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Abstract

In this paper we continue our investigations of a construction method for subnear-rings of M(G)
proposed by H. Wielandt. For a meromorphic product H, H C G*, G finite, we obtain necessary
and sufficient conditions for M (G, k, H) to be a near-field.

1980 Mathematics subject classification (Amer. Math. Soc.): primary 12 K 05, 16 A 76; secondary
20 E 10.

1. Introduction

Let G be a group written additively and k a positive integer, k > 2. R. Re-
mak has pointed out in [4] and [5] that one can construct subgroups of the
direct power G* as follows. For j € {1,2,...,k}, let B; be a subgroup of
G, B; a normal subgroup of B; such that B;/B; = Bj,,/B;,, with isomor-
phisms g, j € {1,...,k — 1}. Let a be an ordinal, {b;,|n < o} a set of coset
representatives of B, in B, where b, = 0 and define a subset H C G* by

k—1
H = U (b],,'l'Bl) X H(ajoaj—l 0--~00'1(b1,1+31)) .
j=1

n<a

Then H is called a k-fold meromorphic product and will be denoted by
H = B, /lea Bz/Bzxa2 X, By /By. 1t is straightforward to verify that
~a ~ ~Ok—1

H is a subgroup of G*. However, only for k = 2 can every subgroup of
G* be obtained as a meromorphic product. Let M(G) = {f: G — G} act
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on G* componentwise. For any subgroup H of G* we define M (G, k, H) =
{f € M(G)|f(H) C H}. These M(G, k, H) are subnear-rings of M(G) with
identity id: G — G, id(x) = x, forall x € G.

For k = 2 it was shown in [1] that whenever M (G, 2, H) is a near-field then
it must be a field and H is of the form G/{0}xG/{0}. This result does not
hold for k > 3. However, in this paper we show that every finite near-field
arises from a meromorphic product of the form B;/{0}x --- x B /{0}. More
generally, for an arbitrary meromorphic product H, we obtain necessary and
sufficient conditions for M (G, k, H) to be a near-field. For a subset S of G
we let S* = S\{0}.

2. Characterization results

We first show that any finite near-field arises from a meromorphic product.

THEOREM 2.1. Let N be a zero-symmetric finite near-field. Then there
exists a group G, a positive integer k and a subgroup H of G* where
H =B\/{0}x B:/{0}x ---x - Bi/{0}

~ 0

such that N = M(G, k, H).

ProOOF. Let G be a finite group such that N is a subnear-field of M(G).
If G* = {x1,x2,...,x¢} then we know Nx; = Nx; as N-subgroups via
gij: nxi—nxj,i,j€{1,2,...,k}. Let

H=Nx1xa Nxyx o x Nx,.
~02

~023 ~Ok—1k

Clearly N € M (G, k, H). On the other hand, for (x;,x>2,...,x;) € H and
me MGk H),mxy,...,x,) = (m(xy),....,m(x;)) € H. Now m(x) €
Nx; so m(x;) = f(x;) for some f € N. But the only k-tuple in H with
f(x) as first component is (f(x;), f(x2)...., f(x)). Hence f(x;} = m(x;)
forall x; e G*andsom = f € N.

We have shown that every finite near-field can be represented using a mero-
morphic product without quotients, that is, by using a meromorphic product
of the form B;/{0}x --- xBi/{0}. Conversely one would like to characterize
those meromorphic products without question that determine near-fields. In
fact we consider the more general situation of meromorphic products with
quotients, H = B,/B,x--- xBy /By and determine, in terms of properties
of H, when M(G,k, H) is a near-field. The “without quotients” case then
follows as a corollary.
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Throughout this section all structures are finite. We first fix some notation
and give some definitions. Let H = Bl/lea -+X By /By with B|/B; =
~o -1

Za
{0+Bl,b1+B|,b2+B1,...,bn+Bl}. FOI'jG {1,2,...,k} we call Bj/Bj the
Jjth column of H. Let Lo = {By, B,,..., By} and

L;={bi+B,,0/(bj+ By),0,00((b; + By),...,04_10---0a,(b; + B)},
ie{l,2,...,n},

and call each L; a line. Further we let & = {Ly,L,,...,L,} and .&* =
L\{Lo}. For L € &% and j € {1,2,...,k} let L/ denote the coset in L
which is in the jth column of H. For 0 # x € By U---U By, say x € B;,
denote by L, ; the unique line L such that x € |J L. Further, for 0 # x €
BiuU---UBglet C(x) = {i € {1,2,...,k}|x € B;} and P(x) = {(i,j) €
{1,2,...,n}x{1,2,... k}|x € L{}. Thus C(x) denotes the columns of H in
which x appears and P(x) gives the coordinates of the cosets which contain
X in the array of lines and columns.

ForL;, Lje &* wewrite L; ~ L; if there exists {iy,...,im} C{1,2,..., n}
and x,x;,,...,Xi, ,,y € ByU---UBy such that x € UL, NnUYL,, x;, €
ULi| ﬂUL,‘z, e Xi,_, € UL,',"_l ﬂUij and y € UL,’m ﬁULj. It is straight-
forward to verify that ~ is an equivalence relation on .#’*. We call the equiv-
alence classes connected components and say .#’* is connected when .#* is a
connected component.

When .#* is connected, one can find (after possibly reordering .#*) a set
{x1,...,Xm} such that {{|(/, j) € P(x;) for some j,1 < j < k} = {l|li_, <
I<l}forie{l,2,...,m}, where [y = 1 and /,, = n. We call {x{,...,x,,}
a set of generators. For l;_y <1 < I, let {ji,..., j,’q} denote the columns
j€{1,2,...,k} such that x; € L{. From this we note that L g=L

X ,jé -

A sequence 4 = (a1, 4ay,...,am) Where a; € Uf;l B; is a good sequence for
xi €{x1,..., Xm} if

(a) Clag) =C(xi). ke {1,2,...,m},

(b)Vke{l1,2,...,m},Vje{l,2,... .k}, x € B; implies a; € Bj,

()3, iy <I<land pe {j{,...,j,’(,} such that a; € B},

(d) Vk,je{l,2,...,m},Vk € C(xx),Vk; € C(x;)

ka k= Lx,,kz = Lak,k, = La,,k;-
From L jy=-=L, i and part (d) of the definition of good sequence

we obtain L, s =--- =L, s . We give one further definition, and then we

ai.j,[‘,
present our main characterization result.
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Let x; € {x1,...,xm} and let A = (a,, a3, ..., a,) be a good sequence for
x;. For x € G* define

Ax)y= Li.,j'”"'” N Lﬁm,j{.

(.j)EP(x) ' (L/)EP(x)
ISIS“ Im—lﬁlﬁlm

THEOREM 2.2. Let H = B,/B,go X Bi/By. Then N = M(G, k, H)
1 k—1

is a near-field if and only if
(1) N is O-symmetric,
(2)VO#xe€ B U---UB;y, nieC(x) B; = {0},
Ui ULi =67,
(4) Z* is connected with a set of generators {x, ..., Xm},
S v:.e{l,2,..., m}, for all good sequences A = (ay, ..., am) for x;,
Ixe G A(x)=DorIje{l,2,..., k},Ixe B}, A(x)NB; = 2.

ProoF. We first show that the conditions are necessary. If N is not
0-symmetric then it is known (see [3]) that N = M(Z,). But this is im-
possible in our situation since the identity map is in N. Suppose now
Nicciy) Bi # {0} for some 0 # xo € By U---U By, say 0 # b € Niccy,) Bi-
Define f: G— G by f(xo) =xo+ b and f(y) =y for y # xo. Then f € N,
a contradiction to N being a near-field. If J]_,UL; ¢ G*, define g: G— G
by g(x) = x,x € U_,UL; and g(y) = 0, otherwise. Again, g € N, a
contradiction.

If .#* is not connected let C, and C, be distinct connected components.
Define h: G — G by h(0) = 0, A(x) = O for those x such that there exists
L € C, with x € | JL and h(y) = y otherwise. Once again a contradiction is
obtained since A € N.

To show that property (5) is necessary let i € {1,2,...,m} and let 4 =

(ay,...,am) be a good sequence for x; such that A(x) # &, for each x € G*
and A(x)NB; # G forall j€{1,2,...,k} and all x € B}. Define a function
f:G— Gby

f(xe) = a, k=1,2,....m;
f(x)=yx€Ax)NB;, xe€B\{x1,....xm}, Jj=12,....k
f(0)=0;
f(x)=yx € A(x), otherwise.
We first show f € N. Let /€ {1,2,...,n},say [;_; <I <. Let y,, ;2 € L},
say y; € L;',yz € L;’. We must show Ly, = Ly,).,. However, since
f(vi) € A(y), i = 1,2, we have f(y) € L" ,,f(y:) € LZ.]’{ and so

ainjl
Lysyyi, =L, i = Ly, asrequired. From this we obtain f(L;) C Ly(,,).,-

ai.f{
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Now, since f(Lg) € Ly by definition, we have f € N. From property (c)
of the definition of good sequence there is some line L; € .#* such that
f(L;) C Ly so f cannot be invertible, contrary to N being a near-field.

For the converse let £ € N and suppose that f(x) = 0 for some x € G*.
We show f must be zero map. Consequently N has no divisors of zero and
thus, since a finite near-ring without divisors of zero is a near-field, we have
the result.

Llet x € L, for some /, say /;_, < [ < [;. Since x; € L{ for j €
{j{,...,j,’q},f(x,') € Bj. Iff(x,) # 0, then f(x,) = bl,...,f(x,') = b,’,...,
f{(xm) = b, defines a good sequence for x;. But in this case we have
f(x) € A(x) for x € G* and f(x) € A(x)n B; for x € B}, j € {1,2,...,k},
contradicting property (5). Thus f(x;) = 0. But then f(L;) C L, for all
iy <1<l fl<i<mthenx,_, €L, and x;y) € L. Again using
property (5), by repeating the same argument, we have f(L;) C Lo for all
l,li_, <1 < l,. Continuing in this manner we obtain f(L;) C L, for all
le€{l1,2,...,n}. Butthen f(x) € cc(xy Bi for all x € G*. From property
2), f=0.

In the “without quotients” situation, that is, when B; = {0} for all j €
{1,...,k}, properties (2) and (5) are automatically fulfilled and here we have
N, UL, = (Uf=l Bj). Thus we have the following.

CoRrROLLARY 23. Let H = B,/{O}xa X B,/{0}. Then N =
~a ~Ok—)
M(G, k, H) is a near-field if and only if
(1) N is O-symmetric,
QUi B =G
(3) Z* is connected.

We conclude the paper with an example which shows that the conditions of
the above theorem need not hold. This meromorphic product fulfills (1)—(4)
but not (5) and therefore determines a near-ring which is not a near-field.

EXAMPLE 2.4. Let G = (Z,)* with the usual basis {e|,e;,e3,e4}. Let
Bl = G:Bl = (el +62,e3 +e4)xBZ = GIBZ = (elrez +e4>:BJ = (e]:eZ:e4>x
B3 = (el),B4 = (81.83,82 + 84),34 = (81 +eé +e3+ 6’4),35 = (81,63 + 6’4),
Bs = {0}, Bs = (e),e2 + e3) and Bg = {0}. The following scheme determines
a meromorphic product:

el+B e +ea+By—e+By—e + By e3+e4+ Bs — e + Bg,

e +es+ B »—>e4+32»—->e4+B3He1 +e3+ By
— € +e3+e4+35r—>e2+e3+B6.
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Using x| = e;+e3+e4, X2 = e4 and A = (e3+e4, €, +e3) as a good sequence
for x;, one defines a function in M (G, 6, H) which is not invertible.
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