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1. Introduction and summary

The lattice of varieties of bands was constructed in [1] by providing a simple system
of invariants yielding a solution of the world problem for varieties of bands including a
new system of inequivalent identities for these varieties. References [3] and [5] contain
characterizations of varieties of bands determined by identities with up to three
variables in terms of Green's relations and the functions figuring in a construction of a
general band. In this construction, the band is expressed as a semilattice of rectangular
bands and the multiplication is written in terms of functions among these rectangular
band components and transformation semigroups on the corresponding left zero and
right zero direct factors.

The present paper is essentially a continuation of [1]. We extend the above-
mentioned characterizations of varieties by means of Green's relations and parameters
in the construction of bands to all varieties of bands. In addition, we characterize the
congruence on the lattice of varieties of bands induced by the left trace relation on the
corresponding fully invariant congruences.

Section 2 contains the terminology and notation and a few auxiliary results to be
used later. The needed material concerning invariants and identities, established in [1],
is gathered in Section 3 for easy reference. The purpose of Section 4 is establishing the
main characterization theorem for the varieties of bands of the form [Gn = HJ . An
abbreviated version of the same type of analysis for the varieties [Gn = /n] comprises
Section 5. One of the characterizations from these two sections is interpreted in Section
6 in terms of structure mappings on an arbitrary band. Left trace relation on the fully
invariant congruences on a free band is transferred to the lattice of varieties of bands in
Section 7 and studied in some detail.

In [1] we made a notational distinction between equality in the free semigroup and
equality in the free band. In the present paper we drop this distinction.

2. Preliminaries
We first record here the notation to be used throughout the paper.

Notation 2.1. We will consistently use the following symbolism.

B—an arbitrary band.
B1—a band B with an identity adjoined.
X—a fixed countably infinite set. Elements of X are called variables.
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F = F(X)—the free semigroup on X. Elements of F(X) are called words. They are finite
strings of elements of X written as xlx2--xn where x 1 ) x 2 , . . . ,x n eX. The product
is concatenation.

F1—the identity added to F to obtain F 1 is denoted by 0 . It is thought of as the
empty string.

FSS = F@(X)—the free band on X.
c(w)—the content of we F is the set of variables occurring in w. By definition c(0) = 0 .
#(w)—the number of elements in c(w), that is the number of distinct variables

occurring in w.
w—the dual of w is the word obtained from w by reversing the order of variables.

Tha t is, if w = xlx2...xn with x1,x2,.-.,xneX, then vv = xnxn_j ...xt.

Let w = uxv where c(w) = c(ux) and c(w)£c(u). Then
s(w) = u—the longest left cut of w containing all but one of the variables of w. The

definition is to include s(xm) = 0 .
a{w) = x—the last variable to occur in w in order from the left.

Note that c(w) = c(s(w))u{a{w)}.
e(w) = a(w)—the last variable to occur in w in order from the right.
e(w) = s(w)—the longest right cut of w containing all but one of the variables of w.
[«a = uJ—the variety of bands determined by the family of identities ux = vx. The

defining identity for bands x2 = x is consistently omitted.
J?2£ = [x = xy]—the variety of left zero semigroups.
<jaO—the variety of bands generated by the class ja/ of bands.
u = v=>p = q—implication of identities.
v , A —join and meet operations on a lattice,
[u, y]—the interval in a lattice L bounded by u,veL.
£?(£$)—the lattice of varieties of bands (see Figure 1).
Pv—the fully invariant congruence on FS8 determined by V £&{!%). It is well known

that Y'-tpv is a lattice anti-isomorphism of Z£{3$) with the lattice of fully invariant
congruences on F38.

yp—the variety of bands associated with the fully invariant congruence p on F{3$).
The map p-*"fp is the inverse of the map i^-tpy discussed above.

8 is over X—if 6 is a congruence on a semigroup S and Jf is a class of semigroups,
then 6 is over X if every idempotent 0-class of S belongs to JT.

qi o T T _ L e t oil, "V e ££{38). 01 o V is the Malcev product of % and Y defined by % o Y =
{B\B a band for which there exists a congruence 9 on B such that 6 is over °lt and

}
p*—the congruence generated by the relation p.
p°—the largest congruence contained in the equivalence relation p.
n—for a band B written as a semilattice Y of rectangular bands Bx, n:B-*Y is the

natural homomorphism with na = a if aeB^.
D—a reference to which a D is appended means the dual of that statement.

We now establish a few simple lemmas that will be used later.

Lemma 2.2. In any band B, we have
°b oxa = xaxb, xb = xbxa for all xeB. (1)
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FIGURE 1 The lattice of proper varieties of bands.
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Proof. By definition, we have

aS£°b o xa = xaxb, xb = xbxa for all x&B1

since J£? is a right congruence. Letting x = a in xa = xaxb yields a=ab and similarly
xb = xbxa gives b = ba for x = b. It then follows that (1) holds.

Corollary 2.3. In any band B, if a2)b, then

aS£°b oxa = xaxb for all xeB.

Proof. Indeed, if aS>b and xa-xaxb, then xaS>xb and thus xb = (xb){xa)(xb) = xbxa.
The assertion now follows from 2.2.

Corollary 2.4. For any u,ve F3S, we have

<£2£ o [u = D] = \xu = xuxv, xv = xvxu].

If c(u) = c(v), then &% o [M = v] = [xu = xuxv].

Proof. This follows directly from 2.2 and 2.3 and the fact that £C° is over <£2£.

Lemma 2.5. Let B be a band. Then B/S£° is a right regular band if and only if S£ is a
congruence.

Proof. Necessity. By [4, Proposition 2] we get that S£* £ ££° and since the opposite
inclusion holds trivially, we obtain i?* = i?0. This means that ££ is a congruence.

Sufficiency. Since if is a congruence, it follows that SP° = &*. By [4, Proposition 2],
B/Sf* is a right regular band and thus so is B/JS?°.

3. Invariants and identities

We first list for reference certain notation and results from [1] needed in the present
paper. In particular we give the definitions of the invariants and identities introduced
there. Next we establish some additional lemmas which give results on invariants and
identities to be used in Sections 4 and 5.

Notation 3.1. Let tn{0) = 0 if t e {h, i, h~, T}. Set

h2(w)—the first variable in w, called the head of w,
i'2(w) = j2s(w)ff(w)—the variables of w written in order of first occurrence, called the

initial part of w,

fn(w) = tn(w) for n ̂  2 and t e {h, i},

tn(w) = tns(w)a(w)fn _ ,(w) for n ̂  3 and t e {h, i}.
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Notation 3.2. We define inductively three systems of words as follows:

= xnGn-i- Tm = GnxJn-l for Te{H,I} and n^3.

Lemma 3 3 [1, 3.2]. Let

(i) ct = c.

(ii) st = fs.

(iii) ot = <7.

Lemma 3.4 [1, 3.3(iii), 6.1(i) (ii), 7.2(i), 7.3(ii)]. Let u, u, w e F.

rn^3 if t = i,
(i) Uw) = tns(w)t7(w)£(w)fn_ie(w)

(ii) Letn^l.

Gn = //n=>u = t) if and only if hn(u) = hn{v).

Gn = /n=>u = i; i/and on/y i/ in(u) = in(t)).

(iii) / / c(u)±c{v), h2(u) = h2(v) and K2(u) j= h~2(v), then

[u = u] = [axy = ayx] A [a = axa'] = [G2 = H2] .

(iv) / / c(u)£c(v), h2(u) = h2(v) and h~2(u) = h~2(v), then

[« = i>] = [G2 = / / 2 ] v [G2 = H2] = [G2x3G2 = H2x3fl2] = [a

Lemma 3.5. Let tn stand for hn if n ^ 4 or in if n ^ 3 .

(i) etn = e.

(ii) etn = Fn_te.

Proof. In view of 3.4(i), statement 3.3(i) can be used to easily establish both (i) and (ii).

Lemma 3.6. For weF, te{h, i} and n^.2,we have t*(w) = tn(w).

Proof. The proof is by induction on #(w). The result is trivial if n = 2 and in all
cases if #(w) = l. The definition of h3 means that a separate calculation is necessary in
this case, although the basic method of proof is similar in all the cases n ^ 3 . Recall that
Ji3(w) = h3s(w)o(w)h~2(w). Replacing w by h3(w) gives
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hl(w) = h3sh3(w)oh3(w)R2h3(w)

= hls(w)o(w)h~2(w) by 3.3(ii) and (iii) and the definition of R2

= h3s(w)a(w)E2(w) by induction

= h3(w).

For the remaining cases (iB,n^3 and hn,n^.4), the inductive hypothesis is that tl(u)
tn(u) for all n whenever #(u)< #(w). Then

t2
n{w) = tnstn(w)<rtn(w)etn(w)rn_ tetJiw) by 3.4(i)

= tB
!s(w)(T(w)e(w)fB

!_1e(w) by 3.3 and 3.5

= tns(w)(r(w)e{w)rn_le(w) by induction

Lemma 3.7. Let yh l^i^m be distinct variables. Then tn(yl...ym)=yl...ym where
t = h for n^.3 and t = i for n^.2.

Proof. The proof is by induction on m. The result is trivial if m = 1 and is also trivial
for i2. Now

"3(yi • • • ym)=h3(y1.. • ym-1)ymfi2(y1 • • -ym)

= h3(yl...ym_l)ymym by the definition of h~2

= yi-..ym-iym by induction on m.

The inductive calculation for t = h,n^.4 and t — i,n^3 is

tn(yiy2---yJ = tJLyi• • • y m - i )

= yi---ymyi---ym by induction

=yi---ym-

Lemma 3.8. In any band, we have

hn(Gn) = /.„(//„) = Gn forn^3.
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Proof. Since Gn is a product of distinct variables, the results about Gn follow
immediately from 3.7. Also

= G2,

= x3xxx2x2 by 3.7 and the definition of R2

The proof now proceeds by induction on n. Note that Gn = xnGn_1=xnGn_2xn_1 for
n^4 and that the statement also holds for n = 3 if we set G1=x1. Let te{h, i}, Te{H,I}
and t = i if and only if T=/ . The inductive calculation (for «^3 if t = i, and nS^4 for
t = h) is

= tn(xnGn_2)xn_1xnfn_1(Tn_1) by 3.4(i)

= xnGn_2xn_!Xnfn_liT,,.^ by 3.7

= GnxnTn_j by induction

= TH.

4. Characterizations of varieties \_Gn = Hn~]

The main result here gives a three-fold characterization of the varieties [GB = H J for
n ̂  2. The first of these is expressed in terms of identities satisfied by B/JSf ° where B is a
band and £f° is the greatest congruence on B contained in if. The second is a
statement concerning the satisfaction of a type of identity in terms of the invariant hn.
The third characterization is expressed by means of an implication which is then
interpreted in Section 6 in terms of a condition on structure mappings in the
construction of a general band.

The varieties [Gn = J/J belong to the extreme left column of Figure 1, the lattice of
varieties of bands. The remaining part of that column, namely the varieties [Gn = / J ,
will be subjected to the same type of analysis in the next section. By duality, we may
obtain the analogous characterizations for the varieties [(/„ = //„] and [Gn = /n]
comprising the extreme right-hand column of Figure 1, and by intersections the
remaining varieties of bands.

Besides the introductory simple proposition and the needed notation, the theorem is
preceded by two lemmas. It is followed by a comparison with an existing result which it
generalizes.

As a motivation for the form of the results in this section, we state the following
trivial result.
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Proposition 4.1. The following conditions on a band B are equivalent.

(i) B satisfies G2 = H2.

(ii) B/Se° satisfies x = y.

(iii) B satisfies w = h2(w) for any weF.

(iv) For any a,beB, we have a = ab.

This also represents the first step in the hierarchy of varieties satisfying various
identities of the form Gn = Hn. We now introduce notation which is related to the
symbolism used in [1] but is designed for easier manipulation.

Notation 4.2 Let G(x2) = G(x2) = x2 and for n ^ 3 , inductively define

G(x2, x 3 , . . . , xn) = G(x2, x3 , . . . , xn),

G(x2, x 3 , . . . , xn) = xnG(x2, x3,..., xn _ t).

Note that Gn = G(x1,x2,x3,...,xn).

Lemma 4.3 Every band satisfies the following implication for all n ^ 3 :

7ix2 ^ 7ix3 ^ • • • ^ nxn G(x2, x3 , x 4 , . . . , xn) = Hn

x1£fx3 if n is even >=><

x ^ x 3 if n is odd G(x2, xu x 4 , . . . , xn) = Gn.

Proof. The proof is by induction on n. Fo r n = 3 the hypotheses are 7tx2 ^ 7tx3 and
X!^?x3. These give in particular that x3 = x3X!X2x3 and x ^ x ^ , . Consequently

G(x2, x3) = x3x2 = (

G(x2, Xj) = x , x 2 = (x3x,)x2 = G3.

If n > 3 , we assume by the dual of the inductive hypothesis that G(x2 ,x3 , . . . ,xn_ i ) =
Hn_x and G(x2 ,x1 , . . . ,xn_1) = Gn_1. From the latter it follows that

G(x2, * ! , . . . , x j = xnG(x2, Xi , . . . , xn_,) = xnGn_! = Gn.

The hypotheses also imply that xn = xnGn_!Xn. Therefore

G(x2, x 3 ) . . . , xn) = xnG{x2, x 3 , . . . , xn_ i) = (xnGn_ ,xn)Hn_ t = GnxnHn-x = Hn.

Lemma 4.4. Let ux = Gixixu u2 = x2,

\

Gnxn

xnGn

if n ^ 3 is odd
: even.
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(i) 7 / « ^ 3 is odd, then G(u2,u3,uA,...,un) = H„ and G(u2,ul,uA,...,un) = Gn.

(ii) / / n ^ 4 is even, then G(« 2 ,u 3 ,u A , . . . , u n ) = Hn and G(u2,uuuA,...,un) = Gn.

Proof. Note that 4.2. means that G(u2,...,un)= G{u2,...,un). The proof is by
induction on n. For n = 3, we obtain

G(u2, u3) = u3u2 = G3x3x2 = H3,

G{u2, Ul) = UiU2 = G3x3XiX2 = G3.

For the inductive step with n even,

G(u2, u3,..., un) = unG(u2, u3,..., un_ t )

= i7nHn_1 by the dual of the inductive hypothesis

= GnxnHn.Y =Hn,

G(u2,«!,..., wn) = MnG(u2) « ! , . . . , «„_ x)

= «nGn_1 by the dual of the inductive hypothesis

The inductive step for n odd is similar, relying again on the dual of the inductive
hypothesis.

We are finally ready for the first principal result of the paper.

Theorem 4.5. For n 5; 3, the following conditions on a band B are equivalent.

(i) B satisfies Gn = Hn.
i /n = 3

t ifn>3.

(iii) B satisfies w = hn(w) for any weF.

(iv) B satisfies the implication: if

nx2 ^ 7ix3 ^ • • • ^ nxn, Xj£Cx3 if n is even, x1fflx3 if n is odd, then

2> X3> xAi • • •» xn) ~ G(X2, Xt, X 4 , . . . , Xn).

Proof, (i) implies (ii). Let n = 3. Since c(xya) = c(yxa), it is sufficient by 2.3 to show
that

z(xya) = z(xya)z(yxa) (1)
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holds in B. We have

h3(zxya) = h3(zxy)aa = h3(zxyazyxa)

and therefore by 3.4(ii), (1) holds in B.
Let n > 3 . Then c(Gn_l) = c(Hn^l). As above it is sufficient to show that xnGn_1 =

xnGn_1xnHn_i holds in B. But this is just Gn~Hn.
(ii) implies (i). Let n = 3. Then xya££yxa holds in B and in particular xya = xyayxa

holds in B. Set x = x3, y = xlx2, a = x2. Then B satisfies

^ X^XjX2^ 1X2^3X2 ^ -^3^1 -^-2^3^2 • ^ 3 ^ ^ 3*

If n > 3 , then since B/i?0 satisfies Gn_ ! = /?„_! it follows that B in particular satisfies

as required.
(i) implies (iii). By 3.4 (ii), it is enough to show that hn(w) = hnhn(w) which is just 3.6.
(hi) implies (ij. By 3.8 we have Gn = hn(Hn) = Hn.
(i) implies (iv). The hypotheses of (iv) are the same as those of 4.3. It therefore follows

from 4.3 and (i) that

(iv) implies (i). The u, given in 4.4 satisfy the hypotheses of condition (iv).
Consequently

Gn = G(u2,«!, u4 , . . . , un) = G{u2, u3, M4, . . . , un) = Hn.

We now discuss the contents of 4.5.

Comparison 4.6. For the case n = 3, the above theorem is essentially the dual of [5,
II.3.8] which we reproduce below. In this sense, 4.5 may be viewed as a generalization
of the cited reference; for the case n = 2, see 4.1.

Proposition [5, II.3.8]. The following conditions on a band S are equivalent.

(i) a('-") = c.

(ii) M is a left normal band congruence.

(iii) S is a right seminormal band: yxa = yayxa.

(iv) S satisfies every identity u = v with h(u) = h(v), r(u)~r(v).

(v) S satisfies an identity u = v with h(u) = h{v), i(u) j= i(v), r(u) ~ r(v).

The following table describes the comparison.
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[5, II.3.8D] n = 3 Comments
(i) 4.5(iv) in a different notation as explained in Section 6

(ii) 4.5(ii) in view of 2.5
(iii) 4.5(i)
(iv) 4.5(iii) see 4.8
(v) [1,7.1(ii)] see 4.9

Interpretation 4.7. In 4.5 for n ̂  4,

(i) means that <B>c[Gn = //„],

(ii) means that <B/ i f°>s[G n _ 1 = Hn_1] where the latter is in the extreme right-hand
column of Figure 1 immediately below [Gn = //„].

The equivalence of (i) and (iii) means that [Gn = / /„ ]= Q [w = 7in(w)].
weF

Proposition 4.8. The following are equivalent for any band B.

(i) w = h3(w) holds for all we F.

(ii) u = v holds for all u,veF with E2(u) = E2(v) and u&v.

Proof, (i) implies (ii). Since ufflv, we have s{u) = s(v) and a{u) = o(v). Therefore

h3(u) = h3s(u)a(u)E2{u)

= h3s(v)a(v)E2(v) = h3(v).

If (i) holds, then u = h3(u) = h3{v) = v.
(ii) implies (i). The proof is by induction on #(w). For # ( w ) = l , the result is trivial.

For # |

h3{w) = h3s{w)o(w)h~2(w)

= s(w)<j(w)h~2(w) by induction

= w by (ii).

Observe that 4.8(ii) is a restatement of [5, II.3.8(iv)] in the present notation.

Proposition 4.9. The following are equivalent for any band B.

(i) B satisfies an identity u = v with h~2(u) = h~2(v), i2(u)^i2(v), uffiv.

(ii) B satisfies an identity u = v with h3(u) = h3(v), I2(u) ± I2(v).

Proof, (i) implies (ii). Since h3(u) = h3s(u)o(u)h~2(u), it follows that if the conditions of
(i) hold, then so do the conditions of (ii).

(ii) implies (i). If B satisfies u = v as in (ii), then B satisfies u = uv and the conditions in
(ii) for u = v imply those of (i) for u = uv.

Remark that 4.9(i) is [5, 3.8(v)D] and 4.9(ii) is [1, 7.1(ii)] in the present notation.
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5. Characterizations of varieties [Gn = /„]

The analysis performed in the preceding section on the varieties [Gn = / / J can be
done also for the varieties [Gn = / n ] . In view of strong similarity of these analyses, we
restrict our attention to the differences and supply only the needed minimum of
explanations.

nx2 ^ 7ix3 ^ • • • ^ nxn

Lemma 5.1. Every band satisfies the following implication for n^3

G(x2,x3,...,xn) = /n

is odd f=>"

x^x2 if n is even G(x1; x3,..., xn) = Gn.

Proof. The proof is by induction on n. For n = 3 the hypotheses are nx2^nx3 and
Xjifx2. These give in particular that x3 = x3x1x2x3, x2 = x2xtx2 and x1=x1x2. Hence

G(x2, x3) = x3x2 =(x3x1x2x3)(x2x1x2) = 73,

yj\Xi, x3) — x3Xi — X 3\X iX 2) — w 3 .

The inductive argument is similar to the one in the proof of 4.3.

Lemma 5.2. Let vt = G2, v2 = T2 (= l2),

Gnxn if n ̂  3 is odd

x n G n if n ^ 4 is even.

(i) If n^3 is odd, then G{v2, v3,..., vn) = In and G(v 1; v3,..., vn) = Gn.
(ii) If n ^ 4 is even, then G(v2, v3,..., vn) = In and G i v ^ v ^ . . . , vn) = Gn

Proof. Compare the proof of 4.4. In fact,

G(vu v3) = v3vt = G3x3G2 = G3.

The inductive part of the proof is similar to the corresponding proof in 4.4.

The desired characterization follows.
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Theorem 5.3. For n^.2, the following conditions on a band B are equivalent.

(i) B satisfies Gn = /„.

W BIZ* satisfies^**

(iii) B satisfies w = in(w) for any weF.

(iv) B satisfies the implication: if

^nx3'^.---'^.nxn, x1&$x2 if n is even, x1£Cx2 ifnisodd,

then

xt = x2 if n = 2

G(x2, x3, x4,..., xn) = G(xu x3, x4>..., xn) if n k 3.

Proof. The proof is similar to the proof of 4.5. We indicate the changes,

(i) implies (ii). For n = 2 it is sufficient to show that

zxy = zxyzyx (1)

holds in B. Now

= zxy = i2(zxyzyx)

and therefore by 3.4(ii), (1) holds in B.
For n>2 the proof is similar to 4.5.
(ii) implies (i). Let n = 2. Then xy£Cyx holds in B and in particular xy = xyyx = xyx

holds in B. This is just G2 = I2 with the obvious renaming of the variables. For n>2
compare with 4.5.

(i) implies (iv) Compare with 4.5 and use 5.1.
(iv) implies (i) Compare with 4.5 and use 5.2.

As in the preceding section, a comparison with the earlier results as well as an
interpretation can be given in this case. The comparison is with [5, II.3.12D] for n = 2
and [5, II.3.5D] for n = 3. We omit the details.

6. Structure mappings

Condition (iv) in 4.5 admits an interpretation in terms of structure mappings [,]
figuring in the construction of an arbitrary band to be reproduced below. This structure
theorem is a specialization of the structure theorem for general completely regular
semigroups in [6] and can be easily deduced from [6, Corollary].
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Theorem 6.1. Let Y be a semilattice. For every aeY, let Bx = LxxRx where Lx is a left
zero semigroup and Rx is a right zero semigroup. Assume that BxnBf = 0 ifa=fcp. For
each xeY, fix an element in LxnRx and denote it by <x. Let

be functions defined wherever a 2: /?. Assume that for all a = (i, X) e Bx and b — (j, n) e Bfi, the
following conditions (i) and (ii) hold.

(i) / / {k, v) e Bx, then <a,k} = i and 0 , a] = I

On B=\J Bx define a multiplication by
aey

= «a, <*,«/?», [[a/?, a], 6]).

(ii) If y^otfi and (k, v)eBy, then

<a, <6, *» = <aob, k), [[v, a], ft] = [»,«.b].

Then B is a band. Conversely, every band is isomorphic to one so constructed.

We will need some more notation.

Notation 6.2. Let everything be as in 6.1. For (i,fi)eB, let

k{i,n) = i, p(i,n) = fi.

For ye Y and a(eB, i= 1,2,...,«, inductively define

[y, aua2,..., a j = [[y, ax, a2,..., an_ J , a j .

Lemma 6.3. Wit/i t/ie notation as in 6.2, we

Proof. The proof is by induction on n. For n = 1 the result is trivial and for n = 2 it is
just (ii) of 6.1. For «^3 ,

[y, au..., a j = [[7, au..., an. {], aj

= [[y,«i-fln-i],aJ by induction

= [y,al...an'] bycasen = 2.

The hypotheses of condition (iv) in 4.5, in particular that nxn^nxt for i<n, imply that
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G(X2, X3,..., Xn) = XnG(x2, *3> • • •. *n - l)

= (^n> [P*n, G(X2, X3, . . . , Xn_ i ) ] .

For n = 3 therefore G(x2, x3) = G(x2, xt) if and only if [px3, x2] = [px,, x 2 ] . This is the
same statement as (i) cited in 4.6 in a different notation.

For n > 3, G(x2, x3, x 4 , . . . , xn) = G(x2, x1( x 4 , . . . , xn) if and only if

\_pxn, G(x2, x3, x 4 , . . . , xn_ 0] = [pxB> G(x2, xj , x 4 , . . . , xn_ J ] . (1)

It is clear from its definition that G is just the product of distinct variables each
occurring once. In fact

1x n x n _ 2 . . .x 3 x 2 x 4 . . .x n _ 1 for n odd

x n x n _ 2 . . .x 4 x 2 x 3 . . .x n _ 1 for n even.

Therefore by 6.3, (1) holds if and only if (for example for n even),

[pxn ,xn_2 ,xn_4 , . . . ,x4 , x 2 ,x 3 ,x 5 , . . . , x n _ 1 j = LpxB_i,xB_2,..., x4, x 2 , x 1 , x 5 , . . . , x B _ 1 ]

and it is this equality as an iteration of the basic structure map [,] which can be
interpreted as a restriction on structure mappings on the band B in [Gn = //„]. The
equality holds under the hypotheses of (iv) which can be visualized in the following way:

x2 I if if n is even

x ^ X j where 3*= J

x4 & if n is odd.

In conjunction with the general structure Theorem 6.1 for bands, this provides a
construction of bands in the variety [Gn = //„]. The same type of analysis is valid for

7. Left trace relation

We express here the relation of having the same left trace for fully invariant
congruences on F<% in terms of the Malcev product if 2£ o V and of the classes of left
fundamental members of the corresponding varieties. Also, we describe the bounds of
the intervals of this congruence. The main result is preceded by a number of auxiliary
ones providing some additional information. For a full discussion of the following
notation and terminology, see [2].
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Notation 7.1. In this section, we will use the following concepts and symbolism.

B is left fundamental if S£° is the equality relation on B.
S£!F—the class of all left fundamental bands.
^r—the relation on B defined by: e^ r / i f fe = e.

p v ^C—the join of the congruence p with S£ in the lattice of equivalence relations on B.
ltrp=(p v J?)0—the left trace of the congruence p.
y = [xy = yx]—the variety of semilattices.

The following simple result will be used repeatedly.

Lemma 7.2. For any

Proof. Let B e S£2£ o •f" so that there exists a congruence p on B over i£2£ and such
that B/pe'f. But then p£.£?0 and thus B/J?° is a homomorphic image of Bjp and
consequently B/£>oei-'. Conversely, if B/^f°e^", then JS?° being over <£2£ it follows

Lemma 7.3. The following statements are true.

(i) i f^ro[x=y] = [G2 = H2] = i ? ^ o [ G 2 = H2].
(ii) &% o [G2 = J?2] = [a = axd\ = 23C ° [fl = axa\
(iii)
(iv)

(v) :

(vi) i f^o[5 r i _ 1 =H n _ 1 ] = [Gn = H J = JSf^o[Gn = Hn] forn^A.

Proof. Each item is of the form si = & = <€. The equality si = 38 follows from 7.2
using the appropriate result in 4.1, 4.5 and 5.3. The inclusion $?£# is trivial. The
inclusion # £ ^ will follow by 2.4 if we find, for each of the varieties \u = v\, an equation
of the form tu = tutv which implies u = v.

(i) tx = txtxy=>x = xy by 3.4(iii).
(ii) ta = tataxa=>a = axa by 3.4(iv).

(iii)-(vi) Now xnGn = Gn, xnHn = Hn, xnln-In. We prove (v); the others are similar.

Indeed, xnGn = xnGnxHHn is the identity Gn = Hn and the desired implication is trivial.

Observe that the above lemma gives a precise description of the Malcev product
V for any

Lemma 7.4. Let 8 be a relation on a semigroup S. If 8 is invariant under all
endomorphisms of S, then 8* is a fully invariant congruence on S.
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Proof. This follows by a straightforward argument from the construction of the
congruence 6*.

Lemma 7.5. For Y e <£{3&\ we have

Proof. First note that g r is a relation on F3) which is invariant under all
endomorphisms of FSD. For any fully invariant congruence p on F3S, we then get that
9 = p n ^ r is invariant under all endomorphisms and hence by 7.4, 6* is a fully invariant
congruence on F3S. We will use this in the remainder of the proof.

The four cases 6f<$:Y are handled separately and then the result established for
y^Y. By 7.3(i) and (ii) and monotonicity for y^Y we need only consider the two
cases (i) Y = [x = y] and (ii) Y = [G2 = tf2].

(i) Let 9 = plx=y]n ^ r . Then 6= ^r = {(p,q)\p = qp}. In particular h2(p) = h2{q) for all
(p,q)e6. It follows from 3.4(ii) that G2 = H2=>p = q for all (p,q)eO. It is easy to check
that (G2,H2)e6. Together these two results show that 0* = P[Gl=H1y That 0* =
then follows from 7.3(i).

(ii) The proof is similar to (i). Indeed, let

Then by 3.4(iv), a = axa=>p = q for all (p,q)eO and it is easy to check that (a,axa)ed.
Therefore, using 7.3(ii), we get

" =P[a=axa\~Psex-\a=axd\-

Now assume y c f = [u = j ] , A proof along the lines of (i) and (ii) above can be
given using 7.3 in the several cases. We prefer a more general approach. Since y c f
we have c(u) = c(v) and c(p) = c(q) ror all (p,q)epr. It follows from [1, 2.5D] that xu =
xuxv=>p = pq. If (p, q)e^r, then p = qp. These two results, together with the fact that
c(p) = c(q), give

xu = xuxv=>p = qppq = q.

By 2.4 therefore p<e2v~2.(Pir<~^ ^ r )*- It is obvious that (xu,xuxv) ep Y n ^ r which gives
the other inclusion.

Lemma 7.6. For any band B, B/J?0 is left fundamental.

Proof. Let B = B/SC° and let a ,beB be such that a&°5. Then xdSexB for all
and thus xd=xdxBand xb~=xb~xa for all x e B 1 . It follows that

xa&°xaxb, xbSe°xbxa (xeB1)
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and therefore

xa&xaxb, xbtfxbxa (xeB1).

Consequently

xa = xaxb, xb = xbxa (x e Bl)

so that ai£% and thus a = b. Therefore B/<e° is left fundamental.

Lemma 7.7. Let ty,

(ii)

Proof, (i) To establish the non-trivial inclusion let Be&2?oY. Then B/y°eY by
7.2 and B/£e°e&& by 7.6. Therefore B/Se°e<Yr\£e^}. Finally by 7.2 again

(ii) Let Be^njSfJ27. Then B£<£2£°qi=<£ J T ° f and hence B = B/^°eY by 7.2.
We will need the following general result.

Lemma 7.8 [2, 4.7D and 4.12D]. The relation ltr on the lattice L of congruences on B
defined by

is a complete congruence on L. The class of ltr containing p is the interval

If we take F3S, the free band on a countably infinite set of generators, for B in 7.8,
then the left trace restricted to the lattice of fully invariant congruences on F3S induces a
relation on Z£{3$). This relation may again be called the left trace relation and denoted
by ltr. We thus arrive at the main result of this section.

Theorem 7.9. For <%, V e S£{®\ we have

For any i^e£C(^), the Itr-class containing Y equals the interval

Proof. It follows from 7.5 and 7.8 that <£2£'of is the upper bound of the Itr-class
containing f . By 7.7(i), we have that < f n ^ ' J r > l t r f and by 7.7(ii) that <X nJ§?J*> is
the lower bound of the Itr-class containing -V. This proves the assertion concerning the
interval. If <% n Se& = "V n JS?&, then <^nJSfJJ'> = < f n i f J^ ) and thus
Conversely, if <Brltrf, then <£ % o Ql = <£ 2£ o Y which by 7.7(ii) implies that
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V c\S£2F. This establishes the first equivalence in the statement of the theorem; the
second follows from the statements already established.

As a consequence of the theorem, we obtain the precise form of the ltr-classes on
as follows.

Corollary 7.10. The following intervals constitute the complete set of left trace classes
on <£{&).

(0 [[* = 3'],[C2 = H2]].
(ii)

(iii)
(iv)
(v)
(vi) [[Gn_, = « „ . , ] , [G. = //„]] forn^4.

Proof. This follows directly from 7.3 and 7.9.
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