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Concurrency of lines joining vertices of a triangle to
opposite vertices of triangles on its sides.

By A. G. Burcess, M.A,, F.R.S.E.

(Read 13th February 1914. Received 10th April 191).

(1). Let ABC be the given triangle; A'BC, B'CA, C'BA
triangles described externally on its sides, and let the angles of
these triangles be A'BC=pu, A'CB=v, BAC=A, BCA=y,
C'AB=A, CBA=p, (Fig. 1).

Fig. 1.
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. in(B
Using normal coordinates, then for AA’, —B— = s}n’ll/f.l—n( < + 'ul),
v sinvfsin(C+v)

.. the lines AA’, BB, CC’ are concurrent if
sing/sin(B+p,)  siny, /sin(C+v)  sindy/sin(A +24y)
sinv,/sin(C +v,) " sinA,/sin(A +A,) ~ sinpy/sin(B + p,) '
eg. if y=2,=90-C, y=A2,=90-B, v,=p,=90-A,
B _sin(90 — C)/sin(B+90 — C) _secB
y sin(90 - B)/sin(C+90 - B) ~ secC’
and the lines are concurrent at the orthocentre secA : secB: secC.

(The points A’, B', C' are the points in which the altitudes inter-
sect the circumcircle of AABC).

(2). If the angles at the vertices be interchanged, e.g. p, and g,
then AA', BB, CC’ are concurrent if
sinp/sin(B+p;)  siny/sin(C+w)  sindy/sin(A +2,) 1
sinv,/sin(C +v,) ~ sinAy/sin(A +A;) * sing/sin(B+p)
which is the same condition as in (1). Hence if the lines are
concurrent, they are concurrent when the angles are interchanged,
eg. interchanging the angles of example in (1), so that
A'BC=90- A, A’CB=90 - A, etc., then
B sin(90 - A)/sin(B+90- A) cos(C-A)
Yy~ sin(90 — A)/sin(C+ 90~ A) cos(A - B)’
and the point of concurrence is cos(B — C): cos(C — A) : cos(A - B),
A’, B, G being the images of the circumcentre in the sides.

(3). If C'BA’, etc., are straight lines, so that u, + p, =180 ~ B,
etc., and the lines be concurrent, then if the angles be inter-
changed as in (2), the two points of concurrence are isogonals.

eg. if p=v=A, v,=A,=B, A;=p;=C, the point of con-
currence is the Lemoine point sinA:sinB:sinC, the points
A, B’, C' being the points in which perpendiculars from the circum-
centre O on the sides of the triangle meet the circles round
OBC, OCA, OAB.

Interchanging the angles, so that w=1,=C, v =A,=B,
v,= s = A, the point of concurrence is the centroid

cosecA : cosecB : cosecC,
the isogonal to the Lemoine point. The lines AA’, BB, CC' are
bisected by the sides of the triangle.
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4) If p=vi=A+0, =2=B+06, p=A,=C+6,
B _sin(A+0)/sin(B+A+6) sin(Bx)
v sin(A+0)sin(C+A+06) sin(CF0)’
and the lines are concurrent at the point
sin(A ¥ 6) : sin(B ¥ 6) : sin(C ¥ 0).

This pointlies on the line joining the Lemoine point sinA.:sinB : sinC
to the circumcentre cosA : cosB : cosC, for Zsin(A F 0)sin(B - C) =0.

e.9. If =0, the point is the Lemoine point, and if 8= 60", the
points are sin(A F60) : sin(BF60) : sin(C¥60), the two Iso-
dynamic points.

then

(5). If all six angles = 6, the point of concurrence is
cosec( A + 8) : cosec(B + 8) : cosec(C + ), the isogonal to the point
derived in (4) by making p,=v,=A -6, etc.

e.g. If 6=60° the point is the Inner Isogonic point, the
isogonal of one of the Isodynamic points.

(6). If py=py=p, vy=v,=v, Ay=2A;=A, the lines AA’, BB', CC’
are always concurrent, the point being

sinA . sinp . sinv
sin(A+XA) ~ sin(B+p) * sin(C+v)

eg. If A=90-A, p=90-B, v=90-C, the point of con-
currence is the circumcentre cosA : cosB: cosC, A’, B, C' lying on
the circumcircle of AABC.

If A=90-C, p=90- A, v=90- B, the point is

cosC . cosA  cosB
cos(C~- A) * cos(A -B) " cos(B-C)

(7). If P bea point within AABC, and if AP, BP, CP be
produced to meet the circumcircles of As BPC, CPA, APB in
A, B, C, py=py vy=v, A=A, and if these angles be A, g, v,
A+p+v=180°, and the s BPC, CPA, APB in A’, B, C,
My =gy V1= Ve Ap= A, and if these angles be A, p, v, A+ p+v=180°,
and the s BPC, CPA, APB are 180 -\, 180 —p, 180 -, for
A'BC=APC=CPA=CBA, etc, and BAC=CPB=CAB=A,
etc., and BPC =180 — A, etc.

eg. If A=90—%, ,4=90-—;—‘, v=90—%,
incentre 1:1:1, and the s at P are 90+%, ete., A', B, C' being

the point P is the

the three excentres of AABC.
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If A=A, p=B, v=_, the point is the orthocentre.

(8). If the lines C'B, B'C be produced to meet in A", A'C, C'A
in B”, A'B, BA in C’, and AA’' BB, CC' be concurrent, then
AA", BB", CC" are concurrent, for the condition for concurrence
is

sin(B + p;)/sing;  sin(C + »))/sinv, sin(A + A,)/sinA,

sin(C + v)/siny,” sin(A + Ag)/sink; " sin(B + ) /sinp,
the same condition as in (1); the point of concurrence is the
isogonal to the pomt got by interchanging the angles y, and g, ete.,
as in (2).

eg. If asin (1) ,=20,=90-C, »y,=A;=90~B, v,=p; =90 - A,
the point of concurrence is sec(B - C):sec(C — A):sec(A - B), the
isogonal to the point cos(B - C):cos(C— A):cos(A - B) derived
in (2) by interchanging the angles.

(9). If A’'B'C’ be regarded as the original triangle with triangles
CBA’, A'CB, B'AC' described on the sides, then if the lines
AA’, BB, CC' are concurrent, B'B”, C'C”, A’A” are concurrent, the
points A", B”, C” being the points derived as in (8).

(10). If p, = py; =p, etc, the point of concurrence of
AA", BB", CC" is
sin(A +A) sin(B+p) sin(C+v)
sinA =~ sinp ~  sinv
and the lines AA”, BB”, CC" are the isogonals of AA’, BB, CC".
eg. If A=C, p=A, v=B, AA’, BB, CC' meet in
sinC  sinA  sinB Y . ,. sinB sinC  sinA
sinB ' sinC © sinA and AA", BB, CC" in sinC  sinA  sinB’
the two Brocard points.
If A=p=v=0, AA’, BB, CC meet in cosec(A + ) : cosec(B + )
:cosec(C + 6)and AA”, BB”, CC” insin(A + 6):sin(B + 6):sin(C + 6),
the same point as was derived in (4) by making u,=v,= A - 0, ete.
(11). If A+ p+v=180°, and AA", BB", CC’' meet in P,
BP'CA", ete., are concyclic, forBP'C=A 4+ A, and BA"C=180 - A - A,
Again, BAB'=A + A and BA"B = BA"C =180-A -},
. BAB’A” and the other five sets of corresponding points are
concyclic.
eg. If A=p=v=060°, P’ is the isogonal of the Inner Isogonic
point and BP'C=A + 60.
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(12). If the triangles BA'C, CB'A, AC'B be described in-
ternally on the sides, AA’, BB, CC’ are concurrent if
sing,/sin(B — ;) sinw/sin(C —v,) sinAy/sin(A - A,)
sinw,/sin(C — v,) sinA,/sin (A - A;) " sing/sin(B - p)
As in the case of the external triangles, the lines are con-
current if g, and m, etc, be interchanged, and if py=p,=p,

vy =Vy=v, Ay=MAy=A, the lines are always concurrent, the point
being

1.

sinA . sinp . siny
sin(A-A) "~ sin(B-p) * sin(C-v)’
A

Pig. 2.

eg. If p=p;=90-A, vy=v,=90-B, A=1=90-C, the
cosC cosA cosB
cosB cosC " cosA’

If A+ p+v=180, then as in the case of the external triangles,
A'BPC, etc., are concyclic points, the angles between the lines
AP, BP, CP being A, p, v.

e.g. If A=p=v=260° the point is

cosec{A — 60) : cosec(B — 60) : cosec(C - 60),
the Outer Isogonic point.

point of concurrence is
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(18). If CB', BC' be produced to meet in A", etc., then if
AA’, BB/, CC' be concurrent, so are AA”, BB"”, CC”, and the point
of concurrence is the isogonal of the point got by interchanging
the angles w;, and u; etc., just as in the case of the external
mentioned in (8). A’A", B'B”, C'C" are also concurrent as in (9).

B c
eg. T m=p= ) n=ram g, )\2=)\3=%—, AA’,BB’, OC' meet

in the point sec%:sec—?:secg— and AA"”, BB", CC” in the point

cos3-: cos—?— :cos%. The first point with reference to triangle
A’B'C’ can be shown to be

8in(60 ~ A/3) sin(60- B/3) sin(60 - C/3)

sin(60 + A/3) ~ sin(60+ B/3) ' sin(60+ C/3)’

e.g. If all six angles equal the Brocard angle w (Fig. 2), AA', BB,
CC’ meet in the point cosec(A — ) :cosec(B — w): cosec(C - w), and
A A", BB", CC" in the isogonal point sin(A - w):sin(B — ) : 8inC - w),
a point lying on the line joining the Lemoine point to the circum-
centre. The points A’, B, C' and A", B", C" form the Brocard
triangles.

Fig.(3.
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(14). If (Fig. 3) m=p=p, n=wv,=v, AM=XA=2A, and if
A+p+v=180° and AA’, BB, CC’ meet in P, and AA", BB", CC”
in P, then as in case of the external triangles mentioned in (10),
the following sets of four points are concyclic, BP'CA", CP*AB",
AP'BC", CAC'A”, CBC'B”, ABA'B”, ACA'C", BCB'C", BAB’'A".

eg. If A=p=v=60, P’ is sin(A - 60):sin(B - 60) : sin(C - 60),
one of the Isodynamic points; see (4).
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