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Abstract

In this paper we analyze different forms of fractional relaxation equations of order
v € (0, 1), and we derive their solutions in both analytical and probabilistic forms. In
particular, we show that these solutions can be expressed as random boundary crossing
probabilities of various types of stochastic process, which are all related to the Brownian
motion B. In the special case v = %, the fractional relaxation is shown to coincide
with Pr{supy,~, B(s) < U} for an exponential boundary U. When we generalize the
distributions of the random boundary, passing from the exponential to the gamma density,
we obtain more and more complicated fractional equations.
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1. Introduction

The differential equation

d
51)0) = —Ap(1), t>0, (1.1)

is known in the physics literature as the relaxation equation. The solution to (1.1), with
initial condition p(0) = 1, is clearly equal to p(tf) = e *. Since the end of the 1990s
intensive research has focused on the application of fractional calculus to mathematical physics:
many classical equations have been modified by substituting the integer-order derivatives with
fractional derivatives. Equation (1.1) has been extended in the following fractional sense:

j—;lﬂ(t) =AY @), t=0. (1.2)

Here v € (0,1) and d"/d¢¥ represents the fractional derivative according to the Caputo
definition, i.e.

1 ! 1 dam
v —u(s)ds form—1<v <m,
u(t) = C(m—v) Jo (t—s)ltv—mdsm
drv dam
—u(t) forv =m,
drm
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with m = |a]| + 1. Obviously, for v = 1, the fractional relaxation equation (1.2) coincides
with the standard equation (1.1).

Equation (1.2) has been studied in, e.g. [16] and [19], and its solution was given analytically
in terms of the Mittag-Leffler function as

Yo (1) = Ev1(=2r"), (1.3)
where N
Eap@ =) m o, B € C, Re(a), Re(B) > 0.

r=0
The analysis of the fractional relaxation equation is primarily physically motivated, e.g. to study
the electromagnetic properties of a wide range of materials (which display a long-memory,
instead of exponential, decay—see [30] and [31]) as well as the rheological models for the
description of some viscoelastic materials (see [10], [21], [22], and [29]).

Moreover, the so-called Mittag-Leffler distribution has often been applied to statistics (see,
e.g. [15] and [26]) or to queueing theory [28].

The solution v, (¢), ¢ > 0, can actually be expressed in probabilistic terms in two interesting
forms, which we will present and explore here. The first form represents the probability of
no events up to time ¢ (or survival probability) for the so-called fractional Poisson process
N, (1), t = 0 (see, amongst others, [2], [4], [14], [18], and [32]). Indeed, the equality

Y (1) = py(t) = Pr{M, (1) = 0} (1.4)

holds and, thus, we can apply the results obtained in the above-cited articles to v, (¢). For
example, we will resort to the equality of the one-dimensional distribution between A, and
a composition of the standard Poisson process N(¢) with a random time process 7, (%),
i.e. N(7,(t)), t > 0. Thus, thanks to (1.4), we can write

(1) = fooe_kyqv(y, ndy =Pr{7,() < U}, (1.5)
0

where ¢, (y, t) is the density of 75, (which is itself a solution to a fractional diffusion equation)
and U is an exponential random variable with parameter A > 0. Equation (1.5) is particularly
interesting in the special case where v = %, since it becomes

—y2 /4t

_ > =y _
mm—/o e S —dy = Pr{|B()| < V) (16)

where B is a Brownian motion starting from O and with variance 2z.
As a consequence, a second probabilistic interpretation of the solution to the fractional
relaxation equation (1.2) can be given in terms of the crossing probability of a random boundary

by a standard Brownian motion, for v = L Indeed, it is well known that the relationship

Pr{|B(1)| < 2} = Pr{ sup B(s) < z} — Pr{B(s) < z forall s € (0, 1)}

0<s<t

holds, where the expression on the right-hand side is commonly referred to as the crossing
probability. For other values of v, e.g. v = %, a related result holds, as we will see in the next
section.
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Moreover, (1.5) shows that the solution to (1.2) can be expressed as a standard relaxation
with random time represented by 77, i.e. as ¥ (7;,(¢)). The results given in [20] also allow us
to express the solution as a time-changed relaxation via an inverse stable subordinator E(¢),
i.e. as Y, () = Y(E(t)). Infact, ¥ (7,(¢)) and ¢ (E(¢)) share one-dimensional distributions
and, therefore, the two approaches can be considered equivalent.

In the successive sections we analyze some extensions of result (1.5) in the following
directions.

e We consider other random time processes in place of 75, and, therefore, in (1.6) instead
of Brownian motion: for example, the sojourn time of a Brownian motion on the positive
half-line, the first passage time of a Brownian motion through a certain level, and the
elastic Brownian motion (by analogy with the analysis carried out for the fractional
Poisson process in [5]).

e We consider a different random variable (i.e. the gamma) instead of U in (1.6).

e We introduce in (1.2) the assumption of a distributed fractional derivative (see [1]
and [19]).

2. Fractional relaxation equation of order v

A first probabilistic expression of the solution ¥, (z), ¢t > 0, to (1.2) can be found by
considering that the latter coincides with the fractional equation satisfied by the survival
probability (i.e. the probability of no events up to time ) of a fractional Poisson process of
order v € (0, 1). Let M, (), t > 0, denote the process with probabilities p} (¢) solving the
recursive differential equation

d\)pv
=P =P, k= 0,020, @.1)
with initial conditions
1, k=0,
RO ="

and pil (t) = 0. The process N, has been studied in a series of papers (see, e.g. [2], [14],
and [18] for the homogeneous case, and [32] for the nonhomogeneous case) and its distribution
has been expressed in analytic forms in terms of derivatives of the Mittag-Leffler function or
as generalized Mittag-Leffler (GML) functions

El @ =) _WiE By € C. Re(w). Re(B). Re(y) > O, (2.2)

ST +p)’

where (y); =y(y+1D---(y+j—1Dforj=1,2,...and y # 0, and (y)o = 1 (see [4]).
Moreover, in [2] a probabilistic expression for the process was given as the composition of a

standard Poisson process N with a random time argument 75, independent of N. The following
equality for one-dimensional distributions was proved to hold in [2]:

Ny (1) 2 N (T (1)) (2.3)
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Here 77,(¢) possesses the transition density ¢, (v, ¢) coinciding with the folded solution to the
fractional diffusion equation

v _ v 0y eR (y,0) = 8(») (y,0)=0 2.4)

= 5> Z Y, ) vly, = s v s =Y, .

atzv ay2 y y y Y

i.e. with
2v(y,t), y=>0,
1) = 2.5
qv(y, 1) 0. v <0. (2.5)
It should be noted that, since the process -V, is non-Markovian, identity (2.3) does not extend
to finite-dimensional distributions of order larger than 1.
Alternatively, it was also proved in [20] and [25] that ¢, (v, ?) solves the equation

d"q  0q
arv 3y’

t>0; q(y,0) =48(y), (2.6)

where, in this case, y > 0. In any case we can write
)\‘k “+o00 ‘ N
pr(t) =Pr{M (1) =k} = F/o ye gy, t)dy,

so that we immediately have, in view of (2.1) for k = 0,

+00
(1) = 1) = Pe{N, (1) = 0} = fo e qu(y, 1) dy. 2.7)

Therefore, in view of (2.3), the fractional relaxation v, can be expressed as the composition of
the standard relaxation with the random time 75,:

Y (1) = ¥ (T,(1)), t=0.

2.1. Exponential boundary crossing probabilities of Brownian motion

Owing to (2.7), we give a second probabilistic form of the solution to (1.2) in terms of
boundary crossing probabilities in the following result.
Theorem 2.1. Let U be a random boundary, exponentially distributed (with parameter ). > 0).
Then the crossing probability of U by the independent random process T, (t) with transition
density g, (y, t), i.e.

Yo (1) =Pr{7,(t) < U}, (2.8)

satisfies the fractional relaxation equation (1.2), with initial condition ,,(0) = 1.

Proof. We consider the analytic expression of the folded solution ¢, (y, ¢) to problem (2.4)
in terms of the Wright function

]

xJ
Wy, p(x) = —_— a>—1,8>0xeR,
“r ;J!wa)

which reads

1 y
qv(y,t)=20(y,t)=t—vW—u,l—v(—t—v>, y,t>0

https://doi.org/10.1239/aap/1339878721 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1339878721

Fractional relaxation equations and Brownian crossing probabilities 483

(see, e.g. [16]). Therefore, we can rewrite (2.8) as
Yo () = Pr{7,(1) < U}

o0
=X / e M Pr{7, (1) < y}dy
0

O P z
_ X - T w _x
)y © /o _v’l_v( t”)dZdy

1 OO —Az Z
= ()

= B, 1(=M"), 2.9)

by the well-known formula for the Laplace transform of the Wright function (see [27, Equa-
tion (1.165), p. 39]). The last expression in (2.9) coincides with the solution to (1.2) given
in (1.3).

The previous results can be particularly relevant in the special case where v = %, since the
random process T;, reduces to a reflecting Brownian motion; indeed, in this case the equation
governing the process, (2.4), coincides with the heat equation and g1,2(y, t) becomes the
Gaussian with variance 2¢, folded with respect to the origin. Therefore, the fractional relaxation
equation of order % is solved by

+o0
e e 44y = Pr{|B(1)| < U) = Pr{ sup B(s) < U}. (2.10)

0<s<t

1
Y12(8) = ﬁ/o

The previous expression can be checked directly by applying (1.3):
Yi2(t) = E12,1(—=A/1)
_i (=20/D)/T(j/2+1/2)

(by the duplication property of the gamma function)

L(j+Dym
_L/‘ et 12 (— 2)»\/—)’
V7 Jo ]ZO
1 * -z, —1/2 ,—2)/zt
= — 2.11
ﬁ/(; ez /e dz, (2.11)

which gives (2.10) after a change of variable.

Also, for v = 1/2", n > 1, the solution can be expressed in terms of the boundary
crossing probability of known processes. Indeed, the random process 75, coincides in this
case with the (n — 1)-times iterated reflecting Brownian motion defined as I,_1(t) =
[B1(|Ba(...(IBu(®)])...)DI|, where the B;(¢) are independent Brownian motions with variance
2t for any j. The transition density g1 ,o» (y, t) of I,_1 is given by

+00 +00 o—y?/4s1 o—si /452 oSt /4
QI/Z’I(YJ)Zf dsy---dsy—1, y,t >0,
0

N

which coincides with the folded solution to the following fractional diffusion equation:

al/Z"q 82q
W:W’ yeR, t>0; q(y,0) =3(y)
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(see [23] for n = 1 and [24] for n > 1). Therefore, in this case, the solution to the fractional
relaxation equation can be expressed in terms of the exponential boundary crossing probability
of an iterated Brownian motion, i.e.

+oo
Yy () = Y -1 (1)) = fo e g (v, ) dy = Pr{l,_1(1) < U}.

For other rational values of the fractional order v, such as, e.g. v = %, the solution can still

be represented as the boundary crossing probability, but of less known processes.
For v = %, the random process 7, in (2.8) reduces to the process A(t), whose transition
function is given by

0 0) =] 32Ai< J > >0 2.12)
30, 1) =4/~ ) y,t >0, .
where
1 [ o’
Ai(w) = —/ cos<aw + —> da, w e R, (2.13)
T Jo 3

is the Airy function (see [24]). By exploiting the relationship between (2.13) and the modified
Bessel function

B o (w/2)2k+v
Iv(w)_g—kll”(k+v+l)’ w e R,
i.e.
3 a3
Ai(w):%w[]_l/3<2 3w )—]1/3(2 3w )], w >0,

we can rewrite the transition density (2.12) of the process A(¢), t > 0, as

Yy y y
= /=—|1_ 2.0 =) -1 2. /=11, ,t>0.
q13(y, 1) ‘/3t[ 1/3( ‘/33t) 1/3( "3%)} y

Therefore, in this case, the fractional relaxation can be written as

+00
V130 = Y (A®)) = /O e q1/3(y, 1) dy = Pr{A() < U).

For the process A(t), the following relationship between the crossing probability and the
maximum distribution has been proved in [6, Equation (1.16)]:

Pr{ sup A(r) < u] — Pr{A(1) < u} — Pr{A®t) > u} + K (1);

0<s<t
here
1 | a
r'2/3) Jo Jt—s ou
It is worth comparing the asymptotic behavior of the different crossing probabilities intro-

duced so far. By using the well-known integral representation of the Mittag-Leffler function
(see[1]or [2] forc = 1),

K(t) = q1/3(u, s)ds.

Ey (—ct") = tl=8 o r"_ﬁe_”rv sin(Bm) + csin((B — v)7)
v-F T Jo r2v 4 2rvccos(vmr) + c2

dr, (2.14)
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we obtain the following asymptotic behavior of the solution ,:

M 0<r«xl
_ <
r'a+v)’ ’
Yy (t) =~ 1( ) (2.15)
Ese—— r — oQ.
At'T(1 —v)

Therefore, the boundary crossing probability of Brownian motion exhibits a power decay for
t — ooof exponent , instead of the usual exponential decay of the standard relaxation Y. For
the n-times iterated Browman motion, the exponent 1/2" of ¢ is smaller than 4 5 and decreases
as n becomes larger. This is intuitively explained by the fact that the number of compositions
increases in the definition of the process I,,: this strays the fractional relaxation more and
more away from the standard (exponential) behavior as n increases, and makes the tail of the
relaxation more and more heavy.

For the process A(t), the crossing probability possesses a power decay for 1 — oo with
exponent %, which is between the Brownian case and the iterated case (for any n > 1).

2.2. Exponential boundary crossing probabilities of more general processes

We now present some extensions of the previous results, obtained by considering the crossing
probabilities of different kinds of process. This corresponds to substituting the random process
T, (t) in (2.8) with some other process, linked to the Brownian motion by various relationships,
such as the elastic Brownian motion, the Bessel process (or its square), the first passage time
through a level ¢ by a standard Brownian motion, or its sojourn time on the positive half-line.

We start with the sojourn time of a Brownian motion on the positive half-line, which is a
positive, nondecreasing process. Let F,+ (t) = meas{s < t: B(t) > 0} be the sojourn time on
the positive half-line of a standard Brownian motion B. Then its density g™ (s, t) is given by

F(s.t) = Pr{lF eds) = — 85 0O<s<t

B NI |
Theorem 2.2. Let U be a random boundary, exponentially distributed with parameter A > 0.
Then the crossing probability of U by the random process F;r (¢) with transition density g ¥ (s, t)

is given by
At
YT (@) =@ @) =PI (1) < U} = e—“/zzo( 5 ) (2.16)
and (2.16) solves the following second-order differential equation
d>yt 1\ dyt X
At =) ——=——yT, T0) = 1. 2.17
dr? +(+t> dt 2t¢ v @17)

Proof. We write the crossing probability as

W(t)—/ m m(%;l;—)\z) ([11, Equation 3.383.1, p. 365]),
(2.18)

where | Fi (¢, y; x) denotes the confluent hypergeometric function, defined as

o . i
al@+ 1) (@+j—1)x
Fieyin) =1+) I

J

— vy +D--(v+j-DJ!

forx,a €eCandy e C\ Z;.
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By applying the relationship with the Bessel functions (see Equation 9.215.2 of [11, p. 1086]),
after some computations, we obtain the final form (2.16). As far as the equation satisfied
by (2.16) is concerned, we recall that Ip(Ax) coincides with the solution to the equation

d? 1d )
—Ip(Ax) + ——Ip(Ax) = X Ip(Ax), (2.19)
dx? x dx

as can easily be checked. Therefore, by the transformation Io(At/2) = e 124+ (1), from (2.19)
we obtain (2.17), since

d Mt A d
I — Daht/2 +t At/2 + 1),
dt0<2> 7€ Y +e dtlﬂ()

> [/ e d d?
I — At/2 g+ t A At/2 + t At/2 + ).
EP) 0(—2> 7O+ e —dtlﬂ () +e —dtzllf (0

Alternatively, we can resort to form (2.18) and exploit the fact that the confluent hypergeometric
function | F1(«; y; x) satisfies the following equation:

d? d
xogtfi (v —x0)kr=ai k.
X X

e
By taking into account the facts that
d 1 d 1
— 1 Fl =L =M)=—A——1F1| z:1; =21 ),
dr 2 d(—Ar) 2

¢ F, 1-1~ At ) = a2 d F 1~1- At
dt2 1 1 27 9 - d(_kt)2 1 1 27 9 b

we again obtain (2.17).

The asymptotic behavior of ¥ (¢) can be deduced by noting that 1,,(x) =~ (x/2)"/T'(v+1)
as x — 0 and that
I'(y) e—inax—a

1Fi(a; y,x) ~ o)

, Re(x) > —o0
(see [13, p. 29]); thus, we obtain

At
1——, 0<trkl,
Y ~ | (2.20)

, I — 00.
VATt

The limiting behavior of 1 (¢) is the same as that of the standard relaxation for ¢t — 0, while
it coincides with that of vy 2 (¢) for ¢t — oo (up to multiplicative constants).

Another process that can be considered instead of the random time 775,(¢) in (2.8) is the first
passage time through a level t by a standard Brownian motion, denoted as

T(t) =inf{s > 0: B(s) = t}.

We are interested here in the crossing probability

vr () =y (T@) = fo e Mqr(s,1)ds =Pr{T (1) < U}, (2.21)
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where the density of 7T'(¢), t > 0, is the well-known stable law of index %, i.e.

tefﬂ /2s

qr(s, 1) = —,
2ms3

As is well known, T (¢) is a nondecreasing Lévy process and so is a subordinator with Laplace
exponent ®(A) = +/2A. Therefore, (2.21) coincides with the Laplace transform of the first
passage time, i.e.

s, t > 0.

Ur(t) = e 1P — e—rm

(see [7] for further details on this topic).
Clearly, ¥7(¢) satisfies the standard relaxation equation, even if with a different constant:

d(‘f’T——J_wr, Yr(0) = 1.

‘We note that time changing the relaxation ¥ using the %-stable subordinator 7T (¢) again produces
a standard relaxation, while performing the same operation using an inverse stable subordinator
E(t) yields the fractional relaxation 1 > (as mentioned in the introduction).

If we now consider n independent Brownian motions Bj, j = 1,...,n, and use them
to construct the n-times iterated process T1(12(...T,(t)...)), t = 0, where T; = inf{s >
0: Bj(s) =t}, j=1,...,n,thenits crossing probability can be evaluated as follows:

V(1) =Pr{Ti(T>(... T,(1) ...)) < U}

2 _2 2
oo s +o00 +00 te~! /2z1 Zn_1€ Z5_1/22n Zne—zn/2s
= e dzg--- dz,—1 ds
0 0 0 3 V213 V2ms3

2mzy

+o0 +o00 —t2/221 2 21 /22 z,,/ZS
- / dzp--- / Az f e s
0 0 27 V2 V2rs3

+o0 —1%/2z +o0 -2 [22a
te Zn 1e n—1 o
:/ le ... ... / —Zn Z)Ldanl
0 0

V2nz)
+o0 —12/2z +00 /2zn—1
te Zn—2€ -2
_ / dgy - / eV gz
0 0

F

Again, the probability ¥} satisfies (for any ) the standard relaxation equation with constant
AL/2"21=1/2" and displays an asymptotic behavior similar to the standard relaxation, despite
the complicated construction via the n-times composition.

We now analyze the crossing probability of an exponential boundary U for a squared Bessel
process. Let us denote by R)Z,(t) =(Ry (t))z, t > 0, the square of a y-Bessel process, starting
at 0. It is well known that, for y = n, this process can be expressed as

a2 1-12,

R2(t) = Zsz.(t), t>0,

j=1

where the B;(t), j = 1,...,n, are independent Brownian motions in R”. Moreover, the
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density of R%, can be written as
gv/2—1g—s/2
Qr2T(y/2)’

(see, e.g. [9]), which is a more tractable form (for our aims) than that of R,,. Thus, the crossing
probability of this process can be easily evaluated as

s,t>0

pys, 1) =

) oo N Sy/Z—Ie—s/Zl 1
1) =Pr{R;(t) < U} = s ds = , 2.22
Yy (1) = Pr{R2(1) < U} fo e Y = G @
which satisfies the following first-order differential equation:
d YA
—, = ——,, 0)=1.
a1 vy ©

In this case, the behavior of v, (¢) for increasing (but still finite) values of ¢ can be represented
as ¥y, (t) >~ (k/ )7/ (for some constant k and 0 < y < 2), and, thus, it coincides with the one
described as ‘algebraic decay’ and displayed by relaxation processes in complex material (see,
e.g. [29]). However, for the other fractional relaxations, this is true only in the limit for ¥ — oo.
Indeed, function (2.22) coincides with the so-called Nutting law, which is commonly used to
fit experimental data of materials featuring nonstandard (i.e. non-Debye) relaxation (see [21]
and the references therein).

As we have seen, the generalizations analyzed so far in this section are not linked to fractional
equations; on the other hand, in the following case, we consider crossing probabilities governed
again by fractional equations. Let Bgl(t), t > 0, be the so-called elastic Brownian motion with
absorbing rate o > 0 (see [3] and [12]), defined as

B®)|, t < Ty,
Os t Z TC{?
where T, is a random time with distribution
Pr{T, >t | B;} = e ¢LOD, a >0,

B = o{B(s), s < t}isthenaturalfiltration,and L(0, t) = lim, o(1/2¢)meas{s < t: |B(¢)| <
¢} is the local time in the origin of B. It is well known that its distribution can be expressed as
e—wz /2t

V23

where §(s) is Dirac’s delta function with the pole at the origin and

+00
qgl(s, 1) = 2e*’ / we *Y dw + g4 ()8 (s), s,t>0, (2.24)
N

. % +o0 efwz/z
#)=1—-Pr{BS() >0} =1—2¢&" / dw
qa P i o

is the probability that the process is absorbed by the barrier at 0 up to time ¢. Thus, we define
the crossing probability of an exponential boundary U for the process Bgl as

v (1) =Pr{BS(t) < U} = / e MqSl(s, 1) ds. (2.25)
0

Theorem 2.3. Let U be a random boundary, exponentially distributed with parameter A > 0.
Then the crossing probability of U for the random process Bgl (t) with transition density qgl (s, 1)
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is given by

A A
wgl(t) = Pr{Boell(t) <U}=1- E[El/z’l <—%;) —Ei1 (—%)} (2.26)
for any A # o and by

) =Pr{BS (1) < Uy =1 —V2tE1 012 (—Lg) (2.27)

fora = M. The crossing probability wgl(t) satisfies the following fractional differential equation
forany o, & > 0:

o+ di/? A
NARTIE Nz

Proof. We take the Laplace transform of (2.25), which reads, for any «, A > 0,

o0 o0 o0
/ e Myll(r)dr = / e M dt / e g% (s, 1) ds
0 0 0
o0 ] . 400 e—w2/2t
= 2/ e M dt/ g Astas ds/ we ¥ dw
0 0 s 273

—w2/2
+l—2/00e”’+°‘2f/2dt/+ooe w?/ dw
n 0 avi  A2m

o] +0o0 1
_ 2/ e—hstas ds/ e—(a+m)w dw + —
0 K n

d

el

ak el
—— v ——(1—%)—

Ye0) = 1. (2.28)

2 20 too
_zn_a2+m(2n_a2)7/ e —dz
_ 2 /' ks ‘ﬁsd +2n—a —2n+J_a
V20 +a nQ2n — a?)

_ 2 +a(\/2_—oz)
V2n+a)(V2n+20)  nQ2n—a?)

_ akn’l +«/§an’l/2 +2

W22+ h

We can check that (2.29) coincides with the Laplace transform of (2.26) for o # A, i.e.

/ - e "y dr
0

- Aia F(J/2+ ) [(_%) } (‘%)J] /oooew/z &
i _a;Z[(——) ()]

1 A 1( V20 V20 )
n A—an\J2n+a J2n+Ar

(2.29)

LY n)
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which easily gives (2.29). As a further check of (2.26), it is easy to see that, for « = 0 (in
the case of no absorption), it reduces to ¥1,2(t) = E1/23 (=x+/1), since in this case B(r) =
[B(®)|, t = 0.

For o = A, the Laplace transform (2.29) becomes

oo )\’2 —1 2 —1/2 2
/ e M yl(r)dr = ~ 1 VA (2.30)

(V2n+1)?

By comparing (2.30) with the formula holding for the Laplace transform of the GML function
defined in (2.2) (see [13, p. 47]), i.e.

Bs—vy
y—1p8 By oy 1
LI EY (0P ) = P (2.31)
(where Re(8) > 0, Re(y) > 0, Re(8) > 0, and > |w|'/R¢®)), we easily obtain
W3 YW/3
el 2
t=1-"2E (——) (2.32)
¥y N A

which can be also rewritten as (2.27).
By taking the Laplace transform of (2.26) and considering the well-known expression for
the Laplace transform of the Caputo derivative, i.e.

d’u o v i L dr
. . —nt . v . V—r—
OC{W,H} —/0 e M Cpuydr =0’ Liusn) = 30" u(o) oe®
r=0
we obtain
1. 1 o + )\, . o + )\. _
nL{Yss ) — ¥ (0) + Wn”zocwgl, m- =5 2yl 0)
ar (1 Al (1/2)
=22 - ppyc, S et 2.34
By taking into account the initial condition wgl(O) =1, the solution of (2.34) coincides
with (2.29).

In order to study the asymptotics of the solution wgl (t) for ¢ # A, we use the integral
expansion for the Mittag-Leffler function (2.14), so that we obtain

+0o0
Yo =1- L1 Z—l/ze_z[ a/V2 N,

h—am Jy N E NI AR TSN

Therefore, the limiting behavior of the crossing probability reads

] dz. (2.35)

A2t
1— % 0<r<kl,
el
(1) ~ (2.36)
v 1-— ﬁ r— 00
amt’ ’
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where the first line is obtained from (2.35) as follows:

A
vy =1+ f—*f e dz

2

Af < 1 )

v

A2t . .

=1- (by the reflection formula of the gamma function).

e

Thus, in this case, the crossing probability maintains a limiting behavior similar to the previous
ones for t — 0, but is drastically different for # — oo (see (2.15)). In the last case, instead of
tending to 0, it tends to 1: this can be intuitively explained by noting that the absorbing effect
is stronger as  increases and, in the limit, the process B! will be absorbed with probability 1.
This effect is directly correlated with the absorbing rate «. Thus, it is evident from (2.36) that
wgl loses the usual property of complete monotonicity that characterizes the standard and also
the fractional relaxations (see, e.g. [19]).
In the case @« = A we must apply the integral expansion of GML functions (see [1]),

[l—ﬂ 00 inB —inf
EX (—et’y =" | ertyvhp °c_____° dr (2.37)
v.B 27 (rV 4 ceimv)k (r 4 ce—imv)k

(fork=2,v = %, B = %, and ¢ = A/ﬁ), so that (2.32) can be developed as

fo=1e 2oL [T (v “) (v7+ 2 )z]d
«/_277 0o (r+22/2)? V2 V2
A L i 2/t=32)2
_1+@n L ¢ iy

Therefore, also for @ = A, the asymptotic behavior is given exactly by (2.36).

Remark 2.1. An interesting relation can be found between the crossing probabilities wgl(t)
and vr2(2): for A # a, wgl(z) can be rewritten, in view of (2.26) and (2.11), as

WD) = 1 = [ (1) = Yy ()]
o ()= PR LAY 1201,

where wf‘/z (t) and wl)‘/z(t) denote the crossing probabilities Pr{|B(¢)| < U} of an exponential
boundary U of parameters « and A, respectively, for Brownian motion. Thus, the identity

1/2
d/ el _

2 d1/2 412
=

A A
WW‘/Z(” - mwlk/z(t)} i [%Wt/z(ﬂ - ﬁ%x/z(f)}

is also verified for the corresponding differential equations by applying Theorem 2.1 for v = %

2.3. Crossing probabilities of a gamma-distributed boundary

We extend the previous results by considering the crossing probabilities of a random bound-
ary, distributed with different laws, instead of an exponential boundary. In particular, we choose
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its natural generalization, i.e. the gamma distribution. Thus, we consider the probability, which
extends (1.6),

—y% /4t
Tt

where G is a gamma random variable (RV) with parameters A,k > 0 and Fg denotes its
cumulative distribution function. For our convenience, we write the latter as

¥/ (1) =Pr{|B@)| < G} =/0 [1 = Fe(y)] dy, (2.38)

oA RS (=)
FG(”‘Wfo ¢ dz‘r(k)];j!(ﬁk)'

Theorem 2.4. Let G be a gamma-distributed random boundary with parameters A,k > 0.
Then the crossing probability of G by a standard Brownian motion is given by

Y1) =Pr{B@)| < G} =1 — OV EY 54 g1 (—2VD), (2.39)

which satisfies the fractional relaxation equation

k

k . d4/?
> (j.)rf L Vin® = —vip®, (2.40)

j=1

with initial condition w{‘ 12 (0) = 1 for k > 1 and the additional conditions

d’ k

wa/z(t) =0, r=1,..., LEJ forany odd k > 1,
=0

@ =0 =1 K k>2

WI/II/Q(I) 0_ , r= e T for any even k > 2.
1=

Proof. We can rewrite (2.38) as
X (hy) )ey2/4’
k(1) = 1— d
oo = (- 55 LG +0)
B 1 i(—l)uﬁk %
k)7t = J'G+k) Jo

1 i(—l)f(zxﬁ)f+kr<j k 1)

S ThvT o NG +R 222

2 Z(—lﬂ(kﬁ)”" LG +4k
(k) JIGH+R - TG/2+k/2)

yithe=y?/4 gy

=1

j=0

_ L i T'(j + k) (—Av1)!
B (k) JITGR+k2+1)°

(2.41)
j=0

If we now assume that k is an integer, we can recognize in (2.41) the GML function (2.2),
so that we obtain (2.39). As a further check, it is easy to ascertain that, in the special case
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k = 1 (where the RV G reduces to the exponential RV U), the crossing probability W{‘ 12 given
in (2.39) coincides with the fractional relaxation ¥1,2 in (2.11):

Kﬁ{(/z(t) =1—MtE123/2(=2V1)

T{/2+1)

= Ei2,1(—=/1)
= Yr12(2).

In order to derive (2.40), we resort to the Laplace transform of (2.39), which reads

(V1 + 2k =2k
LU0} = EES

by again applying formula (2.31) fory = k/2+1,8 = %, and § = k. We now rewrite (2.42) as

0 i
:H_Z(?n/;)
=1

(2.42)

L0\ : 2k
> ( ) I Pyt =0 = - (2.43)
— \J n
j=0
By simplifying this expression, we obtain the Laplace transform of (2.40). We can check that

the initial conditions are satisfied by using the series expression of £ f 8 (—ct"), and noting that,
fort =0, E’v"ﬁ(—)\\/;) = 1/T'(B); thus, we obtain

(A/DE

. L _
Vip®]o=1 Ck/2+1) |

For the other conditions, we can apply the formula for the rth-order derivative of a GML
function (see Equation (1.9.6), of [13, p. 46]),

dr
d—z,[z’s’lEo’Z, s =2P7ED 02, aeC.reN, (2.44)
so that we obtain
dr -
F1/f{</2(z) = = PTTEY ) e (AN, reN. (2.45)

By recalling (2.33), we note that the Laplace form (2.43) holds if the derivatives of order r of
lp{‘/z vanish forr = 1,..., |k/2]ifk > lisoddand forr =1, ...,k/2 — 1 ifk > 2 is even;
this is verified by (2.45).

Finally, we check that (2.40) becomes, for k = 1, the fractional relaxation equation
A2y o () /de 2 = = o (0).

Remark 2.2. By comparing (2.39) with the results in [4], we can deduce that the crossing

probability W{‘ /(1) can be written in terms of the fractional Poisson process of order v = % as

w{;z(:) = Pr{T > 1} = Pr{N 2(t) < k}, (2.46)

where T; = inf{r > 0: N1/2(t) = k} is the waiting probability of the kth event. On the other
hand, we can prove that the following relationship holds between the crossing probabilities
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glven in (2.38) for a gamma boundary of parameters (A, k) and (A, k — 1) (respectively denoted
as 1ﬂ]/z(t) and 1/’1 (t))
q1/2

T Vi = =M 0 = vin Ol (2.47)

Indeed, we can evaluate the fractional derivative of order % of 1//{‘ 12 by considering (2.45):

a2 NGk =DI=R 1 -
—1/2 k/2+j/2—1
t — d
GiAVin® = ﬁ(k—l)!g NTG/2+k/2) /0( sy s g
—MAPTREY 41 p (<A, (2.48)

By applying the recursive formula for the GML function proved in [4], i.e.
X"EY 4, (—X) +x"+1E$(,1+1)U+Z(—x) =x E:"nulﬂ( x), n,m>0,z>0, x>0,

form=n=k x=—-M/t,v= %, and 7 = % to (2.48), we obtain

a2 12k k2
W%/z(f) = POSES ) 1 p(—AVD)

—1/2p3 k k)2 kD2 EY
. / (At / E1/2 k/2+1/2( )\\/—) A1 (k417 Eq 172, k/2+1( )»\/_)]
Ak k/2= 1/21511{/21k/2+1/2( 1)+ 20 = i),

which gives (2.47). The latter could alternatively be obtained by observing that

172
P2 (0) = Pr(Mip() = k) =yl () — vi5 @)
satisfies (2.1) with v = % and taking into account (2.46).

The asymptotic behavior of the crossing probability wf 1 for small 7 can be deduced by the
series expression of the GML function,

1 ct’k

ko 0N ~ _
Ev,ﬁ( ct’) ~ TE TG 0<rkl, (2.49)
so that we obtain i .
VD"
Yl > 1 T (2.50)

The same result can be obtained by resorting to the Laplace transform and to the Tauberian
theory, which allows us to infer (formally) the asymptotic behavior of a function f(z) for
t — oo and t — 07 from the limiting behavior of its Laplace transform £{ f; n} for n — 0
and n — oo, respectively (see also [19] for details). To this end, we rewrite (2.42) as

FI N R p—

; n =T - T = 7>
V2 N n(/m+ M
which, for n — oo, can be approximated as

QC{Wk'}—l A +o( —k/2—1
12> M = k/2+1 on ),
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so we again obtain (2.50). For t — o0, it is worth writing (2.42) as
ko (kypi/2=1/2) —j
Z =1 (]) A ~ k
172
Z] ( )n1/2+1/2x i Ay
so that we obtain Wi" 1 (t) >~ k/ +/mt. Thus, the limiting behavior of w{c /p can be summarized as

k
1-— M 0<txl,
r'k/24+1)

k
ATt
which, of course, coincides with (2.15) fork = l andv = 2 We can deduce that, while passing
from an exponential boundary to a gamma-distributed boundary makes a significant difference
for small ¢, this effect fades away for large ¢. Indeed, the rate of decrease to O for t — oo of
the crossing probability is exactly the same for any k£ > 1.

Analogously, we can generalize the results of Theorem 2.3 by considering the crossing
probability of a gamma-distributed boundary for the elastic Brownian motion defined in (2.23).

asn — 0T,

{wl/z’ n} =

Yl () =

t — 400,

Theorem 2.5. Let G be a gamma-distributed random boundary with parameters A,k > 0.
Then the crossing probability of G, or the random process Bgl (t) with transition density ¢® (s, 1)
(given in (2.24)) for any ;, o« > 0 is equal to

. . N AN A
ot =i < a1 =1- (25) (- ﬁ>E1/2<z+k)/2+1< =) esn

=0

which in the particular case o = A reduces to

A A
w&mzmwﬂn<@=1—&%>ﬁﬁmﬂ(\g> (2.52)

Proof. By following some steps similar to those in the proof of Theorem 2.3 we can write
the Laplace transform of wkl (1) as

L{Y ) = / e df/ [1 — Fg(s)1gS (s, 1) ds
0 0
=2/ U—Fdnk“m/1 em@tVImw gy, 4 =
0 s n

2 n 200
2n—a?2  J/2n(2n —a?)

:(mfa)x/ﬁ J_k+12(j_+a i<k+j_ ><_%>/

J=

+a(J2_—a)

n2n —a?)

2(/2n + 1)k — Ak o
J—(J_+a)(d_+k)k n(v2n +a)
1 V20K

=—-— . 2.
NN RN AL 29
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We can invert (2.53) by again applying (2.31), i.e.

1 =12
g =1- 2x’zc{ }
wk,oc(t) “/_ («/—+a) (\/_—l—)\‘)k
=1—<%> /O(I—S)_l/zEl/z,l/z(—a f/z_s)s"/z‘l/z

A
x E]1€/2,k/2+1/2 (‘%) ds
A\ s _Ce/VD Sh k= DUV
=1-l5) 2 2 T DTG
V2 0I*(l/2+1/2)j:0(k DUITG/2+ (k+1)/2)

t
y / (r — 5)/2= 125 k=024 /2 g
0
which, after some simplifications, coincides with (2.51). For @ = X, we can rewrite the latter as

v )=1- (M)k (k4 j — DV (=a1/4/2)7 T
a V2 (k= DUITG/2+ A +0)/2+1)

-9
-1-(4)
-1- (4

1
o ().

Mg

0

~.
I

k

(k+m —1— D! (=A/1//2)"
(k— D! (m—DIT(m/2 +k/2+ 1)

Mg

l

(—AT/N2)" i(k—i—m—l—l)

T(m/2+k/2+ 1) m—1

(=A1//2)™ <k+m)
Tm/2+k/2+ D\ &k

(by the identity proved in [5, p. 10])

m

iM8iM8EM8 e

As a final check, we can ascertain that, for k = 1, (2.51) and (2.52) reduce to the corresponding
expressions given for the exponential case in (2.26) and (2.27), respectively; indeed, (2.51) can
be rewritten, for k = 1, as

0o e eI (A VDI
wl,a@—”;( fz>Zr(<j+1>/2+l/2+1>

Z(—avi/VD S et & (A2
I TN Gy D e

raz+n &\ Va) S Tm+b/2+ D
_ VT o[ aVT\ o (CAVEVDH
_1—E1/2,1<—f>+120:(_\/§> ; r'k/2+1)
W (—0T/VD &
—1—E1/21<—f)+g T(k/2+1) ,g(;()\)
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which coincides with (2.26). Formula (2.52) immediately reduces to expression (2.32) for
k=1.

Finally, putting @ = 0 and substituting A //2 with A, (2.51) coincides with the corresponding
crossing probability (2.39), which was obtained in the case of free Brownian motion (with no
absorption).

The asymptotic behavior of ‘”1?,1;\ for small ¢ can be derived from (2.52) by again apply-
ing (2.49). Alternatively, we can use the Laplace transform (2.53), which can be approximated as

1 Ak
1.y~
GC{%S,W’?}—;—W for n — oo.

In both methods we obtain the first line of the following formula:

NN 1
_(ﬁ>r‘(k/2+l)’ 0<r«l,

V2
N

The second line is obtained from (2.53), which can be rewritten as

V2 12
VAT () PP 4 a Ty (@] 1 e

RGPS (2.54)

1 —

t - +o0.

1
LY 0} = o

asn — 0%, For k = 1, (2.54) coincides with (2.36), as expected. We finally note that,
also in this case, as for the Brownian motion, the leading term in the expression obtained for
t — oo does not depend on k and, thus, for large values of ¢, considering an exponential or
gamma-distributed boundary does not entail any consequence.

The fractional equations satisfied by the crossing probabilities obtained above can be derived
by properly rewriting the Laplace transform in (2.53), as the following theorem shows.

Theorem 2.6. The crossing probability w,f}a given in (2.51) satisfies, for any ., o > 0, the
fractional equation '

K\ (V2N @it a & df/2
B )L ot 35 ()(2)

o
= Y q—yty o 2.55
\/E ( 1pk,ot) «/E ( )
where ¢ = 1 for odd k and cy = 0 for even k. The initial conditions are l/flila (0) = 1 for any
k> 1and
-1
Iﬁ o) =0, r=1,..., foroddk > 1, (2.56)
dr” (=0
w o) 0 1 K 1 fe k>1
=0, r=1,..., - —1forevenk > 1.
dr” =0 2
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Proof. We rewrite (2.53) as

L{Yg aa’?}ﬁ(\/_-f-a)Z( )2]/2Ak j 1/2

_(\/_—}—a)Z( )2”%\" Indl? — \Janik,

so that we obtain

k i k
k ﬁ>]~1 i/241/2 i/2—1/2 o 1 2 i/2—1
=) e J/+/_1/—/ el [e il 1/—]
3 ()2t 3 () ()t
j=0 Jj=1
a [l ~y4 1
=— |- —yYf :|——, (2.57)
V2 [n kel
where we have defined %fl = OC{wk o+ 1} for brevity. From the Laplace transform (2.57),
taking into account (2.33) and the initial conditions (2.56), we can obtain (2.55) with ¢, = 1.
For the initial conditions (2.56), we use an argument similar to that used in the proof of
Theorem 2.4, with the only additional caveat that, in the case of even k, the highest order
derivative, i.e. d*/2 wfla /dr¥/2 does not vanish at# = 0, as can be ascertained by applying (2.44)

to (2.51); indeed, we obtain
R b A e IR CY)
o~ \7) 2\7) (- )|

dtk/z df
Therefore, (2.57), for even k, must be modified as

k—1

i( )( ) [I/felan]/2+l/2 ni/2=112)

J

-0
n ‘/__ Jel R _ =12 1 llf
A \/— dlk/2

e
e E
o

ol

|
S
| —|
S | =
|
~o
R
| I |

so that we obtain (2.55) with ¢ = 0.
As a further check, it is easy to see that, for k = 1, the latter reduces to (2.28).

3. Fractional relaxation equation of distributed order

We now consider an extension of the fractional relaxation equation (1.2), obtained by adding
the hypothesis that the fractional order v is not a constant but a random variable with distribution
n(v). Thus, we will study the distributed order fractional relaxation equation, defined as

1 qv
/ d 1ﬁn(v) dv = =y, t >0, 3.1
0 drv
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where, by assumption,
1
n() >0, / n(w)dv =1, v e (0, 1], 3.2)
0

subject to the initial condition ¥ (0) = 1. As a special case, for n(v) = §(v — ) and a particular
value of v € (0, 1), (3.1) reduces to (1.2).
We adopt here the following particular form for the density of the fractional order v:

n(w) =n18(v —v1) +n28(v — 1), O<vy <1 <l, (3.3)

for n1, ny > 0 and such that n; 4+ ny = 1 (the conditions in (3.2) are trivially fulfilled). The
density (3.3) has already been used in [8] and [17], in the analysis of the so-called double-
order time-fractional diffusion equation, and corresponds to the case of a subdiffusion with
retardation. Moreover, it was applied in [1] in the context of recursive equations of fractional
order, where the equation governing the Poisson process was extended by introducing two
fractional time derivatives.
Under assumption (3.3), (3.1) becomes
Vi dU2

a ¥V T2

and the corresponding solution ¥, ,, coincides with the so-called double-order fractional
relaxation studied by Mainardi et al. [19], who provided an integral expression and some
asymptotic representations for v, ,,. We present here an analytic form of the fundamental
solution to (3.4) in terms of GML functions as well as a probabilistic representation in terms
of crossing probabilities, in line with the results of the previous sections.

Y= -1y, t >0, 3.4)

n

Theorem 3.1. The solution to (3.4) with the initial condition Y (0) = 1 can be written as

M2 Y A"
Yo () =1-— 15 Z(_T> Evz,v2+(vz—v1)r+l _n_z : (3.5)

r=0

Proof. By taking the Laplace transform of (3.4) we obtain

mn" L, i 0} — min" T nan 2 LY s 0} — 12" = —AL{W) 005 1)

whose solution can be written as
nin”t + nan*2
(A +nin*t + nan'2)
1 A 1 1

N nA+nan2 1 +nn’t /(A + nan2)

1A 1 i nin”t Y\
S0 nhdnan? S\ A+ non

r=

L{VYy, 51} =

_L s (my v
nm =\ ny) @t iy

By applying (2.31), we easily obtain (3.5). As a check, we can see that (3.5) reduces to (2.9)
forn; = 0, npy = 1, and vy = v, since (3.4) becomes, in this case, the fractional relaxation
equation (1.2).
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Despite the apparent similarity between (3.5) and (2.51), they are deeply different: while
the sum is extended to the third (upper) parameter of the GML function for v, ,, this is not
the case for w,f}a. This is also reflected in the asymptotic behavior of the fractional relaxation
of distributed order, which does not deviate from the usual relaxation behavior (unlike w,f] o)
We can study the limit directly from (3.5), by applying (2.37):

A > n\ 1 o0 e—imva—i (v —v)r
1/fu1,u2(t) =1]1-— Z _n _/ e—ztzvlr—l ‘ :
ny = ny) 2mi Jy (22 + Ae—712 Jpy)+

0

einvz+in(vz—v1)r
T Z.
(sz + AelﬂvZ/nz)H'l]
Thus, for t — 0, we obtain

[e.¢]

A 2\ 2 1
=t B 2
Yo no ; no 211 Jo
e—invz—iﬂ(uz—vl)r einvg-i—in(vg—ul)r d
X - — -
(wvz + )\tvze—lﬂvz/nz)r—kl (w + Atvzelﬂv2/n2)r+1 w

n1t27 Y\ sin(—mw (vir — vor — 1))
— C'(vir — vor —1p)

T

nyt 27y 1
B ny ) I'(l 4+ vor + vy —vir)
(by the reflection property of the gamma function)
A2
T n T T 0o

while, for t — oo, we analogously obtain

)L o0 n r 1 o0
N1 . L e~ W vir—1
Yoy, (1) ny Z( nzﬁl) 2ri /0 v

r=0
efinvzfin(vsz)r eiﬂv2+in(v27v1)r
X - — - dw
[((w/t)vz + )\6_1”"2/712)"“ ((u)/t)”z + )»e””‘z/nz)”'l:l
> n1 \ sin(wvir)
~1-— Z<_M_‘)l> TF(U]V)
r=0
I U
= AVt ) T'(1 — vr)
_om 1
T A T(L =)

o), (37)

The above expression coincides with Equation (4.13) of [19], which were obtained in a different
way, directly from the Laplace transform of v, ,.

‘We now present a probabilistic form for the solution v, .,, in line with the analysis carried
out so far, in terms of the crossing probability of a random boundary for a stochastic process,
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which will be denoted, in this case, by 75, ., (¢), ¢ > 0. To this end, we will compare (3.4) with
the equation governing the probabilities py of the distributed order fractional Poisson process
Moy (), t = 0, studied in [1], i.e.

LY py
T n(v)dv = —A(px — pr-1), k=0, p_1() =0. (3.8)

Indeed, (3.1) can be considered a special case of (3.8) for k = 0 and, if we add assumption (3.3),
we obtain (3.4). Thus, we can use the results proved in [1] and write

Yoy, (1) = Po(t) = Pr{Ny, ., (1) = 0} = Pr{N (T, ., (1)) = 0}, (3.9

where N is the standard Poisson process (with intensity A) and 7, ,, is a random process
(independent from N) with density

t

t
qul,uz(y,t)=n1/0 ﬁuz(r—s;y>qvl(y,s)ds+n2/0 Bt =53 Van(hs)ds.  (3.10)

In (3.10), py;(-; z) denotes the density of a stable random variable X, of index v; € (0, 1]
for j = 1,2, with parameters § = 1, u = 0, and 0 = (n]|y|cos(nv]/2))1/"/ and g, for
Jj = 1,2 is defined in (2.5). Another form for the density gy, ., is given by the following series

expressmn
n o 1 mlyl\ nilyl
P 0 = 50 X(:)ﬁ(_ P ) Wz <_ v )
r=

n =1 nilyl\ nalyl
+ v ZOF(_ v ) W—vz,l—vlr—vz (_ v )
r=

From (3.9) we obtain

o0
Yoy (1) = /0 e o (1) dy = Pr(T, 1 (1) < U},

It was also proved in [1] that the transition density g, ., coincides with the folded solution

2v(y, 1), y=0,
G2 1) = 0, y <0,
of the fractional diffusion equation
R e A S
(”‘ 91v1 +”23,U2> =52 yeER, >0, ny,n >0, (3.11)

for 0 < v; < vy < 1, with initial conditions

v(y,0) =68(y) forO<v; < <1,

3.12
=0 for%<v1<v2§1. ( )

=0

0 », 0D
— s
ot 4
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Alternatively to (3.11)—(3.12), it can be proved (as we will see below in a special case) that
qv, v, also solves the other equation
8"' 0"2v ov

al‘vl + 28[“)2 —_ _51 yst Z 09 n19n2 > 01 U(y9 0) 28()’),

which is the distributed order analogue of (2.6). In order to obtain a more explicit expression
for the density ¢y, .,, we consider the special, but relevant, case where v| = % and vy = 1.

Theorem 3.2. The solution to the fractional relaxation equation

dl/Z,W dw

"z +ny—

with the initial condition ¥ (0) = 1, can be expressed as

Vi/2,1(0) =Pr{Ti21() < U}, (3.13)
where U is an exponential RV with parameter A and the transition density of T1,2,1(t), t = 0,
is given by
2,2
ni(t —nyy/2) e "y /A=) t
ql 2‘1()}71‘): ) tEO, 0<y < —, (3'14)
/ NN/ n
and satisfies the fractional equation
9'%q 4 _ 0
— =——, ,0) =48(y). 3.15
mo g Ty 3y q(y,0) =8(y) (3.15)

Proof. 1t has been proved in [1] that, for v, = 1 and v; = v € (0, 1), the density (3.10) can
be expressed as
g1 (v, 1) = ni 1" (pu (5 Y) () + n2pu(t; y), (3.16)
where IV is the Riemann—Liouville fractional integral of order v and p, denotes a stable law of
index v with parameters § = 1, u = na|y|, and o = (n1]y| cos(mv/2))Y/V. If, moreover, we
setv = %, we can recognize in pi /2 the Lévy distribution, so that the density (3.16) becomes

_”1t_—1/2= : =
fh/z,l(y,f)— (t —5) " p1yals; y)ds + napipa(t; y)

_ 4 7224 _ s
B / (t—5) [p e YAy niy?/4(s—n2y) ds+n1n2ye niy~/4(t—nzy)

1o
Vo—my® 2 fi—myy OO

n t—nay e—n1y2/4z
= Ly/ (t—nzy—z)_l/z—dz
2 0

2.2 i
ninyy e_nly /40_’12})

27 m Lio<y<t/ny)
—n2

[nlen%y2/4<snzy> ningy e " /A2y

2 1 0 np
v T (l ”2)7) T vV (l ”2)) ] { <y<t/ }
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which coincides with (3.14). In order to show that the latter satisfies the fractional relaxation
equation (3.15), we evaluate its Laplace transform:

dr

2.2
X ny(t — npy/2) e MY /AUyt
£{q1/2,1(y,~>;n}=f

nmy VT Vit =n2y)?

n 0 00 o—niy?/A(t—nay)—nt
( “)

=\ Vi
oy [ ey €
2y Jo N
= _;_n<%e—"”2y—\/ﬁ’HY) — npe M2y =iy
= (ny + nyn~ V2)e=2ntmn' )y, (3.17)

In (3.17) we applied the well-known formula for the Laplace transform of the first passage time
of a Brownian motion. It is easy to check that

ny +nyn~1/?

non +nint/2 +1°

o
fo e L{q121(y, s n}dy =

which is equal to the Laplace transform of v, ,, for vy = % and v, = 1 (given in Theorem 2.6
of [1]), thus proving result (3.13). If we now take the Fourier transform of (3.17), we obtain

m .
F{L{g12,1:n); B} = /0 e? L{g1/2.1(y, ); n}dy

e 1/2y,
= (ny + nm—l/z)/o elBye—(man+nin 2)y dy

ny +nyn~ /2

= o+ 2+

(3.18)
which coincides with the solution to (3.15) converted, via the Laplace—Fourier transform, into

_ 9
(i 4+ nan) L4g1/2.1(v, ) 0} — (™2 + n2)8(y) = —556{611/2,1(% ;)

and
(10" + nan + 1) F(L{g1/2.1; 1} BY = (min™ 2 + na).

From (3.18), it is evident that (3.14) is well defined and integrates to 1, since, for § = 0, we
obtain 1/7.

Remark 3.1. If we consider the two opposite special cases n, = 0 and n; = 0, the trajectories
of the process 77,2,1 can be considered as an ‘interpolation’ between those of a free reflecting
Brownian motion and the straight line y = ¢#/n,. Indeed, in the first case the density (3.14)
becomes
nlefn%y2/4t

q12,1(y, 1) = Vel
while in the second case we can write (3.16) as g1,2,1(y,t) = nzﬁl/g(t; y) = n2d(t — nay),
since in this case o = 0. Itis evident from (3.14) that the trajectories of 77,2 1 foranyny,ny > 0

v, t >0,
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TaBLE 1: Limiting behaviors.

t—0 t— o0
Y(t) ~1— it V() ~e M
V(@) ~ 1=t /T(1 +v) Yo () ~ 1/A'T(1 — v)
Yt ~1—a1/2 vt() ~ 1//Axt
T (1) ~ 1 — V/2At T (1) ~ e~V
WY () ~ 1/(1 4 221)Y/2 YY) ~ 1/(1 4 2A)7/2
Yl () ~ 1= a2t/ vl () ~ 1 = V2/ay/mt

Uin® = 1= OV/DNTR2+1) Y0 = k/r/mt
Y () =1 — 1/ 2K T2+ 1) g, (0) ~ 1= V2/a/mt
Y1y2,1() 21— At/ny Vi2,1() > ni/a/mt

are forced under the line y = #/n, and this is reflected in the asymptotic behavior of the crossing
probability v1,2,1, which can be deduced from (3.6) and (3.7), and summarized as

At
1-=, 0<t«1,
ny

ni
YL TE

By comparing (3.19) with (2.15) we can conclude that 1 2,1 displays the same limiting behavior
as Y12(t) = Pr{|B(t)| < U} fort — oo. However, for t — 0, it behaves as the standard
relaxation (up to a constant) and, thus, tends to 1 much faster than 1 2 1. We recall that similar
limiting features were exhibited by the crossing probability ¥/ of the Brownian sojourn time
process (see (2.20)).

Y1y2,1(0) =~ (3.19)

r — 00.

For the reader’s convenience, we summarize the limiting behavior of the crossing probabil-
ities analyzed in the previous sections in Table 1.
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