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THE LINEARIZATION OF THE PRODUCT OF
CONTINUOUS ¢-JACOBI POLYNOMIALS

MIZAN RAHMAN

1. Introduction. The problem of linearizing the product of two
Jacobi polynomials, P,,@# (x) P, (x), and to establish the conditions
for the non-negativity of the coefficients has been of considerable interest
for many years. Explicit non-negative representations were sought and
found by many authors (7, 8, 13, 14], but only in the special case a = 8,
although Hylleraas [14] succeeded in finding a formula in another case
a = B + 1. Gasper [9, 10] found the necessary and sufficient conditions
for the non-negativity of the linearization coefficients by exploiting a re-
currence relation obtained by Hylleraas for the above-mentioned product.
Koornwinder [16] approached the same problem from a different point
of view and managed to find a non-negative integral expression to these
coefficients when —3 < 8 £ «. However, an exact formula in a hyper-
geometric series form for general @, 8 has been very elusive so far, in spite
of the fact that all computation of special cases seemed to indicate that
such a formula should exist. Gasper always believed in its existence and
so did the author. Our efforts finally paid off in the discovery of the
elusive formula [17] that turns out to be a non-negative multiple of a
very well-poised two-balanced ¢F3(1) and the non-negativity of the
expression is self-evident in the case 0 £ o + 3,8 £ «.

This rather fortunate turn of eventsraises the next immediate question:
is there a g-analogue? Rogers’' linearization formula [19] for the con-
tinuous g-ultraspherical polynomials has been known for a long time, for
which a computational proof has been found by Gasper [11] very re-
cently. It seems reasonable to expect that an extension of the author’s
o Fs formula might exist.

The first difficulty in working with the g-analogues of the Jacobi
polynomials in the context of the linearization problem is to decide
which is the right analogue. There are the 2¢; polynomials of Hahn [12],
3¢2 polynomials of Andrews and Askey [2] and also the recently found
13 polynomials of Askey and Wilson [4]. The order of difficulty in
dealing with these polynomials may appear to be progressively greater
from a 41 to a s¢3, but in fact, the continuous g¢-Jacobi polynomials
defined by Askey-Wilson seem to have the most beautiful properties and
to be the most appropriate for our purposes.
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A basic hypergeometric series in 7 upper and s lower parameters is
defined by

ai, @y, ..., Gy, _ v (@@ Q- @i Qi x
"”S[bl, by, ooy b, ] & @ e v; o2 s . (013 5 °

where the products (¢; q), along with some of their properties are defined
in the Appendix. The general 4¢3 polynomials as defined by Askey and

Wilson are:
(12)  pu®) = palx;asb,c,d) = [9_"’ g""abed, ae”, ae™" ]

. an _Pﬂxra'v y €y —4¢3 ab, ac, adyng ’
wherex = cosfandn = 0,1, .... With x and ¢ fixed, p,(x) is obviously

symmetrical with respect to a permutation of b, ¢ and d. To see the other
symmetries of p,(x) that are not so obvious we need to make use of the
g-analogue of Whipple's transformation formula for a balanced 4F;(1).
This analogue is implicitly contained in Watson’s analogue of Whipple’s
transform [6, p. 69] and has been worked out explicitly by Askey and
Ismail [3]. For the sake of completeness, however, we have worked out
this basic formula in the Appendix. Thus, by applying (A.15) one can
easily see that

o _ (be; @)ubd; @n (g)" .
pn(xyavbycy d) - (ac,q)n(ad,q)n b Pn(xy b,ll, ¢, d)

_ (ed; @)uled; @n (a)*, .. .
(1.3) ~ (ab; @)u(ad; @)n (c) pa(¥iciba, d)

_ (dc; @)nldb; g)n

a n
 (ab; 9)alac; )n <3) Palxidib, ¢, a).

These relations show what happens when we interchange the first
parameter with any of the other three. Let us now consider a special
case. Let usseta = —d, b = —c. Then the last line above gives

(1'4) pn(x;a’;bv —a, _b) = (_l)npn(x; _a;b) _bv d).

However, the polynomial on the right is the same as one obtains from
(1.2) by replacing 6 by 7 — 6 (i.e., x > —x) with¢ = —bandd = —a.
Thus
(1.5)  pu(—x;a;0, —=b, —a) = (—1)"pu(x;a; b, —a, —b).

The analogies with the Jacobi polynomials are not quite obvious in
the general formula (1.2). There are, in fact, a number of different ways
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of specializing the parameters a, b, ¢,d to show the connection. For
example, one could set

a = quAHUA | = g2/ ¢ = B2 gBI2+34,

In the limit ¢ — 1— this leads to the same Jacobi polynomials as
does the one with

(1-6) a = \/Ez -—d, b = qa+l/2’ c = "‘qﬂ+1/2.

As we shall see later the second choice is more suitable for the lineariza-
tion problem. With this specialization, (1.3) gives

. . a+1/2 ﬂ+1/2 _ ,Q)n( (Z 1, Dn
(17) Pn(x,\/a, q \/_) a+l, q)n( q : q)n

X (=1)"pule; —Va; ¢ =V g).

However,

(1.8)  pale; —Vq: 2 — 2 V)
—n n+a+ﬂ+1 _
- “¢3[q \/—e’ \/_ ,q 9]

3 q—n n+a+ﬂ+1 \/‘"et(r—(?) \/‘ —z(1r-—6)
= 403 g™ s ,q q

- b= = P

The continuous ¢-Jacobi polynomials may now be deﬁned as

(1.9) P *P(x;q)
( atl

s @a(— Q ,Q)n o 2 V. A 8+1/2
Gon—gi,  PEVGETT ~Va).

(1.7) and (1.8) then provide us the relationship
(1L10) Pe®(—x;q) = (~1)'P6 (x; ).

As ¢ — 1 this gives the exact analogue of the well-known symmetry
property of the Jacobi polynomials. Apart from orthogonality this is
perhaps the most important property of the Jacobi polynomials, as far
as the linearization problem is concerned.

Askey and Wilson showed that the polynomials p,(x;a; b, ¢, d) are
orthogonal with respect to the weight function

(1.11)  w(x)

I

w(x;a,b,c d)
1— xz)_l/zﬁ (1 — 2x¢" + ¢™)(1 — 22" + ¢™*Y)
#=0 (1 — 2axg" + ¢ (1 — 2bxg" + b°¢™)
(14 2x¢" + ¢™) (1 + 2x¢" + )
(1 —2cxq" + c’¢™) (1 — 2dxg" + d°¢™)

It
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By applying Sears’ basic theorem on general g-integrals [20, 21], one
can prove that

1
(1.12) ho=f dxw(x;a,b,c d)
-1

_ (abed; @)
T (ab; 9)w(a6; @) (@d; @) (b¢; ¢) o (bd; 9) (s @)’

where

(113) « = 27[(VT Do~V Do~ D l?/ (@5 @)

For the integral to exist it is obvious from the product in the denomina-
tors of (1.12) and (1.13) that the absolute values of ¢, a, b, ¢ and d must
be less than 1.

One can then show that

1

(1.14) fdxw(x)Pm(x;ar;b,c,d)Pn(x;a;b,c,d)=hn5mm
—1

with

(1.15) by, = h a™(g; Q)nlcd; )n(bd; )n(be; @)n 11— abedg™!
. n 0 (abedq™"; q)n(ab; q)nlac; @)nlad; q)n 1 — abedg™ ™"

In the special case when a, b, ¢, d are given by (1.6) the total weight
ho may be written in a somewhat suggestive notation by using F. H.
Jackson’s [5, 15] definition of the ¢g-gamma function

(1.16) T,(x) = %% (1-9" 0<g<Ll

After a bit of manipulation one gets

27l (e + T, (B + 1)
Fy3)T(5) (e + 8 + 2)

x[ (V6 D=V D=2 Oen ]

(117)  he =

oI, BFI PR RS

(=" (=07 eu(—¢ Do

If « + 3 and B + § were non-negative integers then the expression
within the brackets could be written as (—vV/q; Qat1,2(—VG; q)ps1/2-
(—¢; @)ars- For other values of o, 8 with Rea > —1, Re > —1 we
may still use the same notation provided we understand (¢%; ¢), to mean

(1.18) (g% @)» = 160(g7%; q; ¢**7).
Since lim - T'y(x) = T(x) and lim,,1— (—¢°% ¢)a = 2% ¢ real, we get
(1.19) lim,,;_ ke = 22@H+DD (0 + 1)T(B 4+ 1)/T(a + 8 + 2).

The reason we get a 22@+8+Y rather than the usual 2¢+#+! is that the
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limit of w(x;q, ¢**'/?, —¢f+1/2, —\/q) as q—1 — is not just
(1 — x)*(1 + x)? but has an additional factor 2=+8+1,

The principal aim of this investigation is a non-negative representation
of the coefficients g; in the expansion

(1.20)  pu(x;a;b,c,d)pa(x;a;b,¢,d) = 3 (g/h)pr(x; a;b, ¢, d)
k

in the case (1.6) generally, and, for the special case « = 3, in particular.
The orthogonality relation (1.14) gives us the coefficients g; as an
integral:

1
(1.21) g = g(m,n;a,b,¢c, d) =f_ldxw(x)Pm(x)Pn(x)Pk(x)-

To facilitate the integration it is convenient to use the first two
identities in (1.3). Thus

_ (bes Q) (bds Qm(cds )ulehi @) 0™
(122) & = o, omlad; @b @)ulads @)y 570

where

(1.23)  f:

fk(mv ’ﬂ; a‘r by C, d)
1
=f dxw (xX)pm(x; b; a, ¢, d)pa(x; ¢; b, a, A)pi(x;a; b, ¢, d).
-1

Before proceeding any further it is important to point out that, as a
consequence of the symmetry properties (1.4) and (1.5) as well as the
easily verifiable fact that w(—x; a, b, —b, —a) = w(x;a, b, —b, —a), we
have

(1.24) g(m,n;a,b, =0, —a) = (=1)"*"+g.(m, n;a,b, —b, —a)

which implies that gx(m, n; a, b, —b, —a) vanishes if m + n + k is odd.
This corresponds to the familiar ultraspherical case and will provide
guidance later.

Using (1.2) and (1.11) one can easily see that

(@ (@ abed; (@™ 9)u(q" "abed; ),

3 X (¢ 9),(¢" "abed; q),
(L25) e = 2 2 D G 0n @ )2(@h; ac; Dn(ads Db @)

X (bc; q)u(bd; q),

Autv

X @ 0).(b; ). s 0,

I(XI #7 V)?
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where

1
—dx
1.26)  I(\ uv) = f .
20 () —1\/1 —x
(1= 20" + ) (1 — 2g™ 4 4
X ﬁ X (1 + 2xq" +¢ ) (1 + 2x¢™""* 4 ¢
L 0 200+ 2 (1 — 2bxg™™ + 077
X (1= 2exg™* + g™ (1 — 2dxg’ + d°q")

1
f dxw(x; ag)‘, bg*, c¢q’, d)
1

(abedgd™™*"; @)
= K " v s '
(@bg™™; 9)w(@cq"™; ¢)o (adgq"; 9) (bcg""”; ) (bdg"; @),
X (cdq”; @)

. ab; @i ac; @i (bC; Q)urrad; @) (bl g)u(ed; ).
(abed; @riusr ’

=k
by (1.12) and (A.1). Hence

(g7 O (g "abed; (g5 @)u

k m m—1 A
X (¢" “abed; q)u(ab; @)rsuq
1.27 =h
(1.27) fi OA;;;(q;q)x(q:q)u(ab:q)x(ab;q)n(abcd;q)w

—n n—1 A "
) q ' q abcd,acq’, beqt ]
4¢3[ ac, be, abcdg)‘“’ &9 -

Since this 4¢3 is balanced we may use (A.15) to obtain

R CRET) N (7 11) PR O
Ol = Goedg™; g1, e g1, O

g " ¢ abed, ¢, a/bg* ]

X 4¢3|: ac, ad, q—)\—l-t; q,9

The factor (¢7**;¢q), on the right implies that f; vanishes unless
A 4 p = n. It follows by symmetry that f; vanishes unless &, m, n satisfy
the triangle inequalities. Let us then set

m=mn—sk=s-+7j
so that

0s<

A
3
=]
A
LY
A
S
|

2s.

Since 0 £ p < n — sand A + u = 5, \ can have values only between
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s and s + j. Hence

(1.28)  gup; = gors(n — 5,50, 0, ¢,d)

(0¢; Qs (bd; @)nes (cd; @)b°a™ S H "2 [
®(ac; @)y (ad; q)n_s(ab; q)n(abed; q)n 2 W52

(b¢; @)y (bd; Qs (cd; @) b '™
0 ((lc; Q)n—s (a«d; Q)n—s(ab; q)n(abcd; q)n
s+i—1

J A (—s—j_ X
g T (@7 abed; @)aas
X
gﬁ ;; (@5 Oa5(0 Dnsrpu

(@7 Qnesrin (@ Nabed s @) nesrru (@0 @t
X (q—n-n, q)nq(n+1)(u+n)

(ab; @) six(@b; @)nesoriu (@Cdq"; @) niu

g g abed, g7, (a/b)g T ]
4¢3[ ac, ad, g g

By using the identities (A.2) to (A.6) and simplifying we obtain

(¢ @) (b¢; Qs (bd; @)n—s(cd; ¢)n

. X (¢ @nes (¢ labed; q) s
(L29) gers = b (b7 Qs (a6 D0 Qo

X (q: q)s(abv g)s(ader Q)2n
(g5 @)u(g" abed; q) (= 1)"g" "V *bia™ e,

where

: (g7 g (q““ ‘abed; (g (g T Jabs g (¢
(1.30) e § (@ Or (@ O (abg's (g™ ™ Jabed; (cd)

A 2n—2s—A—1

5> CRINC] abed; )u(q""; Qulabq"; @) /
2@ D@ (@b @) (abedg ™ g),

e g abed, g7 (@/0)g T ]
4¢3[ ac, (ld, q—n—ﬂl g? q

It is obvious that we must be able to carry out at least one summation
before any progress can be made towards our final goal. To achieve that
end we first transform the balanced i¢3; by (A.15)

(beg" "5 @i s (0dg" ™55 @hrs (a x+s_n) M
1.31 = a
(131) aeal ] @i hoad; e b7

— _)\_ —A—s n—1
el €Ha T (0/a)g T, ¢ abed ]
4¢3[ q_n_,, bcgn—)\—s b dqn—)\—sy 4,9\ -
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Next, we transform the ¢; on the right to a very well-poised s¢; by
(A.14): Thus

‘ _ @/ g g abed, g7 ]
(132) 4¢3[ J = 4¢3|: g—n—,uY bcqn—)\—sY bdqn—.\—sy q,q9

_ ﬁgis_Hl; D (abcdgj"; q). [abcdqzn_)‘_s‘l, g\/abcdg ",
= @ D (abedg™ " q), 87 \/W

3 I A—s—1 n n  —A—s n— —
—gVabedg™ ™ acq’, adg”, g7, ¢ labed, g7
_\/W—)\—s—l’ bdqn—)\—s’ qun—)\_S, (lb(nggn, qn,+l—)\~sY

. g b qn+1—)\—s+u]
2n—A—s - .
abedg™ T

We now write this as a sum over an index 7, plug it in (1.31) and then
in (1.30). The sum over p in (1.30) now reads

(abedg™ ™% @) gV 9) «(—aV/; @) ilacq"; q) (adq"; q)

X (@)
@ )W) (V3 @)ibdg " q)ilbeg’ 5 q)i(abedg™ q),

(g""abed; q) (9 )
1) \a

A

> (@5 u(g™" " abed; 9),(abq" 1 Q) - L
X n—8— 2n—K—s . ) i .
2 T Dulabg™ s Duabedg” s s @ D@

)

However,
A —A 2n—2s—A—1 n
. ¢ a2 1 q) s bed; q) (abg”; q) s
1.33 = (—1)igta+D (g Q)ng‘ @ 1 9)
(1.33) n; L 1= (=D (abq"™"™; q) 1(abedq™ % )

i—\ 2n—25—N—1+41 n+1i
. g ", abedq , abg . ]
3¢2[ abcdg?"‘)\_““ﬂ abgn-)\~x+1y q,9q

()i (¢:9)i(g" """ "abed; g) i(abg"s 9).
(abg"™"™; @) i(abedg™ ™ @a

. (gs+l+i; q))‘_il(cdqn—)\~x+i; q))\—i
(@ fab; g

_ (q:+1);\g))‘(cdqn~)\-—xl; q))\
(abedg™ % @ (g" """ /ab; q)x

(q—)\; q) i(q?ﬂ—?S“)\—lade; q) 1(abqn; q) ; (q)\+s—n+l) i.

(¢ 9)i(cdg" ™5 @) i(abedg™ 5 ) s \ab

It has been possible to carry out the summation because the ;¢
above is balanced and hence summable by the g-analogue of Pfaff-
Saalschutz theorem (A.12). The last line in (1.33) has been obtained by
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repeated use of the identities (A.2-A.6). The sum over p in (1.30) finally

reduces to
(@ hledd ™ s abedg™ ™ gV, —av/
(1.34) e TN 1009 — ~
(¢° /ab; g)x(abedg N =V,
abq”, acq”, adq", abedd™™", ¢, abedg™ T,
qun_)\_s, bdqn—)\—s, bcqn—)\—sY gn+1—)\-s’ (Ldeg2n, qs+1’

—\
q . 2, 2
abcdq?n—srgvg /(Z ] .

This 1099 is obviously very well-poised but not balanced unless
a = = +v/q. And unless it is balanced there is no known transformation
formula for a general very well-poised 10¢9. So it seems necessary for
computational purposes that we choose

(1.35) « = /4.

Since our main objective is to solve the linearization problem for the
g-Jacobi polynomials defined by (1.6) let us also set

(1.36) d = — /7.
(If we had chosen ¢ = —+/q then d would have to be equal to v/q.)
Then, by simplifying the coefficients, we get
_ e =0V Qalg T /b)
(1.37) e; = =
VG D) (=¢; ) (06; D (—0VGi @)s

s G (=beg (g gy
& (@ O™ O™

, (qs_”“/ll)c; q)x(—gs_f“”/b; (=g e
(=g (=g Jbe; (=g /be;

I:_bcq%—s—)\, q\/’:’ _g’\/—Y _b6g2n—2s-—>\’ —ngn,

X 1009

s+1  n—s+1—X
v, -V, g ,
_ntl —A—s b n+1/2 c n+1/2 —A ]
’ r Y ,
— 35—\ 2n+1 —s+A+1/2 —s—A+1/2 2n—s+1; .
bcgns ,—-bcg"+,—cg" s++/y_bqns +/,—b6qn s+r91q

We now apply the transformation formula (A.16) in such a way that
the parameters ¢, g%, bg"*1/2, ¢g"*+'/? remain unchanged on the top,
the idea being that ¢ and ¢——° leave the terminating character of the
series intact while the terms bg"*!'/? and c¢g"*'/2 become a positive and

negative pair in the special case b = —¢. Recalling that our main interest
is in the linearization problem with the parameters specialized by (1.6)
we now substitute b = ¢**+1/2, ¢ = —¢f+1/2 in the formulas above and
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obtain a reformulation of the problem in the following form:

(1.38) P (VG ¢ = Qb ¢ =T V)
2n-2s

Z bibees@iVa g =" —V/g)

where

(1.39) b, = u,F,

with
(@ Dn(@ Oulg™™ q)zs(q“w““'s; Qs
N X (=g 0)u(=g""*; @),
1.40 = g et z SRS
(140) w; =4 (@; 0@ )@ @)aes (@ Q)2n(— 5 Qe
X (=g @) (=" Qs (=g g),
G9)," ), (Hq L), (Mf*:“,qx
(q;q)](q”“+ 1) (=" ) (—¢” 1q);
1 . qa+ﬂ+l+2s+2]'
T =g
and
(@ (@ @ q)x(—qﬂ+"+1; O
— X @ (=¢""9n
141 ]' = a n ots ’ s : ‘ K )
(141) £, x; (@ (@ g * T (=g T A I
X (92“2"‘““’, Q)x(— 1L; g
— —\ — _ - T A=s B+n+1
(14:2) K)\ = 1()‘1)9[ q Yq\\;—'ghy q\'\?i 1 s+1, gﬂ—n—)\,
-q , — q g q y —¢q ’
_ etntl _ s—n—a a—f s—n —\
qgoz—n—)\y gn—sgl+a+ﬂ~)\, _qnvsgl—)\’ Z ;Qv Q] .

The 10®y series above, which we have denoted by K, for notational
brevity, has the following properties: (i) it is very well-poised and 2-
balanced; (ii) as ¢ — 1 — it reduces to a balanced .F; series; (iii) when

= 4 it acquires an additional matching character in that six of the
ten numerator parameters occur in positive and negative pairs. It is
this third property that enables us to recognize it as the basic analogue
of a nearly-poised F; which has a known transformation formula in
terms of another balanced ,F;. The formula is, in fact, a special case of
eq. (1) of §4.7 in [6] of which a g-analogue has recently been found
[18]. Using this g-analogue one could make further transformations of
the sums in (1.41) and eventually obtain linearization formulae in the
ultraspherical case a« = 8 as well as the case « = —B. However, in the
general case @ # = it is not possible to transform K, to a form that
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has this matching property and so the transformation formula of [18]
cannot be applied. One would hope that the steps followed in [17] to
obtain the coefficients in the case of ordinary Jacobi polynomials might
have their g-analogues and thus one would find a basic version of the
results obtained therein. It turns out, however, that the procedures
followed in [17] do not lead to any meaningful result in the ¢-Jacobi
case and so an alternative approach needs to be found. Fortunately, we
have been able to find just such an approach that leads us to the final
result:

atf+1425 B+s+1 25—2n

(g 10) (=" ) (= 0), @ 9),
X (@ 0),° ),
n,s . s+l _ agﬁ+s+l‘ qa-f-jﬁ-l-q?-#?n‘ 4.5
(0; 9)i(=¢"" 75 @) i(—¢q 1 q)5(q 1 q);
X (q2;3+23+2; q)j(q2s—2n—¢x—ﬂ; g)]

1 — Azt [pﬁ+s+1/2 14+1/2(B+s+1/2)

Q n—s—aj ’
T a8 4 109Dy 1/2(B+s+1/2)
—9q p )

1
1+1/2(B+s+1/2) , B+1/2 B+n+1 s—n—a
_p 1/2(B: 1 ’ 1' p 1 ’ BP "',
/2(B+s+1/2) s+ s—n+1/2  , a+B+n+3/2

_P 1 p , p b

' P
((a+B+1) /2)+s+(3/2) 4 ((a+B+2) /2)+5+(5/2) (1—-7) /2
’ , )
((B—a) /2)+1—(4/2) ((B—a) /2)+1/2—(5/2) , B+s+1+(i/2)

p P P

(143) b, =4

’

—(i12)
PaRLY b, P
where p = ¢* and

(1.44) A, = (¢ (@5 On(@ 5 @) 25 (@45 @) 2n25(—¢* 5 @
X (=15 0)n/1(q5 ) s (@1 Qs (TP @)ns (@B @)
X (@2 0) o (=5 Qs (=P Qs (—g*H15 )
X (=gt q) 5}

It is easy to see that in the limit ¢ — 1 — (1.43) reduces to (1.9) of [17].
The non-negativity of b; is quite clear in this formula when — 3 < 8 < a.
However, in any larger region the terms of the series above are not
necessarily all non-negative and so further transformations need to be
made to show that the b,'s are indeed non-negative if —1 < 8 < «a and
a + B+ 1 = 0. Since this requires a bit of manipulation we shall carry
out the calculations and state the results in Section 4. The derivation

of (1.43) from (1.40) and (1.41) will be carried out in Sections 2 and 3.

2. Transformation of K,. There are two key steps in the proof of
(1.43). The first one is to rewrite the ;0®, series in (1.42) as a ;2®;; by
introducing a matching parameter so that six of the top parameters
occur in positive and negative pairs. This can be done in four different
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ways, but the one we have chosen to work with is shown in the following

—g NV =g eV =g, ¢ =

,
s+1 s+1 —B—n—\

2.1) K= u@u[

=X =X
V=g, V=g —=¢", ¢ —q :
B+n+1 —\ +n+1 —B—n—\ s—n—a—f
PEAN ' N TIPS
—B—n— —o—n— +n+ a+B+14n—s—
q y —4¢, 4 y —q y g ,

_gn—x?—l-)\; Qy g] .

It is obvious that it is the parameter —¢f*"*! we have chosen to
match ¢f*"*! and that the series is really a 10®y. Using the identity (A.7)
we can easily see that

(—¢ ™ D@ gV =6 De(—av/ —a 5 e
X (g7 (=07 0ul @ 0 (= )i
@ Ox(—3; /=g 5 D(—V—=¢ 5@
X (=g Ou(—a 7 (@ @
_ )4 ) 7 2 )i
e F T P T o)

where the symbol ¢ is used throughout the paper to stand for ¢
Now we apply (A.12) to get the easily verified identity

(2.2)

B )T )
AP TN )

_ @k g 5 0), (P
3 ; ;). "5 ). (07" p),

The factor pB+"=9% appears in front because of the identity (A.6) which
enables us to write (p¥t1H =k, p), /(pptr+itri—k. p), as

DU (o )1/ (9 )
Using (2.3) in (2.2) and then in (2.1) we get

&)
K, = E - S ——
* = (05 0).(p +l;p>r(P s )\;P)r

—B—n—\

(2.3)

k=X, s—n—P,
i 0), (P rp)rpr.

(—¢*™ 9)elg s i
X —a—n—, n
T e = )

( _ qs—n—a-B

s D@ O

n—s+1-x

G FBFIFn—5—X,

(g s )i(—¢ Dk

s 075 ), (07 )L+ P o
p;p)e( 4+ p7%) '

X q
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Note the sum vanishes unless £ = . So we make a transformation
k — k + r, carry out some simplifications and use the identity

(75 0)r = ()P0 (5 perr/ (b3 P

to get
G 0)e 0T ) (=" ) (TN ),
‘ X (=¢" 7" ), (¢ q)s
24) K= - 2 i
CH K= T G e ),

X (_qﬂ+n+l; q)r(qa+ﬁ+l+n—s—)\; q)r(_gn—s+1+)\; Q)r
._ﬁl + p__r—_)\-/j_ (— 1)'q2(ﬂ+1+n—s)"7? 8‘1’7[ _927—)\’ q\/__T?r_—'X’
1+ p—)\/- \/__—q—mf

27—\ 27—\ a+n+1+71 T—B—n—\ s—n—a—B+r1
—q9v -9 9 ,—9q g —q

y )
27— rT—a—n—\ Btn+1+r a+f+14+n—s—A+7
-V —q 9, g y —4 » g ’

s—n+r1

. 284+2n—25+1—271
_qn—s+1—}\+ry Qy g :‘ .

The s®; series in (2.4) has the same structure as the one in (A.14) and
so if we use the correspondence
a — ___q?f'—-)\Y b — __qa+n+1+7" c— qr—ﬂ-—n—)\’ d N __gs—n—a—ﬂ—r’
e— ¢+ and f—¢¥

then the s®; in (2.4) transforms (after using (A.6)) to

(g2s—2n—a-—~ﬂ+27‘; g))\—2r(_1' q))\_2r [gﬂr—)\' gB‘a’ _qs—n-wz»ﬁ‘“Y
2.5 —n—a—B+7 — 'r $ r—a—n— T
(2.5) ¢ B+ T2 (—q° e D rer 4®3 q XY _qﬂ+n+1+ ’

s—n+r
923—2n—a—ﬂ+2r; g, 9] -

However, using (A.3) the coefficient of the 4®; above simplifies to

@ (=19

(__gs—n; q))‘(qs—n—a—ﬁ; q))\
(g, 9:(=¢""; q)rﬂ(q‘”ﬂ“*""sl‘i; (=" ),
(A ) PRI Cl A7) P

X (__ l)rgr'l—(a+6+‘ln—2s)1'
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Using this in (2.5) and going back to (2.4) we finally obtain

2s—2n—a—pB
igh(—1;
(2-6) K)\ — (q quSL*a—B.Q))\

(=" (g )N

/2] —N/2, (1-N) /2, s—n—B , s—n—a—f
X Z (P 1p)7(p )P)T(p vP)r(P vp)f

= ;)" 0) (@ )
X ()\ps—n; P)’(_g\a+n+l; Q) rﬁ-f +1 97(5‘“+2)
(=" 0(=¢"" ),
27—\ B—a s—n+r o s—n—a—f+7 q
X 44’3[ y923—2n—a—ﬁ+2r: qf—a—n—)\: _gﬂ+n+l+r; ' :l

It should be pointed out that the use of (2.5) leads to (2.6) only after
some simplifications and particularly the application of yet another
identity (A.8).

This is the form of K, that seems most appropriate for use in (1.41).
Note that the right hand side of (2.6) contains two groups of products,
one with base ¢ and the other with base p = ¢%. The question may arise
at this point what we may have possibly gained by transforming a single
series in (1.42) to a double series in (2.6). One only has to look closely
at the form of the 4®; in (2.6) to realize that it becomes 1 in the special
case @« = 3 and K, becomes a multiple of a balanced ,®; with base p
and thus (2.6) constitutes a quadratic transformation of (1.42) in the
ultraspherical case. It is not difficult to show that with this special form
of K, for « = 8 the double series in (1.41) can be summed exactly and
the linearization coefficients b; do reduce to ratios of products when j
is even and to zero when j is odd. So, by transforming K, of (1.42) to the
double series in (2.6) we are really looking for an expansion of b, in a
series in ¢f—.

It is obvious that a direct substitution of (2.6) in (1.41) is not going to
render any of the series in the triple sum summable unless further trans-
formations are made. So far we have concentrated on an ‘‘inner trans-
formation’’ of F,, that is, a transformation of the inner sum to a more
suitable form. For the ultraspherical case this is sufficient to produce a
summable form. However, in the general situation one needs to carry
out an ‘“‘outer transformation” of the A-series in (1.41), hoping to get
some cancellations, before the triple series can be seen to drop into
summable forms. This rather strenuous work is carried out in the
following section.

3. Computation of F,. Since

) (P p)s = (070
by (A.8), and

@)= @ 0) (=9 q),
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we get, on using (2.6) in (1.41),

@) T ) (=T )
X (=g 0),@" % 0@ T @) e
3.1 F; = s s—2n—a—
( ) ! Z 1 (Pr P)T(P +1; P)r((f : ﬁ; g)2r+l
X (—Qﬂ+n+l;g)r+l

A (___gs—n—a—ﬂ+r; g)l qr(ﬂ—a+2)+ l’Yr, i
where
J ( —J. Jt+2statftl, atntl, _ Bt
g gh(g RN O DN Gl T )N
3.2 i = a n a
( ) Yrot,j g (q;q))‘(q NS R ;q)x(q +s+l; q))\(_q6+s+l;q))\
R T ) Y
@ Q=g ),

Since the terms of this series vanish unless A\ = 2» + [ we make a
variable change A — 27 4+ I + X and simplify, by using (A.5) and (A.6).

@75 Qare @ Do (T Qo
X (_QBMH_T; q)ort
33 'Yr, = —a—"n —B—n a 2
(8.3) YT Qe (=TT (@ T @)

X (@ Qe (=" Qo

27+ 1—j J+2s+a+B+14+2r+ 1

1) Rer+oert i g q , ,
(= )9 4P3 qa+s+l+2r+l
b

atntltr Btntl4br+1
e z: qa+ﬂ+2+2n+2r+l; 4 Q] .
Note that the ;®; series above is balanced and hence we may apply
(A.15) to make a further transformation. The second key step that we
alluded to in Section 2 consists of using (A.15) once in (3.3) by choosing
the parameters judiciously, simplifying and rewriting v, ; ; back into the
form (3.2). In the first stage of calculations we transform the 4®; above to

a+s+14+274 1, 25—2n+-274+ 1,
(—¢ 3 4) —2—1(g $ ) 2=t B+ 142n—s\ j—2r—1
B+sFIF2r+i, (g° TPTTTEmTRTEL, (- )
(—¢ 7 4) i—2r—1(g $q) 211
q2r+ —j qj+2s+a+ﬂ+l+2r+l s—ntr+l _s—ntr+a—f
’ ’ ’
X 1®3 G jak et gz.g—2n+2r+l§ 99
’ r

The crucial feature of this transformation is that two of the denomina-
tor parameters occur as a matching pair. This is the ‘‘outer transforma-
tion’’ that we alluded to at the end of Section 2. When we transfer this
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to (3.3) and simplify, we get

25—2n ats+1

‘ @ " ai(—¢ 1 q);
34 Yroni = a ¥2m, s
34) YT (g ) (=TT ),

B+14+2n—s\j 1/2(274 1) (274 1—1-28+4-25—4n)
X (—¢ ) q

j jt+2statB+1 atnt+l—r—1

(@5 @)2rri(g )2 1(q v )2t
) . X (_,‘I‘Hn“hr; q)2rti
G ) (=T D T Qo (=" o
X (" @)ars
274 1—j j+2statB4 142741 s=ntr+l_s—ntrta—p
4‘133[ ' q¢z+s+1+27+zY _qa+s+1+2r+l’ q2s—2n+27+1
) )

y 4 g] .
However, by (A.6),

(== @) e/ (@5 @) i

= (@0 ) (@ ) /(@ )
— (—(]“+"+1)7+IQ“”2U+I)(T+H‘U((]‘H'”H;q),

and
(=g @) e/ (@075 9)
= (=" 0) (= @) e/ (@5 ),
= GBI (g8l gy

Hence

(3.5) Yrog = 0,(— 1)T+ [Q((r' Y ((laMH; Q)r(_(lﬁwﬂ? q) r1

, () P ) I R
@ Qe (= T )2 (0 T )20
[ 27+ l—jY qj+2s+a+3+l+27+ lY _ .y—n+1+a—ﬂ, s—n+r+1 ]
° 44)3 a+s+14274-1 a+ s+ 1427+ 1 2s—2n+27+ 1 4, 4
q y — 4 v 4
where
( 23—2n,; g)j(_qa+s+l

1 4); B+142n—s\j
3+s+1g,)] (_q““” )

3.6) 6, = L S
3.6) T (@ ) (—¢ M ),

and

B7) e(r,l) =52r+DQr+1—1+4 25 — 4n — 28)
+3+DRa+2n+1—7r—10)+ 528+ 2n+1— 7).
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It can be easily verified that

s—n+a—Bf—r—1

(3.8) a1 (=q 19)2r+1(9 - ,93)21+z
(__q —a+ +rz—s;q)r+l(qn s+ Yq) ( qs—n+a~,q) (q ,Q)H—l

_ (_ 1)7q—1/2(1+ 1) (74 1+ 14-2n—25+2—2a)—1/27 (7+2n—25+1)

Using this identity in (3.5) and simplifying the powers of ¢ we have

a+tn+1 B4+n+1,
(39) Vr,l,j = 67 ( §— nyﬂ-ZZB( g : Q)H—l Er Ly
( —q ’ 9) (q YQ)T+I
where
(g y9)2r+l(qj+n+a+ﬁ+l; @Q2rt1

P X (= q&‘wa_ﬁ_r—l? 9)27+z(q6‘n-r? Q)21
3.10 = e —
B10) &y = (CpmIES gy L g,

X @ Qo (= Qo (@77 D 2rr

F2statBt1t2r+
’
a+s+1427+1
q

) q2r+ -
. (_l)lq1/2(27+l)(-7+l+1) 4@3[ ’
_S—nte—f+r s—ntr+1
_qa+s+1+2r+ 1: q?s—2n+2r+l; q, Q]
Note that the right hand side has essentially the same form as the
right hand side of (3.3) and so one can immediately transform &, ; ; to

the form of (3.2). Thus

B g, = > Y19

J+23+a+8+1, g) ( s—n+a—ﬂ

XN AT ))N

S (G on@ T (= q"'*”‘,q)x(q“ "
. . (g” ;Q)zrwél)\ s
(=" N ) (@ TN ),

The upshot of the whole calculation is that we are now getting some
cancellations: the factors (—¢f*"*1;¢q),,, and (¢*™";q),+, in (3.9)
cancelling with their counterparts in (3.1). Thus, substituting (3.11) in
(3.9) and finally in (3.1) we obtain

(@ (@ (=g T @ T O
3.12 F = 6 a+ts a+s s—2n
(8.12) x_zo @ NG T (= q+“q)(q2 SN
@& p), (p“‘“”;p)xp“"“"ﬂ;p),(p“"“";p),
[A/2] a+n+1 s—n
X (p i 2) (=07 @),
X s s—2n—a—, s—nta—
r=20 @; )™ ) (@ Qe (=T ),
X (gn-—s+l—)\; g)r(_qn—s+1+ﬁ—a—)\; g)r
27—\ B—a _ s—n—a—f+r
X pH’lllT(ﬂ—a) 3¢2|:g ’ _gn—s+1+3——a2)\+r’ q2s—2n—a—ﬂ+2r; q, Q]
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The pleasant outcome is that the ;®, series is balanced and hence
summable by (A.12). Thus

s—n+T7 25—2n—28+27

2B ] = __("'9 s Oh—2:(q 3 @ )r—2r

) N ) N
Now,
] (Q;DS_"_:; p).(=¢"" q)g
@ Qe (=g ),
. _—(_0 s‘n+7é q))\-—2r (q23—2n~25+27; g))‘—Qr
) NN C A i) NS
25—2n—28 | s,
= 2&-2n—a<—qﬁ_ ly/g—i)—;\—n-e. : ( sgnJra’-g_))\—-r
(q vq))\(p )P)T (_Q yq))\—r
_ @ g (=g g
@ o (=TT g

n—s+14+B—a—\
— —q ) Q)T (a—B) 7

P ) (¢ ), !

Using this in (3.12) we get

j ( —J, J+2s+a+p+1, s—n, 25—2n—24
. . q iah(g s an@ " Ph(g TN A
3.13) F, =6, — 1A -
B13) 1, ]x=20 (@ @ T o @ T

pA)\/2 P(l~)\)/2 s—n—a—f a+n+1
~4®P3 ' Ps+1: P1/2+s—n—ﬂ: pn—3+1—x; b, P
Observe that the ;®; series in p is also balanced. Applying (A.14) we.
now obtain
= (P"::LI:?_[W] P (Pl_z_s[?_;] P2
6z SO (0 T T P

Pa+s+1/2 14+1/2(a+s+1/2) _p1+1/2(a+s+1/2) a+1/2
’ y , ,
p1/2(a+s+1/2) 1/2(e+5+1/2) s+1

’ —p y P y

(3.14)  4®s ]

X b7

a+B+n+1 a-+n+1 (1-N\) /2 —\/2
{)2 43, L 27 L y \ P p2s—2n—a-ﬂ+)\
/24 s—n— s—n+1/ ats+14N /2 ats+3/24N/2) Py ’
p P P P

where [x] is the usual greatest integer function. Using the identities

(A.6) and (A.8) we can show that the coefficient of s®; above simplifies
to

(Pt pIN(@ =2 O/ (P75 PIa (g T35 @)
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J —J. j+2s4a+B+1, 25—2n—28
(3-15) Fj =9; Z (q YQ))\(qzs—zn—a—a, - Q))\(gaﬁ-Zs—l—?. q')f))\ gx

= (g9 san(g

(pa+s+l/2;p)k(p1/2(a+s+1/2)+l;P)k(_plﬂ(a+s+1/2)+l;p)k

/21 at1/2,
X D, /2T s ¥/ — 1/2<a+s+1/2>>,< (¢ s+1'_p)k
= PP i P)e(—p s 2T Pk

' 2 (P p), ( pa+nz+1; P)kgq_);; q2)2>{c P()\+23—2n—a-/3)k
BT T )@ )
(pereri, D) (pHRETTUDTL, ) (_ pLAEHLDHL 4y

=53 X (™ p)
Te (b PP Y (= p T ), (07 )

(Pa+ﬂ+"+l; U Y ) VI TS,

. (Pl/2+s—n75; P)k(ps—n+1/2; P)k P Nky

where

j j+2 1 25—2n—2
J J+2s+atB+ ,g))\(q s—2n; ﬂ;q))\

SRR INC]
(8.16)  m = x:zo (g; g (@ (g

(@7 Qg ™.

?a+28+2;g))\+2k
The sum in (3.16) vanishes unless j = 2k. So we make the trans-
formation N\ — X\ 4+ 2k and get

(3.17) g, = LDl

(q2s~2n~a~6

J+2s+a+B+1 25—2n—2a

L @)ulg
: q)Zk (g2a+2s+_

) q)Qk k(2k+1)
- q) q
vq 4k
g?k— J o i+2sta+B+142k 25—2n—28+2k
b
3P q2a+2s+2+4lc, q?s—2n—a—ﬂ+2k; q,9] -

’

Happily, the ;®; here is also balanced and so, by applying (A.12)

once again, we get its sum as

Bk B, o) (GBI oy
) 1= ’ J—4an
(q2a+23+2+4k; q)j—2k (q a+ﬂ+l+2n—‘_’s—]; q)j—2k .
We now substitute this in (3.17), apply (A.3) and simplify to get
20+28+2n+2, ) a—f+1—j )

Nk = 2a+2s+2 atB In—25—j
T ) (@R ),

—J. J+2s+at+B+1, 25—2n—26,
g q)ulg s @) (g Q)2 g
2a+26+2n+2, a—B+1—7, Sat2sF247,

(Q ’ Q)ﬁk (q ’ Q)2Ic (q ’ q>2k
Finally, we break up each of the products of the type (a;¢q)s into

2(a+p+1+2n—25)k

https://doi.org/10.4153/CJM-1981-076-8 Published online by Cambridge University Press


file:///0.ll
https://doi.org/10.4153/CJM-1981-076-8

980 MIZAN RAHMAN

two factors by (A.S) and then substitute in (3.15) which yields

2a+23+2n+2

a—f+1—j, 25—2n a+s+1
(g 19)4(g 1)@ ) (=4 9);
X ( B+l+2n— )]
(3-19) Fj = a+B+2+2n Za+25+2 a+BFI+2n—25—j B+s+1
(g 19)(q 1) (g 1 9)i(—q
ats+1/2  , 14+1/2(ats+1/2) 14+1/2(a+s+1/2) , at1/2
10Pg ? ' 1/2( 12 —? 1/2( 1) i 172
: /2(a+s+ a+s+ s+ s—n
p ) _P , P ) P
s—n—B , ((a+B+1) /2)+s+7/2 , (a+B+2)/2)+s+j/2 =3 /2
y y Y y
a+f+n+3/2 ((a=B) /2)+1—j/2 ((a=B)2)+1/2—j/2 ats+1+5/2
P y P v P P

=il2

Pa+x+3/2+1/2; |2

For general values of «, 8 the 1y®, in (3.19) cannot be summed and so
the summation process ends here. However, the terms of this series do
not have any definite sign pattern and so we look for a transformation
that will do the job. F. H. Jackson's transformation, (A.16), between

two well-poised balanced 10®,’s provides the answer for it:
. a, gﬁv _Q\/(T7 [)) c, d,
(3.20) mq)g[ Va, =\, aq/b,aq ¢, aq/d,
B, ¢ D, g ]
aq/B, aq/C, aq/D, ag"*"’ 74

_ _(ag; 9)x(aq/BC; q)rlag/BD; q)x(ag/CD; q)x
(aq/B; )i(ag/C; @)x(ag/D; q)i(ag/BCD; q),

—ba ca da
a', gV, =g/, ,

X 10®s - aq aq Zq
—~ ag  ag
V', =/, .

B, ¢ D g"

a'q/B,d'q/C,a'q/D, d'q 19 g

where
(3.21) a®q® = bedBCDg™*
and

(3.22) o = a%*q/bcd.

The reason for writing the formula in this fashion is that it provides a
clue as to how to use it in any given problem. Note that on the right hand
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side the last four top parameters, namely, B, C, D and ¢~* remain un-
changed while the three bottom parameters on the left remain as they are
on the right hand side. The new parameter @’ is constructed by com-
bining ¢ with the top three parameters b, ¢, d according to the prescrip-
tion (3.22). Equation (3.21) simply expresses the balancedness of the
series. We may now apply (3.20) directly to (3.19) by taking a as
ptst2 b ag patl/2 ¢ as pet"+land d as p*—F. Thus we get, after simpli-
fying the products in the coefficient,

ats+1/2 14+1/2(a+s+1/2)  _  141/2(a+s+1/2) pat+1/2 jatntl
23) @ ’ ’ ’ ’ ’
(3 10%9 1/2(a+s+1/2) 1/2(a+s+1/2) s+1 s—n+1/2
P ’ _P ’ P ) P ’
s—n—B , ((a+B41) /D +s+7/2  , ((a+B+2) /2)+s+7/2 (1-7) /2

b ’ ’ ’
a+B+n+3/2 ((a=B) /2)+1—3/2 ((a=B) /2)+1/2—3j/2 ,at+s+1+5/2
P P y P P

y b ,
—j/2
Pa+s+a/2+j/2; b, P

_ @ 9,6 0,0 ), i
@@ 0,0 p);

B+s+1/2 14+1/2(8+s+1/2)  _  1+1/2(B+s+1/2) p3+1/2

X 10Py ’ 1/2B+s+1/2) 126+s41/0 sl
P , —-P ’ P ’
B+n+1 ps—n—a p((a+ﬁ+1)/2)+s+j/2 ((a+B+2) /2)+s+i/2

’ ' 1 i)
S=nt1/2 atBintd/2 L (B—a)/DH+1-3/2  ((B—a) /D+1/2—5/2
P ' P P » P

, ,
-5 /2 —j/2
’ .
Bts+14+(/2) Bts+3/24G/2 Dy P | -
p P

This, combined with (3.19), (1.40) and (1.39) immediately yields (1.43).

4. Remarks on special cases and the non-negativity of ;. It is
quite clear that the left hand side of (3.23) equals 1 when @ = — 3. The
10®5 on the right hand side of (3.23) also becomes 1 when 8 = — 1. Thus
the coefficients in the linearization formula (1.38) break up into ratios
of products whena = —% or 8 = — 1. Also, when o = B the 1%, on the
right of (3.23) becomes a very well-poised terminating balanced &,
provided j is even, which can be summed by Jackson's theorem (21,
p. 247].

The non-negativity of the coefficients is quite clear in (1.43) provided
—3% = B < a. However, if —1 < 8 < — 3 the parameter /2 produces
a negative factor 1 — pf+1/2 and hence the terms are not all non-negative.
To bring about a non-negative expression in any extended region we need
a transformation that is a g-analogue of Bailey’s formula [6, eq(1),
§ 7.6, p. 63]. This analogue is easily obtained from (3.20) by trans-
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forming the 0%, on the right hand side once more. We first construct a
parameter, say ¢’ by taking one of the parameters ba'/a, ca’'/a, da’/a
and any two of the parameters B, C, D. If, in particular, we choose
ba’/a and C, D we get

@ = aa'?q/CDba’ = ad'q/bCD = a?q*/b*dCD = B/b*™".
Thus

4.1) <I> [a’, W, —g\/(?, ba' Ja, C, D, cd Ja,dd /u, B,
' YR VA =/ ag/bd'q/Cod'q/D, ag/c, ag/d, aq/B,

—k
q .
(L/gk+lv q, Q]

_ (Wq;q)la’g/cda’; q)i(aq/cB; q)x(aq/dB; q):
(ag/c; q)lag/d; ¢)i(a’q/B; q)ir(a'q/Beda’; q)

% by [ B/6)g ™ v/ (B/b)g ", g/ (B/b)g ", By /a,
V (B/b)g ", =V (B/b)g ", aq/b,

(BC/ba")g™", (BD/ba')g ", cd' /a, da' /u,
a'q/C, a’'q/D, B(qu_k/bca’, Bag* ™" /bdd’,

B, g_k‘ ]
(]l_k/b, Bl]/b, 9,91 -
This, combined with (3.20) through (3.22) as well as (A.6) produces the
following formula:

@, Q\/Zy _q\/iy bv c, dy
\/(7) _\/(ly (L(]/[), CLQ/Cy (t(]_/d,

B, ¢ D, ¢* ]
aq/B, aq/C,aq/D, (qu+1,q,q

(ag; q)ilaq/BC; q)r(ag/BD; q)i(aq/cB; q)r(ag/dB; q)

_ X (b; q)x B
(aq/c; @)ilaq/d; q)i(aq/B; ¢)ilaq/C; q)r(ag/D; q)
X (b/B; ‘Z)k

(B/b)g " aV/ (B/b)g ", =gV (B/b)g ", B,
V (BB, = (B/b)g T, 4" /b,

aq/be, aq/bd, aq/bC, aq/bD,Bq */a, q‘k‘ ]
Beq*/a, Bdg™/a, BCqG " /a, BDg " Ja, aq/b, Bg/b’g’q ’

(4.2) 10<1'>9[

X 10‘b9[

while the parameters are, of course, still connected by (3.21).
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In order to apply this to (1.43) it is convenient to take the ;0% on
the left hand side of (3.23) rather than that on the right hand side.
First consider the case when j is even. We choose p**1/? as B and

pU=972 a5 b, Then (4.2) gives the left hand side of (3.23) as

BT D) n (0T )2 T ) s (0T T ) g

— 2)—37/2 (1—3) /2 (a+1/2) /2
X G a0 )

+1 —n+ n+3/ —=B)/ —j/2,
@ p) i T D)2 (0" i p)in(p” D) s

((a—B) /2)+1/2—7/2 —a—j/2
X (P e PRIy (07T D) s

(4.3)

a pltart _ léaf k2 @)/ (Bt D172
X 10Dy a2 a2 (a+B)/")+1 (@tfD) /2
P ’ —P y P P P y
s=n+37/2  atftntlt5/2 —s5—3/2 —3il2
tnblosj/2 ? Bon—i/2 atstlrs/2 +p1+ 2Py P
at+n+1—s—j —B—n—j s J a Jl2y ¥y
P y P P P

On the other hand, if j is odd then we take p'/2=7/2 ag p=*, ¢g*+1/2 as B
and p~7/2 as b. Then we get the left hand side of (3.23) in the form

a+s+3/2 s—n—a S+n+1,
( ) G-v 2P i P) G-y 2 (P i P)G-n 2
1/2—((a+8) 12— (4 /2) (@) /D—(3/D) .
X sP)a—n " i) G- 2

—i2 (@+1/2) ((5=1) /2)
X 7 p)=ny o
S¥L, s=n+1/2, a+5+n+3]/2,
@7 P -y 2@ )= 2 (P i D) G- 2

(a—f) 2 +1—(5/2) | (amf) /2 +1/2—(3/2) .
X (p ) G-n 2 (P  P) -1 2

—a—1/2-(j/2) .
X (p ) G- 2

(4.4)

atl | 3/2+«/2  _  3/24a/2 jatl/2 , ((@=B)/D+1 , ((a—B)/2)+1/2

10%[ 'p1/2+a/2: _p1/2+a/2: p3/2z p((a+ﬁ)/2>+1: p(<a+ﬂ)/2)+3/2:
s—nt1/2+5/2 a+Btnt+3/2+7/2 1/2—s—j/2 ,(1=35)/2

pa+3/2+n—3vj/2’ Pl/Z—ﬂ—n—j/2z b a+3/2+s+j/2" pa+3/2+j/2; b, P ]

’

In both cases one can easily see that the terms of the 1,®, series are
non-negative if 0 < a+ 8+ 1 and —1 < B8 £ a. One can obtain
different expressions for b; depending on whether j is even or odd by using
(4.3) or (4.4) in (3.23) and going back to (1.43). It is simple to
verify that the coefficients also remain non-negative in the extended
region.

For the ultraspherical case @ = 3 it is obvious from (3.19) and (4.4)
that b, vanishes when j is odd while (4.3) combined with (3.19) and
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(1.40) gives the following value of b; when j is even:

B41 28+1 2B+ 1+n—s

RN Caa D C R ) PN  Dns
(4.5)  b;= A1 BF1 X<;r(flﬂ+l;g)n(—%-2f1+l;4)n
(G D:@ (=" D@ Dnes (=77 Qs
X (@ Qe — 5 Ques (—¢%5 @)

@ ) (=g g), 1= g

" g 9)(— 92"““,9)] o 1—g¢ P

l §Q:B:f"+2, q)2§g2s+f", 9); (%+ f:”:_ )’
)@ ), %),

W) 00T ) 12 (BT ) 10
(pl—f]_ﬂ j/2v p)? 5_?/12/2 5 ) j 236(6:;2 DU qn—s—j(s+1)
T D) s ) (7 B '
This result is essentially the same as that of Rogers [19] who used a
method of induction to prove his formula by taking the following rep-
resentation of the g-ultraspherical polynomials

X(q

(4.6)  cylcos0; Blg) = %e""”e%[g{n: Bﬁ,q g8~ lem]‘

For further comments on Rogers’ formula see [3].

We would like to point out another special case when the b,'s become
ratios of products. Note that the ;9®¢'s in (4.3) and (4.4) become g®+'s
when o = 8 + 1, and, as we said before, such §®;'s are summable. This
provides a g-analogue of Hylleraas’ result [14] for this particular case.

Appendix. Throughout the paper we have made use of a large number
of basic identities, summation and transformation theorems that we
would like to state in this appendix. First, we list a set of relations
between products of the type (a;¢q),. These relations are given in [21,
p. 241-242].

(A1) (a;9)n= 10 —a)1 —aq)(1 —ag?) ... (1 — ag"?), (a;q) = 1;

@ Qo= 11 = ag) = @ Qnlag"; 0)o

r=0
(A.2) (@ Qmin = (a5 O)n(aq™; @)
—n ((L; q)m 1/2n(n+1)—mn
A3 1 @men = (—a) " ormm .
(A4)  (ag™; Qu—n = (a5 n(q/a; Qu(—a) g rEmED=2N/
(@/a; q) .

(A5)  (ag @)y = (“@@%%Mq)f)" o

(A.6)  (ag™iq)u = (—a)'q /"D (q/a; @),
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In these relations it is assumed that m, n, N are non-negative integers
with values such that expressions on the right hand side of each relation
remains meaningful. The g-analogue of the duplication formula for
gamma functions consists of two relations

A7) (a;¢0, = (Va; )u(—Va; @)
(A8)  (a;@)m

Next we state a very important summation theorem in basic hyper-
geometric series, due to F. H. Jackson (21, p. 96]

a,qVa, —qgVa, b, ¢, d, e, q" ]
(A.9) 3¢7[ Va, —\/a,aq/b,ag/c,aq/d, aq/e, ag" " 1
_ (ag; g)n(ag/be; 9)a(aq/bd; g)nlag/cd; g)n
(ag/b; @)nlagq/c; Qnlag/d; q)nlag/becd; q)r’

(a; ¢*)alag; ¢*)n-

provided
(A.10) a?%q = bedeg™.

This last property implies that the product of the parameters in the
denominator in the s®; above is ¢ times that of the parameters in the
numerator, that is, the series is balanced. This is the g-analogue of
Dougall’s summation theorem [6, p. 26] for a very well-poised and 2-
balanced 7Fg(1) series.

As consequences of this basic theorem we get the analogue of a ;F, (1)
series:

avqﬁ _q'\/;y bv ¢, (]_n. n+1 :I
(A.11) 64’5[ Va, —Va,aq/b,agf,aqg b /5

_ _(ag; 9)nlag/bc; ¢)n
(ag/b; )nlag/c; @)n’
and the sum of a balanced terminating 3;¢» series;

‘ bye, ¢ _ @/b; 9)n(d/c; g)n
a2 oy ity o] = GES

As mentioned in [21, p. 96] the ¢g-analogue of Dixon’s theorem for a
well-poised ;F,(1) series is not 3¢, but a 4¢3 given by

—Nn

‘ a, _9\/5y b7 C. N ]
(A.13) 4¢°3[ /@, ag/b, ag/c’ Q,Q\/d/bc

_ (093 ) gV a/b; 4 gV a/¢; §)er(@g /bC; @)
(ag/b; 9)(a9/¢; Q) (g V@5 Q) (gV/@/bC; Q)
Let us now turn to the transformation theorems. In this paper we have
made repeated use of the following formula, which is due to Watson
(21, p. 100] and is the g-analogue of Whipple's well-known formula
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connecting a balanced 4F;(1) with a very well-poised 7F(1):

' aq/be, d, e, ! ]
(A.14) 4¢3l: def/a, aq/b, (Lg/c"q'g

_ (ag/d; 9)w(aq/e; Q) (aq/f; @) (ag/def; §)
(ag; 9)o(aq/ef; ) (aq/fd; q)..(aq/de; q).,

[a NVa, —qgVa, b, ¢ d, e f aq ]

X 51 Va, —\/a,aq/b,aq/c,aq/d,aq/e, aq/f’ ’bcdef

provided one of the parameters d, e, f is of the form ¢=", n a non-negative
integer. If, in particular, f = ¢™, then, by (A.1), the coefficient on the
right hand side of (A.14) simplifies to

(ag/d; q)nlag/e; g)n
(ag; @)nlag/de; q)u
By considering an interchange of the parameters b, ¢, d, e which
leaves the s¢7; unchanged but changes the .¢; it is easy to deduce the
analogue of Whipple's transformation formula between two terminating
and balanced 4¢3’s:

"Tabed, ae, af ] _ (bd/e; ¢)n(be/f; @)n (c_lff)”
ab, ace, (zdf’ %9 (ace; @)uladf; @) \ b
—n  n—1
g, q" abed, /e, O/f ]
X “’5“[ ab, bd /e, be/f P 4] -
The last transformation formula is due to F. H. Jackson (21, p. 102]
connecting a terminating very well-poised balanced 1¢¢¢ series with an-
other:

(A.15) m[(’_ 04

(A 16) ¢ a, (1\/;, _QWY Z)y c, dy €, fy
' 1099 \Vd, —\a,aq/b,aq/c, aq/d, aq/e, aq/f,

(aq; ¢)alag/ef; q)n< dfg_n‘ ;q)n(deeQ‘—’ - ;g)

((Lq/e nlag/f; Q)n(deef ¢ ;q)n(b—cﬁgn—_*l ;;j"

o [k Vk, —q\Vk, kb/a, kc/a, kd/a, e, T,
o VE, —\'E, ag/b, ag/c, aq/d kq/e, kq/f,

a’qgt? /bcdej qg" 7 q]
kbedefg™ " /a®, kq"“'

where k& = a?q/bed.
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