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1. In t roduct ion . Let us ca l l an equat ional c l a s s (var ie ty) K of 
a l g e b r a s p e r m u t a b l e if and only if eve ry pa i r of congruences on each 
K - a l g e b r a is p e r m u t a b l e . S imi la r ly , we will ca l l K modu la r (d i s t r ibu t ive) 
if the congruence la t t ice of each K - a l g e b r a is modu la r (d i s t r ibu t ive ) . 
Ma l ' c ev [1] has c h a r a c t e r i z e d p e r m u t a b l e equat ional c l a s s e s by: 

THEOREM. K is p e r m u t a b l e if and only if t he r e ex is t s a t e r m 
(polynomial symbol) , p , in t h r e e v a r i a b l e s such that for eve ry a, b, 
in each K - a l g e b r a : (P I ) p(a, a, b) = b 

(P2) p(a, b, b) = a 

Jonsson [2] has c h a r a c t e r i z e d d i s t r ibu t ive equat ional c l a s s e s b y : 

THEOREM. K is d i s t r ibu t ive if and only if t h e r e ex i s t s an n e N, 
the se t of n a t u r a l n u m b e r s , and a sequence drt, . . . , d of t e r m s in 

3 g n 
t h r e e v a r i a b l e s such that for eve ry a, b, c in each K - a l g e b r a : 

(Dl) dQ(a, b, c) 

(D2) d . ( a , b, a) 

(D3) d . (a , a, b) 

(D4) d. (a, b, b) 
l 

In this note we give a s i m i l a r c h a r a c t e r i z a t i o n of m o d u l a r equat ional 
c l a s s e s . We give definit ions of n -modu la r i t y and n - d i s t r i b u t i v i t y that a r e 
sugges ted by these t h e o r e m s and show that 2 -mo d u la r i t y is equivalent to 
p e r m u t a b i l i t y and that n -d i s t r i bu t iv i t y imp l i e s (2n - 1 ) - m o d u l a r i t y . 

2 . The c h a r a c t e r i z a t i o n of m o d u l a r i t y . F o r a l g e b r a s £, (B, C,. . . , 
we will u se the r e s p e c t i v e upper c a s e Lat in l e t t e r s A, B, C, . . . to 
ind ica te the a l g e b r a s ' under ly ing s e t . F o r an a l g e b r a Q and x, y e A , 
we let 8 (x, y) be the s m a l l e s t congruence r e l a t i o n on Q that conta ins 

*Th i s pape r is based on a thes i s submit ted to M c M a s t e r Un ive r s i t y for 
a n M . S c . d e g r e e . The author e x p r e s s e s his g ra t i tude to P r o f e s s o r G. B r u n s 
for his guidance in this r e s e a r c h . 

Canad . Math . Bu l l . vo l . 12, no . 2, 1969 

= a and d (a, b, c) = c , 
n 

= a (i = 0, 1 n ) , 
= d. . (a, a, b) (i even) , 

l+l 
= d. fa, b, b) (i o d d ) , 

l+l 
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(x, y) . To s implify nota t ion in th is paper, we use the s a m e s y m b o l for 
a t e r m and for its induced p o l y n o m i a l s . 

THEOREM 1. F o r an equa t iona l c l a s s K of a l g e b r a s , the 
following a r e equ iva len t : 

(a) K is m o d u l a r ; 

(b) T h e r e is a n a t u r a l n u m b e r n and a sequence {m.} (i = 0, 1,. . . . n) 

of t e r m s in four v a r i a b l e s such that for eve ry K - a l g e b r a (7, and a l l 
a, b, c. d e A 

(Ml) m (a, b , c, 

(M2) m (a, b, b, 
l 

(M3) m . (a, b, b, 

(M4) m . (a, a, d, 

Proof . Without loss of g e n e r a l i t y , we m a y a s s u m e K to be non-
t r iv i a l , i . e . containing at l e a s t one a l g e b r a with at l e a s t two e l e m e n t s . 

(a) -*-(b). Let C be an a l g e b r a with is K - f r e e l y gene ra t ed by the 
four e l emen t se t {a, b, c, d} . We define congruence r e l a t i o n s on C 
by: 

9 = e ( b , c ) , \\i = 9(a, b) V e(c, d), <\> = e(a, d) v 6(b, c) . 

By (a) we have (a, d) e cf> A ( + V (<|> A 6)) = (cj> A \\i) V (4> A 6). It follows 
that t h e r e ex i s t s a n a t u r a l n u m b e r n and a s equence u , u , . . . , u in 

C sa t i s fy ing : 

d, 

( i o d d ) , 

(i even) . 

t h e r e ex i s t s a s equence 
m , m , . . . m of t e r m s in four v a r i a b l e s such that 

0 1 n 

u = m (a, b , c, d ) (i = 0, 1, 2, . . . , n ) . 
i i 

d) = a and m (a, b, c, d) = d, 
n 

a) = a (i = 0, 1, . . . , n), 

d) = m . fa, b, b, d) (i odd) , 
l+l 

d) = m . f a , a, d, d) (i even) . 
l+l 

(1) uQ = a, u n 

(2) u.(4> A 9 ) u . + 1 

(3) u.fo A +)u i + 1 

Since C is gene ra t ed by {a, b, c, d} 
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Since every homomorphism of the term algebra in four variables into a 
K-algebra factors through C in such a way that the variables are mapped 
to a, b, c, d respectively, it is enough to show that the above 
identities hold in C for the free generators a, b, c, d. 

(Ml) follows easily from (1). 

(M2): From (1), (2) and (3) above, it follows that m.(a, b, c, d) $ a 

holds for all i = 0, 1, . . . , n. This, together with a $ d and b $ c 
gives us m.(a, b, b, a) <j> a . But the congruence cf> , restricted to the 

subalgebra of C generated by {a, b} identifies m.(a, b, b, a) and a. 
Therefore, 

m.(a, b, b, a) = a (i = 0, 1, . . . , n) 

(M3): For i odd, we get from (2) that m.(a, b, c, d) 9m (a, b, c, d). 

Since b 0 c, this gives m.(a, b, b, d) G m. (a, b, b, d). Again, the 

congruence relation 6 on the subalgebra of C generated by {a, b, d} 
identifies m.(a, b, b, d) and m. t (a, b, b, d). Therefore, 

l l + l 

m.(a, b, b, d) = m. t (a, b, b, d) (i odd 
l l + l 

The proof of (M4) is similar. 

(b) -*• (a): Let 0, \\i, <t> be congruence relations on a K-algebra G 
satisfying 0 < c|> . We have to show (0 V I|J ) A 4> < 0 V (>JJ A §). For 

each k e N, let A = ^ O 0 © I | J © . . . O 6 « > ^ (2k + 1 factors). Then 
K 

(0 V \\t) A <|> = U (c|> O A ). Hence it suffices to show that 
keN

 k 

(\>f~) A < 0 v (+ A cf> ) for every ke N. We show this by induction over k. 

For k = 0, this is obvious. For every k, the relation A is 

reflexive, symmetric and compatible with all operations. It follows 
easily that it is also compatible with all polynomials on G . 

For k> 0, then (a, d) € ^ O A = <(> O (\\> Q 6Ô A ) implies that 

there exists elements b, ce A such that 

a cj> d, a A b, b 0 c , ci|jd 

169 

https://doi.org/10.4153/CMB-1969-016-6 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1969-016-6


Since 6 < cb and dj < A we also have 
— — k 

b <\> c, c A d . 

Define u. = m.(a, b, c, d) (i = 0, 1, . . . , n). By (Ml), a = urt and 
i l 0 

u = d . 
n 

For i odd we have: 

u. = m.(a, b, c, d) G m.(a, b, b, d) = m (a, b, b, d) 8 u . , . 

and hence 

(4) u. 0 u. tA (i odd) 
l l + l 

For each i, we have 

u. cb m.(a, b, b, a) = a and a - m.(a, a, a, a) cb m.(a, a, d 
i l l l 

Therefore, 

(5) u. c|) m.(a, a, d, d) (i = 0, 1, . . . , n). 

For i even, u. A, m.(a, a, d, d) = m. ..(a, a, d, d) A u. , . 
l k l î+ l k î + l 

By combining this with (5) we have 

u. cb O Ai m.(a, a, d, d) = m. fa, a, d, d) cb D A u . A ( 
l k l î + l k î + l 

By induction hypothesis, § O A _< 8 V (i(j A 4>) and this gives: 

(6) u. 8 v (^ A cj) ) u (i even) . 
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This , together with (4) y ie lds 

( a , d ) G 6 V (6 V fc|j A 4>)) = 9 V t | j A <|> ) 

which was to be p roved . 

3 . A r e l a t i o n between pe rmu tab i l i t y and m o d u l a r i t y . We define an 
equat ional c l a s s to be n - m o d u l a r for some n e N if t he r e ex i s t s a 
sequence of n + 1 t e r m s in four v a r i a b l e s sat isfying s t a t emen t (b) in 
T h e o r e m 1. C lea r ly if K is m o d u l a r , K is n - m o d u l a r for s o m e 
n £ N. Converse ly , for any n e N if K is n - m o d u l a r then K is 
m o d u l a r . 

THEOREM 2. An equat ional c l a s s is p e r m u t a b l e if and only if it 
is 2 - m o d u l a r . 

P roof . If K is p e r m u t a b l e , then by [1] the re ex i s t s a t e r m p in 
t h r e e v a r i a b l e s sat isfying (P I ) and (P2) in eve ry K - a l g e b r a . We 
define t e r m s m , m , and m in four v a r i a b l e s by: 

m (a, b, c, d) = a, 

m (a, b, c, d) = p(a, p(a, b, c), d), 

m (a, b, c, d) = d. 

(Ml) is sa t isf ied by definition, and: 

m (a, b, b, a) = p(a, p(a, b, b), a) = p(a, a, a) = a, 

m (a, b, b, d) = p(a, p(a, b, b), d) = p(a, a, d) = d = m (a, b, b, d), 

m (a, a, b, b) = p(a, p(a, a, b), b) = p(a, b, b) = a = m (a, a, b, b) . 

T h e r e f o r e m , m , m sat isfy (Ml) to (M4) and K is 2 - m o d u l a r . 

If K is 2 - m o d u l a r , then by T h e o r e m 1, t he r e ex i s t s m , m , and 

m sat isfying the p r o p e r t i e s (Ml) to (M4). We define 

p(a, b , c) = m (c, c, b, a) 
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We have 

p(a, a, b) = m (b, b, a, a) = m (b, b, a, a) = b by (M4) and (Ml) and 

p(a, b, b) = m (b, b, b, a) = m (b, b, b, a) = a by (M3) and (Ml ) . 

T h e r e f o r e , K is p e r m u t a b l e . 

4 . A r e l a t i o n between d i s t r ibu t iv i ty and m o d u l a r i t y . We define 
n - d i s t r i b u t i v i t y s i m i l a r l y to n - m o d u l a r i t y ( i . e . a sequence d , . . . , d 

of n + 1 t e r m s in th ree v a r i a b l e s sat isfying (Dl) to (D4) in J o n s s o n ' s 
T h e o r e m ) . As any d i s t r i bu t ive la t t i ce is m o d u l a r , any d i s t r i b u t i v e 
equa t iona l c l a s s is a lso m o d u l a r . In this sec t ion we d e r i v e a s equence of 
t e r m s c h a r a c t e r i z i n g modu la r i t y f rom a given sequence that d e t e r m i n e 
d i s t r i b u t i v i t y . 

T H E O R E M . If an equa t iona l c l a s s K _is_ n - d i s t r i b u t i v e then it is 
(2n - 1 ) - m o d u l a r . 

P roo f . A s s u m e K is n - d i s t r i b u t i v e , i . e . t h e r e ex i s t s a sequence 
. . , d of t e r m s in th ree v, 

n 
define for k = 0, 1, . . . , 2 n - l 

d , . . . , d of t e r m s in th ree v a r i a b l e s sat isfying (Dl) to (D4). We 

m (a, b, c, d) 

' V K ) / 2 ( a ' b ' d ) 

d k / 2 ( a > C > d ) 

V + l ) / 2 ( a ' C ' d ) 

I 
d k / 2 ( a , b , d ) 

k = 1 (mod 4), 

k = 2 (mod 4), 

k = 3 (mod 4), 

k - 0 (mod 4) . 

Now m (a, b, c, d) = d_(a, b , d) = a and m (a, b, c, d) is 
U 0 2n - 1 

e i the r d (a, b , d) or d (a, c, d) which a r e both iden t i ca l ly d. T h e r e -
n n 7 

fo re (Ml) i s t r u e . (M2) is c l e a r l y sa t i s f ied by applying (D2). F o r k 

odd, m (a, b, b, d) = ^(\r+A\ f?^3" b ' ^) = m (a, b, b, d) and thus 

(M3) is sa t i s f i ed . 

F o r k even, we m u s t cons ide r two p o s s i b l e c a s e s . If k = 2 (mod 4), 

then — is odd and k + 1 = 3 (mod 4) . 

T h e r e f o r e by (D4) 
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m k ( a , a, b , b) = d ^ l a , b, b) = d ( k + 2 ) / 2 ( a , b , b) = « 1 ^ , a, b, b) . 

If k = 0 (mod 4) then, k / 2 is even and k + 1 = 1 (mod 4) . Then 
by (D3) 

m k ( a , a, b , b) - d ^ f a , a, b) = d ( k + 2 ) / 2 ( a . a, b) = m ^ a , a, b , b) . 

The re fo re (M4) is sat isf ied and k is (2n - 1) m o d u l a r . 

Whether (2n - 1) is the be s t poss ib le e s t i m a t e in the above t h e o r e m 
is not known. We do know that in the equat ional c l a s s L of l a t t i c e s , 
it can be no s m a l l e r . L is 2 -d i s t r i bu t i ve by the following t e r m s : 

d (a, b, c) = a , 

d (a, b, c) = (a v b) A (a v c ) A (b Vc) , 

d (a, b, c) = c , 

L is 3 -modu la r by T h e o r e m 3 and cannot be 2 - m o d u l a r by T h e o r e m 2 . 

These r e s u l t s for pe rmutab i l i t y , modu la r i ty , d i s t r ibu t iv i ty , sugges t 
the following g e n e r a l p r o b l e m as r a i s e d by R. Wille: Can any n o n - t r i v i a l 
la t t ice identi ty that holds for a l l the congruence la t t i ces of a given 
equat ional c l a s s be c h a r a c t e r i z e d by a sequence of equa t ions? 
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