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Abstract

In this paper we continue our investigations of a construction method for subnear-rings of M(G)
proposed by H. Wielandt. For a meromorphic product H,H C G* ,G finite, we obtain necessary
and sufficient conditions for M(G, k, H) to be a near-field.

1980 Mathematics subject classification (Amer. Math. Soc): primary 12 K05, 16 A 76; secondary
20 E 10.

1. Introduction

Let G be a group written additively and k a positive integer, k > 2. R. Re-
mak has pointed out in [4] and [5] that one can construct subgroups of the
direct power G* as follows. For j e {1,2 , . . . , k}, let Bj be a subgroup of
G, Bj a normal subgroup of Bj such that Bj/Bj = Bj+\/Bj+\ with isomor-
phisms Oj,j€{l,...,k-l}. Let a be an ordinal, {b^\rj < a} a set of coset
representatives of B\ in B\ where b\o = 0 and define a subset H c G* by

k-\

(b\n + Bx) x Y[{OjOOj-\°---ooi{b\n + B{))

Then H is called a fc-fold meromorphic product and will be denoted by
H = Bi/B\X B2/B2X • • • x Bk/Bk. It is straightforward to verify that

H is a subgroup of G*. However, only for k = 2 can every subgroup of
G* be obtained as a meromorphic product. Let M(G) = {/: G —> G} act
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on G* componentwise. For any subgroup H of G* we define M(G,k,H) =
{/ e M(G)\f(H) c / / } . These M(G,k,H) are subnear-rings of M{G) with
identity id: G -> G, id(x) = x, for all xeG.

For A: = 2 it was shown in [1] that whenever M(G, 2, H) is a near-field then
it must be a field and / / is of the form G/{0}xG/{0}. This result does not
hold for k > 3. However, in this paper we show that every finite near-field
arises from a meromorphic product of the form /?i/{0}x • • • xBk/{0}. More
generally, for an arbitrary meromorphic product H, we obtain necessary and
sufficient conditions for M(G,k, H) to be a near-field. For a subset S of G
we let S* = S\{0}.

2. Characterization results

We first show that any finite near-field arises from a meromorphic product.

THEOREM 2.1. Let N be a zero-symmetric finite near-field. Then there
exists a group G, a positive integer k and a subgroup HofGk where

H = Bi/{0}x 52/{0}x - x Bk/{0}

such that N = M(G, k, H).

PROOF. Let G be a finite group such that N is a subnear-field of M(G).
If G* — {x\,Xi,... ,Xk) then we know NXJ = Nxj as TV-subgroups via
Oij: nXj i-* nxj, i,j& { 1 , 2 , . . . , k}. Le t

H — Nx\ x Nxi x • • • x Nxic-

Clearly N C M{G,k,H). On the other hand, for (*i, x2 xk) e H and
m e M{G,k,H),m(X{ x^) = (m{x\),... ,m(xic)) € H. Now m(xj) G
Nx\ so /w(xi) = /(JCi) for some f G N. But the only A:-tuple in H with
f{x\) as first component is (f(xx),f{x2),... ,f(xk)). Hence f(x{) = m(Xj)
for all Xi e G* and so m = f € N.

We have shown that every finite near-field can be represented using a mero-
morphic product without quotients, that is, by using a meromorphic product
of the form Z?i/{0}x • • • xBk/{0}. Conversely one would like to characterize
those meromorphic products without question that determine near-fields. In
fact we consider the more general situation of meromorphic products with
quotients, H = Bi/Bix---xBk/Bk and determine, in terms of properties
of H, when M(G, k, H) is a near-field. The "without quotients" case then
follows as a corollary.
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Throughout this section all structures are finite. We first fix some notation
and give some definitions. Let H = Bx/B\ x • • • x Bk/Bk with B\/B{ =

{Q + Bi,bi+Bl,b2 + Bl,...,bn + B1}. For j € {1 ,2 , . . . ,k} we call Bj/Bj the
;th column ofH. Let Lo = {Bi,B2 Bk) and

Li = {bi + B\, ox{bi + Bi).a2 o <r,(6, + 5,) ak-X O • • • o <T,(6, + 5 , )} ,

and call each L, a line. Further we let £? = {LQ,L\,... ,Ln) and J?* —
5C\{L^). For L e J ? and j e {1,2,...,A;} let V denote the coset in L
which is in the yth column of H. For 0 / x € B{ u • • • U Bk, say x e Bt,
denote by LXj the unique line L such that x e\JL. Further, for 0 ^ x e
5, u - - u 5 * ' l e t C(x) = {/ e {\,2....,k}\x e 5,} and P(x) = {(/ ,» e
{1,2, . . . ,«} x {1,2, . . . , k}\x e L\). Thus C(x) denotes the columns of H in
which x appears and P{x) gives the coordinates of the cosets which contain
x in the array of lines and columns.

For Lj, Lj e 2C* we write L, ~ L, if there exists {i\,..., im} c {1,2, . . . ,«}
and x, JC,-, , . . . , jc,m_,, y e 5i u • • • u Bk such that x e \JLt f\ \JL,,, x,, e
UL,, nU^/2 , • • • ,*,„_, e\JLim_, n\JLim and >- e\JLlmn\JLj. It is straight-
forward to verify that ~ is an equivalence relation on JS?*. We call the equiv-
alence classes connected components and say 31* is connected when Sf* is a
connected component.

When J?* is connected, one can find (after possibly reordering 21*) a set
{x\,...,xm} such that {l\(l,j) e P(xt) for some j , \ < j < k} = {/|/,_, <
/ < /,} for / e { 1 , 2 , . . . , m}, where /o = 1 and /m = n. We call {JCI , . . . , xm)
a set of generators. For /,_] < / < /,, let {j[,.-.,jk} denote the columns
/ G {1 ,2 , . . . , k\ such that Xj e Lj. From this we note that Lr ,•/ = L v ,; =
• • • — L

x
x>-h

A sequence A = (a[, a2,..., am) where a7 e U/=i #i is a goorf sequence for

(a) C(ak) = C(xk),k e {1,2,..., m},
(b) VA: € {\,2,...,m}yj € { 1 , 2 , . . . , k } , x k € Bj implies ak e Bj,
(c) 3/, /,-_, < / < /, and pe{j[,...,4,} such that a, e 5 ; ,
(d) VA:,; e {1,2 m}yk, e C(x^),VA:2 € C(x,-)

From L^. jt = ••• = LXi jt and part (d) of the definition of good sequence

we obtain La, jt = • • • = La. jt . We give one further definition, and then we

present our main characterization result.
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Let Xi € {x\,...,xm} and let A — (ai,a-i,...,am) be a good sequence for
xt. For x eG* define

v ' I I ai.ji II "am,j\'

THEOREM 2.2. Let H = 5 , / 5 , x • • • x 5^/5*. 7/jert AT = Af (G, fc, H)

« a near-field if and only if
(1) N is ^-symmetric,
(2) VO ± x e B, U • • • U Bk, niec(X) B> = W .
(3)U?=iU^ = ^ .
(4) 5C* is connected with a set of generators {x\,..., xm),
(5) V, e {1 ,2 , . . . , m}, for all good sequences A = (a\,..., am) for Xj,

3x € G*,A{x) = 0 or 3je {1,2 k}, 3x e Bj,A(x) nBj = 0.

PROOF. We first show that the conditions are necessary. If N is not
O-symmetric then it is known (see [3]) that N = MC(Z2). But this is im-
possible in our situation since the identity map is in N. Suppose now
n,€C(x0)

 Bt * {°} f o r s o m e ° ^ ^o e Bx u • • • u Bk, say 0 ± b e r\i€c(x0)
5'-

Define f-.G^Gby f(x0) = xo + b and f(y) = y for y ? x0. Then feN,
a contradiction to N being a near-field. If U"=1 | JL, ^ G*, define g: G —> G
by g(x) = x,x e U^iU-^i a n d ^C^) = °> otherwise. Again, g € N, a
contradiction.

\i 5f* is not connected let Ci and C2 be distinct connected components.
Define h: G -» G by A(0) = 0, h(x) = 0 for those x such that there exists
L € C\ with JC e U L and /*(>») = y otherwise. Once again a contradiction is
obtained since h e N.

To show that property (5) is necessary let / e {1 ,2 , . . . . m} and let A =
(«i , . . . , am) be a good sequence for x, such that A{x) ^ 0 , for each x e C
and y4(x) D 5j ^ 0 for all ; e {1,2 , . . . , k} and all x e B*. Define a function
/ : G ^ G b y

f(x) = yxeA(x)nBj, xGB*\{xl,...,xm}, j = 1,2,... ,fc;
/ (0) = 0;

/ ( x ) = yx e A(x), otherwise.

We first show / G N. Let / e {1 ,2 , . . . ,«} , say /,_i < / < /,. Let yi,y2 e l / ,
say y\ e LJ',^2 e Lj2. We must show L/fy,),,-, = L/(>,2)/2. However, since

€ ^ t o ) , 1 = 1,2, we have / ( y , ) e L ^ . , , / (y 2 ) e L»J{ and so
L/(J-I).I-| = La,.A = Lf(yi).h as required. From this we obtain f{L,) C L / ( y i ) i l V

https://doi.org/10.1017/S1446788700030858 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700030858


[5] Meromorphic products determining near-fields 369

Now, since /(Lo) Q Lo by definition, we have f e N. From property (c)
of the definition of good sequence there is some line L, e Sf* such that
f{L{) c Lo so / cannot be invertible, contrary to N being a near-field.

For the converse let f € N and suppose that f{x) = 0 for some x e G*.
We show / must be zero map. Consequently N has no divisors of zero and
thus, since a finite near-ring without divisors of zero is a near-field, we have
the result.

Let x e \JL/ for some /, say /,_i < / < /,. Since x, e L\ for j e
iJ[.• • • . J ' k l } . f ( x t ) e B j . I f / ( * , ) ^ 0 , t h e n f ( x { ) = & , , . . . , / ( * , ) = b i t . . . ,
f{xm) = bm defines a good sequence for JC,-. But in this case we have
f(x)eA(x) forxeG* and f(x) e A{x)nBj for x e 5 * , ; e {1,2,...,A:},
contradicting property (5). Thus /(JC,-) = 0. But then f{Lt) c Lo for all
/,-_i < / < / , . If 1 < i < m then x,_i e L/._, and x,+i e L/(. Again using
property (5), by repeating the same argument, we have / (£ / ) c Lo for all
l.h-2 < I < /,+1. Continuing in this manner we obtain / (L/) c Lo for all

/ e {1,2 n}. But then f(x) e f|/€c(x) ^« f o r a11 x G G*- F r o m property
(2), / = 0.

In the "without quotients" situation, that is, when Bj — {0} for all j €
{l,...,k}, properties (2) and (5) are automatically fulfilled and here we have
fXi ULi = (UjLi Bj). Thus we have the following.

COROLLARY 2.3. Let H = Bi/{0}x - x Bk/{0}. Then N =
M (G, k, H) is a near-field if and only if

(\) N is 0-symmetric,
{2)\fj={Bj = G,
(3) 31* is connected.

We conclude the paper with an example which shows that the conditions of
the above theorem need not hold. This meromorphic product fulfills (1 )-(4)
but not (5) and therefore determines a near-ring which is not a near-field.

EXAMPLE 2.4. Let G = (Z2)
4 with the usual basis {e\,e1,e-i,e^\. Let

B{ = G,Bi = [ex +e2,e3 + e4),B2 = G,B2 = (e{, e2 + e4), B3 = (e1,e2,e4),
Bi = (ei),B4 = {ex,ei,e2 + e4),B4 = {ex + e2 + e3 + e4), B5 = (ei,e3 + e4),
B5 = {0},B(, = (e\,e2 + e3) and B(, = {0}. The following scheme determines
a meromorphic product:

e$ + e4 + 5 5 »-> e\ + B6,

e\ + e3 + B4

e2-\
e4-

i -

-B21-

hBl H

•+ e\ 4

•+ ^ 2 •

- • e 4

. ei 4.

f 53H-
+ 52H

•f4 + J

+ ei -

- • e 4

f 5 4

+ B:

e2 -
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Using xi — e\ +e-}+e4, X2 — e* and A — (e3+£», e\ +^2) as a good sequence
for x\, one defines a function in M(G, 6, H) which is not invertible.
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