-Landau estimate for an exponential
sum together with the van der Corput’s method of exponent pairs, see [4], and a result
about the structure of the exceptional set for the distribution of primes in short intervals
due to Bazzanella and Perelli, see [2] and [1].

2. Definitions and basic lemmas

Our starting point is the definition of the exceptional set for the number of primes
in short intervals. Let | - | denote the modulus of a complex number or the Lebesgue
measure of an infinite set of real numbers or the cardinality of a finite set. Let X be a
large positive number, § > 0 and define

Es(X, H)={X <x <2X: [y (x + H(x)) — ¥ (x) — H(x)| = §H(x)}.

It is clear that (1) holds if and only if for every § > O there exists X(8) such that
Es(X, H) =0 for all X > X¢(5). Hence for small § > 0, X tending to oo, the set
Es(X, H) contains the exceptions, if any, to the expected asymptotic formula for the
number of primes in short intervals. We will consider increasing functions H (x) of
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the form H (x) = x?T¢®) with some 0 < 6 < 1 and a differentiable function &(x) such
that |e(x)| is decreasing, ¢(x) = o(1) and

s(x—l—y):e(x)—i—O( | ) 3)
x log x

A function satisfying these requirements will be called of type 6. It is easy to see that
functions like x? log® x, with ¢ a real constant, and similar functions, are of type 0,
and that for every function H (x) of type 6 we have H (2x) < H (x).

REMARK. In a preceding paper, the author and Perelli [2] defined in a slightly
different way the set of functions H (x) of type 6, and set

ex+y)=¢ex)+ 0 (lz—|>

instead of (3). We remark that with this weaker condition we do not have H (2x)
« H(x) as claimed.

Our first lemma is concerned with the structure of the exceptional set above.

LEMMA 1. Let 0 <6 <1, let H(x) be of type 0, let X be sufficiently large
depending on the function H(x) and let 0 < &8 < § with § — §' > exp(—,/log X). If
xo € Es(X, H) then Ey(X, H) contains the interval [xo — cH(X), xo + cH(X)] N
[X, 2X], where c = (8 — 8))0/5.

PROOF. We will always assume that x and X are sufficiently large as prescribed by
the various statements, and ¢ > 0 is arbitrarily small and not necessarily the same at
each occurrence.

We first observe from the definition of a function of type € that if y = O (x**¢) with
some 0 <« < 1, then

H(x +y) = H(x) + O(x7Te=1+8) 4)

for every € > 0.
From the Brun-Titchmarsh theorem (see Montgomery and Vaughan [10]), we have

that
21 logx
Vvx+y) =¥ < —y (&)
107" log y
for all 10 <y < x. From (5) we easily obtain that
9
Yvx+y) —vx) =< 4—cY (6)
(07

forall X <x <3Xand0<y<cY,where0<a <1, X* <Y < Xand

% exp(—+/log X) <c < 1.
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[5] Prime numbers in short intervals 87
Let H(x) be of type 6, xg € Es(X, H),
x €xo—cH(X), xo+cH(X)IN[X, 2X],
where ¢ satisfies the above restrictions, and
Alx, H)=¢(x + Hx)) — ¥ (x) — H(x).
We have
|A(x, H)| = |A(xo, H) + A(x, H) — A(xo, H)|

> [A(xo, H)| — [¥(x + H(x)) — ¥ (x0 + H(x0))|
— [ (x) — ¥ (x0)| — |H(x) — H(xo)l.

But from (4) with @ = 6 we get
H(x0) = H(x) + O(X**~'%%),

hence from (6) with « = 6 we obtain
9 20—1+¢ 5 ’
|A(x, H)| > 8H (x) — %CH(X) + O0(X )= 38H (x) — ch(X) >3 H(x)

by choosing ¢ = (8§ — §')8/5, since H (x) is increasing. Hence x € Egy (X, H) and the
lemma follows. u

Lemma 1 is part (i) of Theorem 1 of Bazzanella and Perelli, see [2], and essentially
says that if we have a single exception in Es(X, H), with a fixed §, then we necessarily
have an interval of exceptions in Eg (X, H), with § a little smaller than §.

We now present the necessary results about the conditional and unconditional
bounds for the exceptional set for the number of primes in short intervals. With this in
mind, we consider H (x) of type 6 and define the functions

ps(0) =inf{g > 0: |E5(X, H)| <5 X*)

and

wu(0) = sup ps(0). (7N
§>0

Our results are as follows.
LEMMA 2. There exists a constant nn > 0 such that

a1r—-e60) .1 1
M(Q)ST lfg<9§€+77-
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PROOF. In order to prove Lemma 2 we use the classical explicit formula (see
Davenport [3, Ch. 17]) to write

X log>X
Y+ H®) — Y0 —Hx =— Y xPe,(x) + 0(%), ®)
ly|<T

uniformly forall X < x <2X, where 10 < T < X, p = 8 + iy runs over the nontrivial
zeros of ¢ (s),

o _
cp(x) = A+ HO/M" =1 4 ¢,(x) < min (@ i) )
0 Xyl
Let H(x) be of type 6. Choose
log> X (10)

T=——I10

H(X)
and use the theorem of Montgomery (see Theorem 11.3 of Ivi¢ [9]) which asserts that
N(o, T) « T160001-0)"5515 (11)

for every 152/155 <o < 1. From (9)—(11) and Vinogradov’s zero-free region (see
Titchmarsh [12, Ch. 6]) we deduce by a standard argument that there exists a constant
d > 0 such that

HX) o H(X)
Z xPep(x) € log X max X N(o, T) €« ——, (12)
ly|<T ol log X
BEIl

where [ =[1/2, 1 — d], uniformly for all X <x <2X.
Again by a standard argument, from (9), (10) and the Ingham—Huxley density
estimates which assert that for every ¢ > 0 we have

T3(lfa)/(27o)+e’

IA
Q
IA

N, T) < (13)

— RIS}

ENIISIEN T

73(=0)/Bo—-D+e

IA
Q
IA

we obtain

2X 2
/ ) Z xpcp(x)‘ d.x << X2971+€ max XZUN(U, T) << X(11+14€)/10+6,
X oel
ly|I=T
pel
for sufficiently small » > 0 and 1/6 < 6 < 1/6 4 5. Hence, for every ¢ > 0 and § > O,
|Es(X, H)| < X11-60/10%¢

and so the lemma is proved. O
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We observe that we can take d = 2.5 - 1077 and then n = 3.125 - 10~. The value of
n could be somewhat increased by using an optimized version of density estimate (11).

LEMMA 3. Assume (2). Then
n®<l1-0) if 2<o<4y.
PROOF. Let H(x) be of type 6 and

X 3
T=—1log’X
H(X)

Following the method of Heath-Brown [5], we can write

2X
/ W (x + H(x)) — ¥ (x) — H(x) + Z[* dx « X¥03+¢ | max X* N*(o, T),
X

J2<0<1

with ¥ =0o(H(X)). Assuming (2) and using the Ingham-Huxley zero density
estimates, the above estimate implies that

N(o, T)*
|Es(X, H)| < X737 max X*N*(o, T) < X > max X“UL
1/2<0<1 1/2<0<1 T
<« X9—4+s( max x40 12(1-0)/2—0)
1/2<0<3/4

L max X% T12(170)/(3071)>
3/4<o<l1 ’

for every § >0 and ¢ > 0. With 23/48 <6 < 7/12 the maximum is attained at
o =3/4, so
|Es(X, H)| < X300+,

for every § > 0 and ¢ > 0. This completes the proof of the lemma. O

LEMMA 4. Assume the Lindelof hypothesis, let ¢ > 0 and § > 0. For every H > 1,
I+e

H(X)

|Es(X, H)| <

Lemma 4 may be proved along the same lines as Yu [13, Lemma B].
To deal with the problem of estimating the exceptional set for the distribution of
primes in intervals [n%, n® + H] C [N, 2N], suppose that H (x) is of type 6, let

A(n, H, @) =y (n® + Hn)) — y(n%) — H@n®),
and define the set

As(N, H,a) = {N'* <n < @N)V* 1 |A(n, H, @)| > §H(n)},
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that contains the exceptions, if any, to the expected asymptotic formula for the number
of primes in intervals of type [n%, n® + H(n%)] C [N, 2N]. Our last lemmas allow
us to link |As(N, H, «)| to the exceptional set for the distribution of primes in short
intervals.

LEMMA 5. Let H(x) be of type 0, with 1/6 < 6 < 7/12. Then for every § > 0 we have
the following results:
1)
|As(N, H, &) =o(N'*) if1 <a <8
(i1)
|Esj2(N, H)|f(N) log*N
H(N)

6
|As(N, H, )| < +o(N*) ifa> 5

with f(N) — oo arbitrarily slowly.

PROOF. Recalling the explicit formula for 1/ (x) and putting

T—L (N) log”? N
_H(N)f Og ’

where f(N) — oo arbitrarily slowly, we have

Y+ Hn®) — ¢ (n®) — Hn®) = — Y n* c,(n) + o(H(N))

lyI<T

=— 3 n%e,(n) + o(H(N)),
ly|<T
Bel

where d and I =[1/2, 1 — d] are defined as in the proof of Lemma 2,

¢ (n) = -1+ Ij)(na)na)p and ) < min<

H(N) 1)
N lyl)

Further we divide the interval / into O (log N) subintervals /; of the form

PP et Y
77 |log N log N

On applying Cauchy’s inequality we find

2 2
Z n“Pcp,(n)| < logNZ Z n*c,(n)| ,
lyl<T j yl<T
,BEI /361]‘

https://doi.org/10.1017/51446788709000020 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788709000020
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and so we get

H(N?As(N, Hoo)| < Y [y 0*+H0Y) — ¢ ()= Hn*) +o(H(N))

neAs(N,H.a)
2
Z n“ c,(n)

ly|<T
Bel

=

NVe<pn<(2N)!/«

<L log N

2
Z Z n*fc,(n)

Nle<p<@N)le j llyl<T
EI_]'

Squaring and using partial summation we then have

log N e
As(N, H, )] < % Y Y w ety ()

NVe<p<@N)Ve j |yI<T |y/|<T
EIj ,3/611'

1 N

S LN S5 s
lyI<T |y'|<T
Bel; pel;

where

S= >, nfUT= 3T e,

N <p<(Ny)!/e N/t <p<(Ny)l /e
o
e(x) = eme’ 2(x) = aly =y’ log x
21
and N < N; <2N.
Let 5
H(N) = = N'""* f(N) log’N, (14)
T

with f(N) — oo arbitrarily slowly. Using the theorem of Kusmin-Landau (see
Graham and Kolesnik [4, Theorem 2.1]) and the trivial bound, one finds that

Nl/oz
S|« ——— and |S| < N,
ly — v/l
and hence
gN
A5, H SCEED D M

lyl<T ly'|<T
Belj pel;, ly—y'I<1

D VLG M SR

=t pier YV
Belj pel;ly—y'|>1
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which implies

N'/e .
|As(N, H, a)] € — 10g3N(Z > N2J/1°gN>. (15)
N jolrI<T
ﬂeb

For every 1 <« <6/5 and H (x) of type 6 with 1/6 <8 < 7/12, and for every
a > 6/5 and H (x) satisfying (14), it follows by a standard argument and the Ingham—
Huxley zero density estimates that

2

N2i/logN max N7 N(o, T) < : (16)
(oS

J o lrI<T
ﬂEh

for every A > 0. From (15) and (16), it follows that
|As(N, H, @) = o(N'/%)

logA N

for every 1 < a < 6/5 and for every o > 6/5 with

2
H(N) > 22 N1 £ (3 log? .
T

Finally, let « > 6/5 and

2
H(N) < X N1 £(N) 10g?N.
T

To deal with this small H we observe thatif n € As(N, H, o) then N <n® <2N and
[Y(n® + H(n®)) — ¥ (0*) — H@n®)| = §H ().
Thus n* € Es(N, H). By Lemma 1 we find a constant ¢ > 0 such that
[n* —cH(N),n* + cH(N)IN[N,2N]C Es>(N, H).

We now consider m € As(N, H, o), with |m — n| > (2/n)f(N)log2N and similarly
we get m® € Es(N, H) and then

[m* —cH(N), m* +cH(N)IN[N,2N]C Es;»(N, H),

again by Lemma 1. Since

im®* —n®| > |m — nlaN'""* > %“N“Wf(zv) log’N > H(N),
we may deduce that

m* —cH(N),m* +cH(N)IN[n* —cH(N),n* +cH(N)]| =0,
for ¢ suitable small. This leads to the bound
|Esjp(N, H)|f (N) log>N

H(N) ’

for every 6 > 0, which proves the lemma. O

|As(N, H, )| K
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LEMMA 6. Assume the Lindeldf hypothesis. Let H (x) be of type 6, with0 < 6 < 1/2.
Then, for every § > 0 and o > 1,

|Esj2(N, H)| f(N) log>N

1/a
o + o(N'/%)

|As(N, H, a)| K

with f(N) — oo arbitrarily slowly.

PROOF. We follow the proof of the Lemma 5 until the equation (15). Under the
assumption of the Lindelof hypothesis, which states that the Riemann zeta function
satisfies

to+it) <t (0=4,1>2),

for any n > 0, we have

T2+ (1=0) (Jog THM 0<o<1,
T30-0)/C=3/Mog T)M, 3 <o <1,

N(o, T) < a7

with 7 > 2 and M suitable absolute constant (see Lemma 3 of Yu [13]). From (17) it
follows that the bound (16) holds for every

2
H(N) > 2N £(N) log?N
T

and o > 1. We can conclude the proof by dealing with smaller values of H in the same
way as in the proof of Lemma 5. O

3. Proof of the Theorem 1
By the case (i) of Lemma 5, we can take
cl)=¢ ifl<a<t
For all ¢ > 6/5, by (ii) of Lemma 5,

|Es/2(N, H)|f(N) log?N

1/
HN) + o(N%),

[As(N, H, )| K

for every H (x) of type 6, with 1/6 < 6 < 7/12. Furthermore, by Lemma 2 there exists
n > 0 such that
|Esjp(N, H)| < N11760)/10+e

for every
é<9§%+n,

and every H (x) of type 6. These estimates together yield

|As(N, H, a)| « NUT160)/10%e 4 o (yl/ey
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and
|As(N, H, a)| = o(N'*),
for every
1l — 10
0> —
16«
and sufficiently small ¢ > 6/5.
It follows that
@) 1la — 10 'f6 <6—|—A
cla)=——— if-<a=<- ,
16c 5 -5

for suitable positive constant A. From the explicit value for n available from the
Lemma 2, we can state that an admissible value is A =7.2 - 10~7.

To estimate c(«) for large values of @ we need to follow a quite different method.
In a similar way as in the proof of Lemma 5, we let

T = log3N
H(N)
and write
Y+ Hn®) — ¢ (n®) — Hn®)=— Y n*c,(n) + o(H(N)),
ly|<T
pel

where I =[1/2, 1 — d], for a suitable positive constant d. Next we divide the interval
I into O(log N) subintervals /; of the form

==L 1n;
77 |log N’ log N ’

Using Holder’s inequality, we get

4 4
Z n*c,(n)| < log3NZ Z n*c,(n)
ly|<T j yl<T
,36[ ,Belj
and then we can deduce
10g3N 4
45N H, @)l < s oD ne,m)
NVe<p<@N)l/e j |y|<1T
€lj

3 -
- B D 3D M MDD A

NVesn=@N)Ve j IVI<T |y |<T |y"|<T |y"|<T
Belj p'el; p'el; pel;

3
5 LALLM MDD WY
J VI<T |y'|<T |y”|<T |y"|<T

Belj p'er; p'el; B"el;

=V +V,,
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where

Cpn= Cp (n)Cp/ (I’l)Cp// (n)c,o/” (n),
aly +y' —y"—y")
Yo elgm), g)= > log x,
T
NVe<p<(Ny)l/e

n=EEE SN S Yy > s

i

VI<T |y'|<T |y"|<T ly”1<T
Belj pel; B'el; B el;
|}/+}//—}/”—}/W\S(?T/U)Nl/a

S =

and

Vo= lozngZN“f/‘°gN DD > s

[YI<T |y'|<T |y"|<T ly"|<T
Belj gel; p'el; B"el;
ly+y'=y" =" |> () N1/®

We first proceed to estimate Vj. For the terms in the inner sum with

///|

ly+v —v"—y"<1

we can estimate |S| using the trivial bound. For the terms with
b4
1< |)/+)//—J///—)/W| < _Nl/a
o

we can use the Kusmin-Landau theorem. Hence we obtain the estimate
N 1/a
1+|y+y1_y//_ym|’

S K
which, by Heath-Brown’s method [5], implies
NYelogN
A7 OB max N N*(o, T).
N4 oel
For H(x) of type 6, with 0.342 < 6§ < 7/12, Heath-Brown’s zero-density estimates

Vi K

7(10-110)/Q2—0)+e % <o < %
N*(o, T) <« T(18—19(7)/(4—20)+8’ % <o < ?T’ (18)
T12(1=0)/(4o—D+e % <o<1,

[6, Theorem 2] give upper bounds for N4’ N*(o, T) that attain their maximum at
o =1 —d. A short calculation then shows that
4

N40'N>k , T L
ot @< (log N)4
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for every A > 0. Hence we conclude that
Vi =o(N'),

for every 0.342 < 6 < 7/12.
Now we turn to estimating V5. Let (k, [) be an exponent pair, then

4yl k i T \* N
S<<<|V lej/a, 14 |) (Nl/ot> & (Nl/a) N/ < N (ke (1=6) k+l)/a+s’

for every ¢ > 0 and H (x) of type 6. This yields

4

Vs & N(ku(l—@)—k+l)/ot—4+s Z Z Nj/logN

i \lvi<T

,36[_,'
« Nke(1=0)—k+D/a—4+e (max N°N(o, T))4.

(o2
For H of type 6, with
Boo<s, (19)

the density estimates of Ingham—Huxley give upper bounds for N° N (o, T') that attain
their maximum at o = 3/4. So we may deduce

Vy « N ka(1=0)—k+D)/a—d+e \3+12(1-6)/5

The above bound is o(N /%) for every

S4+a—-1+k)
a5k +12)

6>1

: (20)

if (k, [) is an exponent pair, H is of type 6 and « is sufficiently large. Thus we can

select
5(l4+a—14+k)
c(e)=1—sup ,
(kD) Ol(Sk + 12)

where (k, ) runs over the exponent pairs. Since all exponent pairs (k, /) have
0<k<1/2<I, we obtain

51+ SI+a—1+k)
<1 —sup =c(a),
12 « (k1) Ol(5k+ 12)

which implies (19) if & > 4. On the other hand from the exponent pairs

A”B(o,l)=< .1 11— .i )
2020 — 1) 2020 — 1)
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where
) Sa
i=|—|,
12
we get
S4+a—1+k) 7
1 — sup =c(la) < —
(kD) (X(Sk + 12) 12

and then, as one might expect, we conclude that

i e
Jm e =
This completes the proof of Theorem 1. O

NOTE. We are able to obtain the function c(«), in a suitable interval of «, from every
estimate of the counting function N (o, T') in a fixed interval of . As an example, if
we recall that

N(o, T) « T?1=9/0o=D 166C T, (21)

with 41/53 <o <1 and C suitable constant (see Theorem 11.4 of Ivi¢ [9]), we can
choose H of type 6, d = (960 — 3)/7 — & with & > 0, in (12) of Lemma 2, using the
Ingham—Huxley density estimates and (21) we can obtain an estimate of |Es(X, H)|.
Hence, from Lemma 5, we can obtain

5 7 3 3339
- — — if—<a< ,
8 léu 2 1138
“@W=11960 35 3339
if 2200 <y <3.447,

2809 53a 1138 —

that cover a great part of the gap between 6/5 + A and 4. Along the same lines we
can obtain a large number of possible function c(«), for every « > 1.

4. Proof of Theorems 2, 3 and 4

In order to prove Theorem 2 we assume (2) and use Lemma 5 to see that

|Esj2(N, H)| f(N) log*N

1/a
HON +o(N%),

[As(N, H, )| K

for every H(x) of type 6, with 1/6 <6 < 7/12. So by Lemma 3
|Esp(N. H)| < NS1-0+e,
with H (x) of type 6 and 23/48 < 6 < 7/12. The last two estimates together yield

|As(N, H, a)] < N3~ 597 4 (N1,
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so that
|As(N, H, a)| = o(N'/*),
for every
7 5 23
0>——— and — <0< —.
12 1R« 48 12

Then we can define

7 5 .
cla)=— — — ifa>4
12 12«

This completes the proof of Theorem 2. O
Similarly we can prove Theorem 3, using Lemmas 6 and 4 instead of Lemmas 5
and 3, so obtaining

|As(N, H, )| < N'720%¢ 4 o(N1/®),
so that
|As(N, H, @)| = o(N"/%),

for every

Then we can choose

1 1 .
c(a):—(l——) ifa>1.
2 o

This completes the proof of Theorem 3. o
To prove Theorem 4 we recall that Selberg [11] proved, under the assumption of
the Riemann hypothesis, that

2X
/ W (x + H) — ¥ (x) — H? dx < HX log>X,
X

for all H > 10, which implies

|Es(N, H)| < log® N,

H(N)

for every § > 0. In conjunction with Lemma 6, this gives

Nlog*N 1
As(N, H, —=_f(N Ny,
A3 (N H, e € o f(N) + o)
with f(N) — oo arbitrarily slowly, so that
|As(N, H, @) = o(N'*),
with
-0 2
H(N)> N2\""<«/ f(N)log"N,

for every @ > 1 and § > 0. This completes the proof of Theorem 4. O
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