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Abstract

In this article. we use the method of Foias and Temam to show that the strong solutions of
the time-dependent magnetohydrodynamics equations in a periodic domain are analytic in
time with values in a Gevrey class of functions. As immediate corollaries we find that the
solutions are analytic in H"-norms and that the solutions become smooth immediately after
the initial time.

1. Introduction

The non-dimensional form of the magnetohydrodynamics (MHD) equations is

h] 1 B?
— NVu— — vV{i—) - . = .
81u+ (u-Vu ReAu+S ( > ) S(B-V)B=f, (1.1
0 1
aB+(u-V)B—(B- V)u+R—curl(curl B)=0, (1.2)
divu =divB =0, (1.3)

where u = (u,(x, t), u(x, t), us{x, t)) is the velocity of the particle of fluid which is
at point x at time ¢, B = (B, (x, t), By(x, t), B3(x, t)) is the magnetic field at point x
attime ¢, f = f (x, t) is a volume density force, R, is the Reynolds number, R, is the
magnetic Reynolds number and § = M?/(R.R,,), where M is the Hartan number.

These equations are important in the physics of plasma. The existence of weak
and strong solutions and some regularities have been established by Sermange and
Temam [3].

In this paper, we will consider the Gevrey class regularity of MHD equations in
a periodic domain in RY with N = 2 or 3 following the method used by Foias and
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Temam [1]. In that paper Foias and Temam showed that the strong solutions of the
Navier-Stokes equations in a periodic domain are analytic in time with the values in
a Gevrey class of functions. We will prove a similar result for the MHD equations
using a similar method.

The organization of this paper is as follows. In Section 2, we introduce some
function spaces. In Section 3, we introduce known results about existence, uniqueness
and regularity. In Section 4, we prove the main theorem, namely we establish Gevrey
class regularity and derive some related regularity properties.

2. Function spaces

We supplement the system (1.1)—(1.3) with the following initial and boundary
conditions:

u(x, 0) = uo(x), B(x, 0) = By(x), (2.1

u(x + Le;, t) = u(x, 1), B(x + Le;, t) = B(x, 1), (2.2)

for all x € R¥ and ¢ > 0, where L is the period and {e;}"., is an orthonormal basis of
the space. But we will regard L to be 27 for notational simplicity. When the dimension
of the space is N = 2, we classically define the operators curl u = 0u,/dx, — du,/9x,

for every vector function u = (u;, u,) and curl¢p = (d¢/0x,, —d¢/dx,) for every
scalar function ¢. We recall the two-dimensional formula

curl curl u = grad div u — Au, 2.3)
which corresponds to the three-dimensional formula
curlcurl u = graddivu — Au. 2.4)

The two-dimensional MHD equations are (1.1)-(1.3) with the term c’GFl(curl B) re-
placing curl(curl B). Thus if div 4 = 0, then curlcurl u = —Au.

Let T > 0and let X be a Banach space. We shall consider L? (0, T; X), 1<p <oo,
which is the space of functions from [0, 7] into X, which are L? for the Lebesgue
measure dt. This is a Banach space for the norm

T 1/p
(/ Nu() % dt) forl <p <oo, esssupllu(®)|lx forp = oo.
0

0<1<T

We denote by L?(2) the space of RY-valued functions on 2 which are square
integrable for the Lebesgue measure dx = dx, - - - dxy. This is a Hilbert space for the
scalar product

(u,v) = / u(x) - v(x)dx.
2
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Using Fourier series expressions we can identify L2(.2) with the space of functions
u satisfying

u=Y e, uwt)yeC" u,;=i; fortelo,TI. (2.5)

jezN
For m € N, we also introduce
H"(2)={uel¥ (2 ‘ Qm~ Z I 1P™u;|* < 00, up=0
X4
and H~"(2), the dual space of H™(2). Also

V={ue H'(2)|j -u =0forallj e Z"},
H={ueH'2)|j u =0foralj ezZ"}

and V' is the dual space of V. We equip V with the scalar product
N /du dv

V) = — — )= 2m)j Py - o;

((u, v)) k§=l (axk axk) jzel”( )" 1wy - v

which is a scalar product on H'(2).
We also introduce the spaces ¥ and H:

YV={(u,B)|u,BeV}), H={(u, B)|u BeH]}
We equip H with the scalar products
(P, V)= (u,v)+(B,C) forall &= (u,B), Y=w,C)eH
providing a norm on M, |®| = {(P, ®)}"/2. We also equip V with the scalar products
(P, ¥)) = ((u, v)) + (B, C))

providing anormon V, ||®|| = {((®, D))}/
We define an operator & € £ (V, V') to be such that

(Fu, vy = ((u,v)) forall u,veV.
We also consider &/ as an unbounded operator on H whose domain is

DA)={ue V,zuec H = H*NV.
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Since we consider divergence-free functions on a periodic domain, & is actually —A.
And since & is a nonnegative symmetric functional, we can define 2/* and the domain
of &7 is the set of functions u such that

m)¥ Z i 1w, 1? = |27“u)? < oo. (2.6)

jeZ¥

For t > 0 given, we consider also the Gevrey class @(e“’"ﬂ), that is, the set of
functions u satisfying

Q)Y Z VN 2 = e ul? < 00 2.7

jezr
with inner product

W, v). = @OV Y eVl -y,

jez¥
with norm |u|, = {@2m)¥ PR e2’U'|uj|2}'/2. And for 2(27'2¢*¥""), we equip the

“inner product

(@, v))e = 0" Y 1Py - 5

jezr

. . i 172
with the norm [lul, = {2m)Y 3=, gu i PV u; P}

LEMMA 2.1. Suppose |u]? = 2m)¥ Y ean €7 u; I < 00 for some T > 0. Then
u €™

PROOF. Since (21]j |)*/k! < e*Vl forall j € ZV and k € N,

QmM Y i Py [P = flully, < 0.

jeZ¥
Thus u € (;., H*. By Sobolev imbedding, we get u € €.
We define now a trilinear form on L'(2) x W''(2) x L'(2) by setting

N
b(u, v, w) = Z/ u;Dy;w; dx  (where D; = 3/dx;),
2

ij=1

whenever the integrals make sense. We know the trilinear form b is continuous on
(H'(2))? [4]. Thus we can define a continuous bilinear operator £ from V x V into
V' with (B(u, v), w) = b(u, v, w).
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3. Known results

Let 7 > 0O be given and let us assume that (p, 4, B) is a smooth solution of
(1.1)~(2.2). Multiplying (1.1) by a test function v € V and integrating over 2, we
obtain

%(u, v) + %((u, v)) + b(u, u, v) — Sb(B, B, v) = (f, v). 3.1
We also multiply (1.2) by a test function C € V and integrate over 2, then

%(B, C) + RLM((B, C)) +b(u, B, C) — b(B,u, C) =0. 3.2)
Thus we define a strong solution of the MHD equations.

DEFINITION 3.1 (Strong solution). Assume N = 2 or 3, f € L*(0, T; H) and
®y = (uo, Bo) is given in V. Then & = (u, B) is a strong solution of the MHD
equations if u, B € L*(0, T; 2(&)) N L>(0, T; V) and @ satisfies (3.1), (3.2) for all

¥=(@C_CeV.
Using operators & and 4, the previous equations, (3.1) and (3.2), may be written as
a 1
a_‘t‘ + e u+ Blu, u) — SB(B, B) = f, 33)
aB 1
57 T 7B+ B B) - BB, =0. (G4

The following result about existence and uniqueness is known [3].

THEOREM 3.2. Let f, uy, By be given with f € L*(0, T; H), ®o= (uy, By) € V.
(1) If N =2, the strong solution ® = (u, B) of the MHD equations uniquely exists
and satisfies

® e L*(0, T; 2(«)) N L™(0, T; V). (3.5)
(2) IfN =3, there exists T, > 0 (depending on 2, f, ||®||) such that there exists a
unique strong solution ® on [0, T.], which satisfies (3.5) with T replaced by T..

4. Gevrey class regularity

LEMMA 4.1. Let u, v, w be given in D(fe*®"”), t > 0. Then the following
inequalities hold in space dimension N =2 or 3:

2
724
e Blu, )| | < cllulllul VI,
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¥r3
(e””I B(u,v), .xzfe”’”zw)Lz

12 172
< cllull 2\ ul 2ol | L wl.,
where ¢ > 0 is independent of u, v, w, 1.

PROOF. Wesetu = 3, o u;e’ ™, u* = 3~ pu ute?™, uf = e*Vlu; and use similar
notation for v and w. We have (8 (u, v), w) = Qm)"i Zj+k=l(uj - k)(vg - wy). Also

(ew'ﬂgg(,,, v), mw"’w) = Q0" Y (k) (- )l

J k=l

= @OVi Y (k)] - )| Per I,

J+k=!
Now since |I| — |j| — |kl = |j + k| — |j| — |k| < 0, we have
(" Bu,v), axfew'“w)\ <@ Y Wl @D
J+k=l1

Then the right-hand side of (4.1) is equal to the integral f 25(X)Y¥(x)0(x) dx, where
E(x) = 2 v lUf1e7*, Y (x) = 3o, an IklIvgle™, 0(x) = 3 cqn 1 |w]le™"*.
Assume N = 3. Then by the Nirenberg inequality,

172 26172
€| < c|DE[IDEL,

1/4 1/4
<c| D em"jluP YooVl | = cllulleull?,
jezN jezN
lWi2: =Y CoVIkPlu P = vz 186 =) Qm)" (I |w}? = |Fw]2.
keZV lezV

Thus

(e B, v), e w)| < [ )Y (x)0(x) dx

2

< &l ¥ 12101 < cllully? 1/ ul P lvll |/ wl. .
Assume N = 2. Then by the Nirenberg inequality,

|§le= < cIDE|2 = cllulle < cllull,? | ul,”.

Thus
’(e’”"’ga(u, v), .efe”’"’w)’ < U E(X) ¥ (x)0(x) dx
2
< =¥ ]2161e < cllull? e ul*v]l|F wl..
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And by similar calculation we obtain

l(e””m.@(u, v), e”’m.@(u, v))l

= Z (uj - k) (v - V) (s - m)e" W HkIHI+mD
j+k=l+m
jl-+1k]+1
= Z luj”ul”k”mHvk”vmleY(UI+! 1+ +1ml)
Jj+k=l+m

2
< cllull: | ul |vIl;.

Now we obtain the following theorem.

THEOREM 4.2. Assume that Vol < M and f € L°°(O, T, g(e"“"m)) for some
oy > 0. Then there exists T, that depends on f and M such that the following
holds:

(1) The strong solutions W of the MHD equations satisfy that t > &'/2e"™% "\ (1)
is L?(2)-continuous for t € [0, T;], where n(t) = min(¢, ;).

(2) If the strong solutions W of the MHD equations satisfy ||V (t)|| < M on [0, Tp),
then W is analytic on (o, Ty + T,) with respect to the norm of (2(=#"2e*“"))? for
sufficiently small o > 0.

PROOE. Let C denote the complex plane and H¢ the complexified space of H, whose
elements are denoted by u+iv, where u, v € H; similarly V¢, V{ are the complexified
V, V. Let wy, w,, ... be orthonormal eigenvectors in V with respect to &, whose
eigenvalues are nondecreasing. Let P, be the projection onto {w), ... , Wn).

Consider now the corhp]exiﬁed form of the Galerkin approximation of the MHD
equations, that is, the complex differential system in (P,, Hc)*:

duy, 1
_‘_iu;_(;)'*'R_dum(C)-i'Pm‘@(um(C)vum(;))_spm‘@(Bm(C)aBm(;))'_—-me’ 4.2)
dB, 1

ac (C)+E—ﬂBm(C)+PM<@(3m(C),um(C))—Pm@(um(t),Bm(C))=0, 4.3)

Um(0) = Pn(uo), B,,(0) = P,(Bo), 4.4

where ¢ € C and u,,, B,, maps C (or an open subset of C) into P,Hc = Cw, +
-+- + Cw,,. The complex differential system (4.2)—(4.4) possesses a unique analytic
solution u,,, B,, defined in some neighborhood of the origin. It is clear that the
restriction u,,, B, to some interval (0, 7,) of the real axis coincides with the Galerkin
approximation u,,(t), B,,(¢) defined in the real field.
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We now get some estimates on u,,, B,,. Let |8] < m/4, and n(t) = min(z, ay),
¢ = se®. Then
1d 2
Eggllum(é)lln(scosg,

= Re in(s Ccos 0)(”“,"(;), dl/z“m(é))n(xcow) + eig (d_s dum)
ds n(s cos 6)

5 |‘Q{um({)|n(scosﬂ) "um(g)"n(scosQ) + RC [eie( - (I/Re)dum(g)
= PuB(tn(©), un(©)) + SPaB(Bu(&), Bu(©)) + Puf, #10(©), ycos]

cosd
Ldum(c)l?,(scosﬂ)

R,

5 Lﬂum(;)ln(scoso) "um(g)"n(scose) -

+ ltm () cos0) 1 1 () 1202 st
A+ SCUBm(EN 050,19 B ()13 5619 4 () s cosdr
+ |f In(scosB)|ﬂum(§)|r](s0059)-

We have
1d 2
5 Zg' “ Bm (;) ”r)(sCOSe)

d
= Re [Zi}'n(s cos 0)(-‘1Bm(§)1 dl/zBm (C))n(scoso)
+ e (iB (), B (;)) ]
dC " , " n(scosd)
f I-Q{Bm(g)ln(scos()) " Bm(t)”n(scos&) + RC [eiG( - (I/Rm)dBm({)

= PuB(un(§), Bu(0)) + PnB(Bu($), 4n(0)), @ Bu(©)), ;cosar)
0
=< lﬂBm(;)ln(xcosf))”Bm(C)"r;(scose) - C;S |dBm(;)|§(xc050)

+ Clttm (@32 cos0) 19 Um(E) | e costy | B () I ncs c056)| @ B ()l cscosy
+ N Bu(@) 12 cos0y1 9 B (E202 cosy 14m (&) niscoso-

We introduce some norms for ¢ = (u, B) as follows:
(@112 = NlulZ + IBIZ, [P = [ul} +|BI.

Let R = min{l/R,, 1/R,}, ®. = (4., B.). Then we can rewrite the above inequali-
ties as

1d
EE[[(DM]]?;&COSB) + R cose[‘d(b'"]rzp(xcose)
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< B+ P o [F P10

n(scos®) n(scos@)
+ 2[[¢m]]n(scos€)[dq) ]n(xcosf)) + |f |n(scos(9)["y¢m]n(xcos(9)
R cos 0
—<— ['dq)'"]z(scosO) + [[q)"']]n(scose)
'”]]i(scoso) + |f|,,(sc059)

where ¢, ¢3, ¢; depend on R and c.
Since |f [yscosey < If 1o, there exists ¢s which is dependent on R, ¢ and |f |5, such
that

_[[q)'"]]i(scoso) + R Cose[dd)'"]n(scost‘)) —_ s3 0 ([[ '"]]r)(scose) + 1) (45)

Let y(s) = [[®n(5€?) 112, cosp+ 1. Thenfors < T, (I Poll) = 3v/2/(32¢5(1 + [ Do),
1+ [[@n (€N cosy < 2(1 + Dol < 2(1 + Do) 4.6)

This shows that the solution of (4.2)-(4.4), which was defined and analytic in a
neighbourhood of ¢ = 0, actually extends to an analytic solution of this equation in
an open set containing

GM)={t =59, 0<s < T,(M), 6] < m/4}. 4.7
The above estimates show that
SUP (| D (E) 12 cossy < 2(1 + | Poll?). 4.3
ceY (M)

The analyticity of (u,, Bn) and Cauchy’s integral formula allow us to deduce
estimates on the derivatives of (u,,, B,,) (with respect to ¢) on a compact subset of
(M) from (4.8). For 0 < o < oy, we denote F,(M) = {z € C,z € 4(M),
T. > Rez > o}, where T, is derived from Theorem 3.2. Then for 0 < o < T{(M),
Fo(M) is not empty. Let ¢ € Z#,(M) and k € N. Then

k !
FO =501 [ g @9
kB !
ddgk © =5 f, o o giﬂ . 4.10)
where d = d(Z, 8.%,(M)) is the distance of ¢ to the boundary 3.%,(M). Therefore
d* ki 2kk!
‘d_cku"' ) < 7252&) lum (2o, ” d;k ) < 717263,1,‘3»4) | Bn(2)|lo-
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Thus for any compact K C Z,(M),

d* Py d 12
‘d;k 5 Ak 37, 0D (L4 lDoll®) ™, (4.11)

k 2k+lk! n1p2
sup | 25 Bn 5 T agf,,(M))]k(l + lPoll?) . (4.12)

On the other hand,

1
'ﬁ—’ﬂum,g = (fs dum)a + S(Pm%(Bma B,), d”m)d

- (Pmt%(unu um), ‘dum)a - (dum/dg’ ‘Q{um)u

S 1ol thmly + SCllBull}? (2 Bl (& s
+ cllttmll | |} + | it /AL |5 |

1
E—IIQ{Bmli = (Pm'@(Bma um)v 'dBm)a - (ng(umv Bm)v dBm)a

- (dBm/dé-v *Q{Bm)a

< cll Bull /|97 B * Nt | |17 Byl
+ cllttmll)* 12 tim| )| B lla| 2 Buls + |dBin/dE 5| Bl

Thus

Rilﬂfumla SIflet+e(S+ 1)[[(Dm]]3/2[d¢m]:,/2+[[dd)m/dé-]]o

SUflo + RS+ D[ D1]] +

4R +{[dPw/ds])s,  (4.13)

1
= |2 Byls < 2¢[[®,]1) [ 1,2 + |d B, /dE ||,

m

<4SR,([P)) + H[‘d(b]a + dBn/dE || (4.14)

Thus by (4.13) and (4.14),
(D), < [ty + |7 Bl
< Rlf o + RIS + D@l + 5(90], + Rolld®n/dE T,
FACRLIO,L, + 5P,y + Ralld0,/dz ]l
Therefore

sup[ ®,,($)], < c(K) < 00. ' (4.15)

tek
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Again using Cauchy’s formula and (4.15) we obtain also forevery ¢ € K andk € N

2k k!

‘ddtku”'(;) , = @K, 02,007 b1l
o d* B 2k k! B

_ <
‘ O =k sz, anp LB POl

Thus
d 2k+l ,
rex [ azx (C) , = . a7, amr <8

where XK' = {z € #,(M), d(z, afo(M)) > (1/2)d(K, 3%, (M)}.

We now pass to the limit m — oo. For every compact subset of %, (M), @,
is uniformly bounded in 2(&7¢°"") and d®,,/d¢ is also bounded in 9(& *="").
Since (&7'/%)71 is a compact operator, we can use the vector version of Montel’s
theorem, that is, there is a subsequence {®,, } which converges to a analytic function
® in 2(o'?e*#"”) on Z,(M).

Since the restriction of u,,, B,, to the real axis comc1des with the Galerkin approx-
imation in R, of the MHD equations, it is clear that the restriction of ® to the same
interval (0, 7} = min{7], 7.}) of the real axis coincides with the unique solution of
the MHD equations given by Theorem 3.2. Thus we obtain the real analyticity of @
on the interval (o, T;). Since || ®|| < M on [0, T,), ® is analytic in 2(&7'2e”#"”) for
te(o, T+ T)).

Now we prove part (1) of Theorem 4.2.

By (4.5), &/ "% & e L2(0, T;; H). Thus

Z'2eO¥ o e L2(0, T;; V). (4.16)

By (4.16), &*2¢"9%" & € L*(0, T;; V'). Andif vy, v, are u or B, then by Lemma 4.1
and (4.5), we obtain that

"7 B, v;) € L*0, Tis H) and &' B(vy, 1) € L0, Ty; V).

Andsince f € L®(0, T; 2(¢” ")), we obtain &2 f € L*(0, T;; V).
Thus we obtain

4 ingomny, 4

z(m'ﬂe"(”“"“B) e L}, T;; V'). .17
By (4.16), (4.17) we obtain & 2" %'y of 12104 B ¢ ([0, Ty]; L?) [5, Ch. III,
§ 1.4].

COROLLARY 4.3. Under the same conditions as those of Theorem 4.2, W, the strong
solution of the MHD equations, is analytic on (0, To+ T,) with respect to the H"-norm
forr > 0.
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PROOF. Let 1y € (0, Ty + T;). Then there is o such that0 < o < ;. Thus

(20)*|W (1) — W (£o) — (t — 1) %‘lf(to)li,m - [[W()—-Y(Hn)— (t—to)%‘l’(to)]]?,
(2Kt — 1] - It — 12 '

By the above theorem, the right-hand side of the above inequality goes to zero. Thus
the left-hand side of the above inequality also goes to zero. Thus W is analytic in
H**'-norms. And V is analytic in L2-norms by similar reasoning.

COROLLARY 4.4. Under the same assumptions as those of Theorem 4.2, ®(t) €
€ (2) with eventual modification on a set measure zero on (0, Ty + T)).

PROOE. If t € (0, Ty + Ty), then [®(¢)], is bounded for some o by the above
theorem. Thus ®(¢) is smooth in R by Lemma 2.1.

COROLLARY 4.5. If N = 2, the strong solution is analytic on (o, T) with respect to
the norm of (2("e” %" ))? for sufficiently small o > 0.

PROOF. ||®] is bounded on (0, T) by Theorem 3.2. Thus we are done by the above
theorem.
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