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AN ADDITION THEOREM AND SOME PRODUCT FORMULAS 
FOR THE HAHN-EXTON g-BESSEL FUNCTIONS 

RENÉ F. SWARTTOUW 

ABSTRACT. In this paper a ̂ -analogue of Gegenbauer's addition formula for Bessel 
functions is obtained by using the orthogonality relation for the g-Ultraspherical poly
nomials of Rogers'. Also some product formulas and an integral representation for the 
Hahn-Exton g-Bessel functions are obtained. 

1. Introduction. Several possible ^-analogues of the Bessel function 

n n rr, ^ (~l)*(x/2r2* 
(L1) y"w = S*!r>+* + i) 
have been considered in the literature. Best known are two related g-Bessel functions 
denoted J^\x; q) and J^\x\ q) by Ismail [6], but first introduced by Jackson in a series 
of papers during the years 1903-1905 (see references in [6]) and also studied by Hahn [4]. 
A third g-Bessel function was introduced by Hahn [5] (in a special case) and by Exton [2] 
(in full). They obtained these functions as the solutions of a special basic Sturm-Liouville 
equation. Later Koornwinder and Swarttouw [7] also studied this third g-Bessel function. 
In the notation of Koorn winder and S warttouw it is defined as: 

(q\q)oo k=o (qv+l',q)k(q',q)k 

where 

I (a\q)o= 1, 
(a;q)k = I$-t(l-aq>)9 * = 1 , 2 , . . . 

when the product converges. 
The main objective in this paper is the derivation of the addition formula 

^(«-1^ ( 1-"Vv^,a-1V1~n ) / 2^v;^(-«V)V ( n + 1 ) / 2 

£b (qu+\q;q)n 
OO 1 _ QVM (1.4) __ML^rvi^ n^-^ 

X Ju+k(axqk/4\ q)Jp+k(bxqklA\ q)Ck(cos (p; qv\q), 
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868 R. F. SWARTTOUW 

where a9 b > 0, x > 0, Re(i/) > 0 , 0 < </? < 7r and Qfo /?|#) is Rogers' g-Ultraspherical 
polynomial defined by 

(1.5) Cn(z\P\q) = I ] 7 w x c o s t o - 2*)</>> 

k=o to; #)*to; )̂n-fc 
where z — cos (/?, see [1]. 

Rahman [8] has derived a similar addition formula for the Jackson g-Bessel functions 
f£\x\ q) and J^\x\ q). Formula (1.4) is a ^-analogue of formula [9, (2), p. 363]: 

uTvJv(u) = 2T(z/) £ > + k)ZrvJv^Z)z-vJv^{z)Ck{oos if), 
k=0 

where uo — y/(Z2+z2 — 2zZcos ip) and C£(cos (p) are Gegenbauer's Ultraspherical poly
nomials. 

In order to derive formula (1.4) we shall first derive a product formula in Section 3. 
In the fourth section we will give an integral representation for this product. The results 
from Sections 3 and 4 can be used to derive the addition formula (1.4), which we shall 
prove in Section 5. 

2. Some formulas and notations. We will always assume that 0 < q < 1. The 
general #-hypergeometric series is defined by 

(2.1) r®s 
a\9...9ar 

bu...9bs 
q,z = E 

(au...,ar;q)k ( ( _ i ) q ' ) z 

k=0(bu...9bS9q)k 

where the ^-shifted factorial is defined by (1.3) and 

(a i , . . . , ar\ q)k = toi ; q)k(a2; q\ • 

to; q)k 

• tor; q)k-

The power series, in the non-terminating case of (2.1), has radius of convergence 
oo, 1 or 0 according to whether r — s < 1, = l o r > 1, respectively. The series is 
called balanced or Saalschiitzian if r = s + 1, z = q and b\b2 • • • bs = qa\a2 • • • as+\. 
The series is called well-poised if r = s + 1 and its parameters satisfy the relations 
qa\ = a2b\ = 03^2 = • • • = a5+iZ?5. 

In the next sections we shall need some summation and transformation formulas. We 
shall list them here, but the reader is referred to [3] for further details. 

The g-Gamma function is defined by [3, p. 16]: 

(2.2) 
to ; <?)oo 

When q \ 1 the g-Gamma function tends to the ordinary Gamma function. 
Sears' transformation formula for a terminating balanced 4O3 [3, p. 41]: 

(2.3) 4O3 
q n

9a9b9c 

d9e9f 
q>q 

(e/a9f/a9q)n 

to,/; q)n 
a n

4 0 3 
q-n

9a9d/b9d/c 
[d9aql-n/e9aql-n/f q>q 
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HAHN-EXTON tf-BESSEL FUNCTIONS 869 

with def = abcq1 n. 

A transformation formula for a terminating well-poised 2$>\ [1, p. 63]: 

(2.4) 2 0 ! 
ql-*lp\q'qzlP. 

(P2;q)n 
- zTlTn/2

4Q3 

q-\P2q\(3Xl2Z,(3ll2lz 
Pql'2,-I3ql'2,-P (P\q)n 

The g-Saalschiitz summation formula for a terminating balanced 3O2 [3, p. 13]: 

q>q 

(2.5). 3 0 2 
q n,a,b 

c,d q>q 
(c/a,c/b\q)n 

(c,c/ab;q)n ' 
with cd = abqx n 

The Askey-Wilson integral [3, p. 140]: 

(2.6) r * o o » y ; i . - i , g l / 2 , - g 1 / 2 k ) r f 

A) h(cos(p;a,b,c,d\q) 

2n(abcd\ q)^  
(g, ab, ac, ad, be, bd, cd; q)^ ' 

where max(|g|, |a|, |fc|, |c|, |d|) < 1. 

We have written /i(z; a, b, c, d\q) = h(z\ a\q) • • • h(z; d\q), where z = cos (p and 

(2.7) fcfcfl|^)=(£i^,fl^;^)00. 

We will also use some easily verified identities: 

(2.8) (a,-aJaql/2,-aql/2;q)n = {a2\q)ln, n = 0,1,2,. . . or 00 

(2.9) (aq-n;q)n = (-a)nq-«n+lV\q/a;q)n 

(2.10) 
(a-y-n;<?)* 

(2.11) (a; # W = (a; q)k(aqk\ q)n = (a; q)n(aqn\ q)k 

(2.12) (wf\q)o 
( g ; ^)oo 

3. A product formula. In this section we will derive a product formula for the 
Hahn-Exton #-Bessel functions. Let us always assume that a, b, x are real and that a > 0, 
b > 0 and JC > 0. Starting with (1.2) we have for Re(/x, 1/) > - 1 : 
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870 R. F. SWARTTOUW 

7„(ar,g)/M(i>x;<7) 

_ (axY(q'/+i;q)00 °° ( - a V ) V ( t + 1 ) / 2 (fety(g"+1 ; gU °° ( - f c ¥ ) Y ( m + " / 2 

(«;«)oo i=o {qv+x\q)k{q\q)k iq\q)oo h(s {4»l\q)m{q\q)m 

oo oo ^_j\na2t^2(n-t) ;c2n_[t(t+l)+(n-t)(n-*+l)]/2 

= ^ ( * ) E E ( ^ l . ^ ^ . ^ ^ l ; ^ ^ ^ ; ^ ^ 

(2.10) °° (-l)"(fcx)2V("+1,/2 A {q~"\q)k{q-n~il\q)k(a2 

='KVAX) E v / ^ A, „, E v v;r:^. r" (-̂ +n+1 ̂  * 
»=o (q»+x\q)n(q\q)n to (<f+l\q)k(q\q)k V^2 

With (2.1) the general product formula for the Hahn-Exton g-Bessel functions becomes: 

Jv{ax\ q)J^{bx\ q) 

(3.1) 

where 

/ ^ ( - i f (fa)V<w+1>/2 

= ^ ( X ) 2 ^ , „ ^ x , . x 2<S>1 
n n-n-\i q ,q 

n^o (q^x;q)n(q\q)n 

avb^^^(jt^\q)oo(q^l\q\ 

,u+\ 
*2_ u+n+\ 

q ^ q 

KU,II(X) — 
(q\ q)oo(q\ q) o 

If we replace in (1.2) x by x(l — q)/2, take the limit q ] 1 and use (2.2), we obtain 
the ordinary Bessel function: 

(3.2) r i ( n Wo Ï A (-l)k(x/2Y+2k 

If we replace in (3.1) a and fr by a(l — q)/2 and b(l — q)/2 respectively, take the limit 
q Î 1 and use (3.2), we find the formula [9, (2), p. 148]: 

r ( z / + l ) ^ o U>Z + / i+l)Al! 

where the hypergeometric series 2^1 is defined by 

2 r i 
a,b 

c 
= fs (a)k(b)kz

k 

with (a)k = a(a + 1) • • • (a + k— 1) and (a)o = 1. 

Let us choose [i — v. Now the 2^>\ in (3.1) becomes well-poised and can thus be 
transformed into a balanced 4O3 by formula (2.4). After that we apply (2.3) twice: in the 
first time a and d in (2.3) are chosen as ab~lq~^n+u^2 and —q~n~v respectively; in the 
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HAHN-EXTON 9-BESSEL FUNCTIONS 871 

second time a and d are chosen as —qv and ab~lq^~n+l/^2 respectively. This yields 

Jv(ax\q)Jv(bx\q) 

/i=0 (q"+l'><l)n(q\q)n 

n „—n—v 1 J2 
q ,q 

X 4O3 

(-l)n(ab^)n^2n+v+l)/2(q-2n-2l/',q)n 

to (<f+l',qUq\qUq-n-v;q)n 

q~n, q~n~2\ ab-xq-{n+v)l2, aTxbq-{n^l2 

g—n—v+l/2 Q—n—v+\/2 n~n~v q,q 

uAX) h (qU+l. q~n-^ q-»-^l2, -q-"-^l\ q; q)n 

X (ab-lq-{n+1/)/2)n
4®3 

q~\ -q\ ab-lq-(n+l/)/2, -ab~lq-(n+l/)/2 

ab-iq(i-n+v)/2^ -ab-lq({-n+u>>/2, -q~n~v %q 

KvAx) E 
w=0 

( - l fCa^)^^^/ 2 ^-^- 2 ^^- 1 ^ 1 -"-^ /^-^- 1 ^ 1 -"-^ / 2 ;^ 
(<f+1, q-n-\ q-n-v+l/2^ _q-n-v+\/2^ q. q^ 

(-qv)n(q-n~21\ab-l(P-n-vV2\q)n 

{-q-n~\ -ab-xq^-n+v^l2\ q)n 

X 4 O 3 
q~n,-q\qv+xl2,-qvJrXl2 

ab-xq(X-n+l/)/2, a-lbq^x~n+^l2, q2l/+l q>q 

When we apply (2.8) and (2.9) we have found for Re(z/) > — 1 a product formula for the 

Hahn-Exton g-Bessel function in terms of balanced 403's: 

Ju(ax; q)Ju(bx; q) 

(ab^n^+l;q)oo((t+l;q)oo 

(3.3) 

(q\q)oo(q\q) 00 

°° (-l)n(ax)2nqn(n+X)/2(g-xbq{X-n~v)l2,arxbq^x-n^l2\ q)n 

* ^ (q,qv+x\q)n n=0 

X 4 O 3 
q-n,-q\q^xl2,-qv^l2 

ab-xqtx-n^l2,crxbq^-n^l2,q2v+x q>q 

4. An integral representation. With the aid of the Askey-Wilson integral (2.6) we 

can find an integral representation for a product of two g-Bessel functions. Since by (2.5) 

3<D2 

q-n,qvl2e^,qvl2e-^ 
q,q [a-lbq^-nV2, ab-xq^v-n^l21 

and since by (2.7) and (2.12) 

{(fl2^,(tl2e-i{p\q)k 

{a-xbq{X-n)l2e^,a-xbq{X-n)l2e-^\q)n 

(a-xbq(x-n^l2, a-xbq^x-n-^i2\ q)n ' 

(4.1) 
h(z\(fl2\q) Kz;<f'2**\q)' 
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we have for Re(V) > 0 

rh(cos^l,-l,q^2,-ql/2\q)(a-lbq(l-n)/^,a-lbq(l-n)/2e-^;q)n r"ïï 

Jo h(cos <p\ ql/l2, -qvl2, q(^/2, -q^l2\q) 

^ 0T" ; q)k(a-lbq(l-n+l/)/2, a^bq^"^/2; q)nq
k 

dip 

h) (a-xbq^v-n^2,ab-xq^-^l2,q\q\ 

h(cos(p;l,-l,q{/2,-ql/2\q)d(f PIT 

Jo /z(cos <p\ qvl2+k, -qvl2,q^)l2, -q("+U/2\q) 

_ " {q-n\q\{arxbq{X~nJrV)l2,g^bq^^/2;q)nq
k 

~ £ o (fl"1 V 1 + "~ ' l ) / 2 . ab-xq^-^l2, q; q)k 

(q, -q\ ql/+{/2, -ql/+l/2, <f+1/2, - ^ + 1 / 2 , _ ^ + l ; q)^ 

X 4O3 
q-n^ _qv^qV+\/2^ _^i/+i/2 

q,q [ab-lq(l-nH/)/2,a'lbq^-n+l/y2,q2l/+l 

After applying (2.8) this becomes 

r*h(cos <p; 1, - 1 ,q1/2, -q]/2\q)(a~lbq{{-n)/2e^,a-lbqil'n)/2e^\q)n 

r 
Jo (4.2) 

h(cos <p\ qvl2, -q"/2, q("+»/2, -q^/2\q) 

W + ^ ^ ^ ) o o ( f l - l f c ( l - ^ ) / 2 > f l - l f c (l-n-,)/2 )y| 

Je/? 

X 4 0 3 
q-n,-q\qv^l2,-q^xl2 

ab-lq(l~n+ï/)/2, a-{bq(l-n+l/)/2, q2l/+l q,q 

When we compare (4.2) with (3.3), we see that we have found an integral representation 

for a product of Hahn-Exton g-Bessel functions. Since 

(4.3) 
h(cos (p; 1,-1, ql/\-ql/2\q) (<F*,e-2i*;q)0 

h(cos ip\ qvl2, -qvl2,q^X)l2, -q(l/+V)/2\q) (ql/e2i^, qve-2i*\ q)0 

the integral representation is: 

(4.4) 

Jv(ax',q)Jv(bx;q) 

= (abx2r(ql/+l,q2l/;q)O0 r« {e2^,e'2i^\q\ 

liriqv^q^q)^ Jo (qv e2i^, ql/e~2i^ \ q)oo 

°° (a-lbq{l-n)/2e^,a'lbq(l-ny2e-^;q)n(-\)
n(ax)2nqn(n+l)/2 

x \ . dip, 
n=o (q"+X,q\q)„ 

with Re(i/) > 0. 
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HAHN-EXTON 4-BESSEL FUNCTIONS 873 

5. The addition formula. Askey and Ismail [ 1 ] proved the following orthogonality 

relation 

(5.1) 
[ 
Jo 

( ^ , g - 2 , ^ ; g ) o o 
fo (qvelitf,,qve-lilP\q\ 

-Cm(cos tp; qu\q)Cn(cos <p; qv\q) dp 

27rr,(2i/) \-q" (q2"\q)n 

r , ( i / ) r , ( i / + l ) l - < f + " (q;q)„ 
' ^m«> 

where Re(z/) > 0 and where Cn(cos <p;/3\q) are the g-Ultraspherical polynomials of 

Rogers (1.5). By (2.1) and (2.10) these polynomials can be written as a well-poised 2O1: 

Cn(œsiP;l3\q)=y^er*2®l 
(5-xqx~n 

(q\ q)n 

By (2.4) this can be transformed into a balanced 4O3: 

32. 

q,ITlqë 1 ng,-2i<p 

(5. 2). C„(cos ^ ; 0\q) = ^ V " / 2
4 0 3 

(4; ?)« 

q-\f32q\f3^2e^,(5l/2e~^ 

0ql/2,-(3ql/2,-(3 q,q 

With the orthogonality relation (5.1) and the integral representation (4.4) it is natural to 

look for a series expansion of the form 

£ 
(a- ' bq( l -">/V^ ,<Txbq(l "">/V'*' ; <?)„(-1 )"(a*)2 V ( " + 1 ) / 2 

(5.3) 
„=o (qv+l,q\q)n 

OO 

= X)A*(*)Q(cosy>;^|?) 
A:=0 

The series on the left hand side of (5.3) is a differentiable function in cos <p (see Ap

pendix). Hence the Fourier series on the right hand side converges pointwise to the func

tion on the left hand side of (5.3). 

If Re(z/) > 0 we find with (5.1) for Ak(x) 

Ak(x) 
_ r » r > + l ) 1-<T* (q;q)k 

f 
Jo 

2^Yq(2v) \-<f [tf»\q\ 

* (e2i*,e-2i'f\q)0 

{qve2i^\qve'2i^\q\ 
-Ck(cos(f;qv\q) 

™ ( a - 1 ^ ( 1 - n V V ^ , a - 1 V 1 ~ n ) / V , v ; ^ ) n ( - l ) n ( a x ) 2 V ( , , + 1 ) / 2 , 
X ^ (a^ n'a) ^ 

For fixed non-negative integers n and k, let us first compute the integral 

W o 0 (qve2iv,ql/e-2i^',q)0 

{a-xbq{X-n)l2e^ ,a-xbq{l-n)l2e-^\q)n 

X 4O3 
4-*, q2u+k, ql/l2e^,ql/l2e-^ 

qv+\/2^_qv+\/2^_qv q>q dp. 
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When we use the g-Saalschutz formula (2.5), we have 

(a-lbqil-n)/2e^,a'lbq(l-n)/2e-^;q)n 

(a~i V2+"~" ) /2 , a~l bq-^l2; q)n 

_ ^ (q-n;q)j(q(v+X)l2eiip,q(v+V)l2e-^\qy 

~jèo (crxbqV+v-nV2,ab-xqV+v-'»l'i,q;q)j ' 

When we insert this in the integral using (4.1) and (4.3) it becomes 

'n,k 

" (q-"\ q)j(j(crxbq{2-nw)l2, g-lbq-{nw)l2; q)„ 

pa (a"1 V2-"+ i / ) / 2 , ab-W2~nH,)/2, Q\ l)j 

x * {q-\q2^k-q)mqm 

^0(q"+l/2,-q"+l/2,-q»,q;q)m 

h(cosv\h-hql/2,-ql/2\<l)d<P 

I h(cos(f,qv/2+m,-qv/2,q^,/+l)/2+J,-cf+1)/2\q) 

= A (q-\ gW(f l -V 2 -" w >/ 2 , a-lbq-<-n+^2; q)n * (q~k, q2"+k; q)mq> 

7to (<HbqV-™)l\ ab-i<p--™V\ q\ q)j ~ 0 (q"+l/2, -q^l/\ -q\ q\ q)n 

x 27r(g2^+*-1;g)00  
(<7 —qv+m^ qis+m+j+l/2^ _qv+m+\/2^ _qv+j+l/2 „is+\/2^ _qu+j+\ . ^ \ ' 

Now by formula (2.12) and formula (2.8) we can rewrite the last factor as 

27T(q2^l;q)00(-q\ q^+l/\ -g"+ 1 /2 ; q)mtf+l'2, -<f+1/2, -qu+x ; q)j 

(q, -q\qu+l/2, -<f+1/2, -qu+1/2, q^1/2, -q^1 ; q)oo(q2l/+x \ q)j(q2l/+j+x ; q)m 

_ 2ir(q^x ; 0)00(0"; 0)oo (-$", - < T ! / 2 , <f+*1'2, q)m(<f+l'2, -<T 1 / 2 , -<f+l ; q)j 

(q2u\q)oo(q\q)oo 

When we also use definition (2.2) we find 

(q2l/+X;q)j(q2l/+j+X',q)n 

lixTJlv) 
ln,k -(a~Lbq \hn{2-n+v)/2 ,a bq <n+v)/2. 

\q)n 
Tq(y)Tq(v + \) 

" (q~n, qv+ll2, -qv+xl2, -qv+x ; q)jcj 
X

 7èo (arlb(f2-n^l\ab-lqV-n+vy2,<p>+\^ q). 

x ^ (q-\q2l/+\qv+j+ll2\q)mqm 

™=0 (q»+x/2,q2»+x+Kq;q)m 

The sum over m is a balanced 3O2 and can thus be summed by (2.5). With (2.9) this 
yields: 

3 0 2 
q-^q^^q^1/2 

qis+\/2^q2v+\+j q,q 
iql+j-k9(t+l/2.q)k {q-j.q)kqk(v+j+l/2) 

(q2l/+l+j, q-v-k+l/2; q)k (q2»+l+J; q)k 
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HAHN-EXTON tf-BESSEL FUNCTIONS 875 

This gives 

In,k = r f ^ f * ? n(a-'V2-"+-)/2,a-'^-^>/2;g)n Tq{v)Tq(v + \) 

" (q-n,rl/2y_qV+l/2t_rl.q)jql {q-j.q)k / 2 ) 

Because (q~j;q)k = 0 if y < k, the integral vanishes unless n > k. So we can start 

summing by y = £. After a shift in the summation index and after applying identities 

(2.9) and (2.11), the integral becomes 

I«i 
2/nTq{2v) \hn(2-n+v)/2 (g~lbq{ ,a~lbq -(n+u)/2. 

\q)n 

jto {a^bq^-^l\ab-'q^-^l\q^\q^q)j+k (q2v+j+k+l. q)k« 

__ 27TTq(2iy)(g-lbq(2-n+J/)/2
J g-lbq(-n+u)/2; q)n(q~n, qu+l/2, -ql/+l/2> -qu+l ; q)k 

~ Tq(v)Tq(y + \\q2^\a-xbq^-n^l1,ab-xq^-n^l2\q\ 

(_l\knk(k+2v+2)/2 n-k 

x ( lq,., . E 
(9""-*, 9"+*+ 1/2, -ç^+t+1/2, -g»***» ; 4 ) ^ 

27rr ? (2^)(a- 'V 2 -" + ' / ) / 2 , a-'frg-c**)/2; g)„(g~", g"*1/2, -g"*1'1, -g"*1 ; g) t 

x (-l)y(*+2"+2)/2
4d>3 

This leads to 

r , ( i / ) r , ( i / + \)(q2v+\g2v+M, a-lbg{2-»+vV2, ab^q^-"^!2; g)k 

n—n+k nv+k+\/2 nu+k+l/2 nv+k+l 

q2v+2k+\^a-\l?qk+(2-n+v)l2^ af?-lqk+(2-n+v)/2 q>q 

Ak(x) = l - 4 . (<? ' >-q ' ,-q >q)k l k k(k+u+2)/2 
kW \-<t {q^\qlv^X\q)k ^ * 

X n=o (qv+\q\q)n(a-xbqV-n+l/ïl2,ab~lq(2-n+^/2;q)k 

X 4O3 
n—n+k v+k+l/2 u+k+l/2 „i/+fc+l 
q ^ q "> q > q 

q2v+2k+\ a-\foqk+(2-n+v)/2 afo-lCjk+(2-n+v)/2 
q>q 

Because (q n\ q)k — 0 if k > n, we can start summing at n = k. Then we shift the 

summation index and apply identities (2.9) and (2.11). This yields 

1 - qk+l/ (q^1/2, - ^ + 1 / 2 , -<f+1 ; q)k 
Ak(x) = 

1 - qv (qu+l, q2l/+l, q2l/+k+l ; #)* 
W*(-l)V(*+I/+2)/2 

™ (-l)n(ax)2nqn(n+iy2(g-lbq(2-n-k+l/)/2,aTxbq-^k^l2\q)n+k 

X n=o (^+1+*. ^; q)n(a-lbq(2-n-k+^/2, gb-lq^2~n+k+^/2; q)k 

X 4O3 

- n „i/+fc+l/2 _ / 7^+&+l/2 _nv+k+\ 

q ->q "> q •> q 
q2v+2k+l^al?-\q(2-n+v+k)/2^ a-lfrq(2-n+v+k)/2 

q>q 
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Now we apply Sears' transformation formula (2.3), where a and d are chosen as qu+Ml2 

and q2j/+2k+l respectively. Then we have 

Ak(x) 

=
 l ~ q . (<? ' ,-q ' . ~ g ^>kLlr<lk( n L M W I / 2 

1 - g " (q"+l,q2"+l,q2v+k+l\qh 'H 

—n Qv+k „i/+k+\/2 „v+k+\/2 

q2v+2k+\^ab-\qO-n+v+k)l2^a-\bq(\-n+l,+k)l2 

(Q-1V2-"^+ t / ) /2 ,a-1fc^ ("+ < : + ' / ) /2 ;gW(a-1V'"-* :- ' / ) /2 ,afc-1^1-"-< :- , / ) /2 ;g)n 

(a"1 V2~"_A:+'/)/2. ab~x(f--n+k+v'>l2; q)k(a'ibq(-2-n+k+,/)/2, ab-xqV-n+k+vV2; q)„ 

The last factor of the formula above can be simplified by the following identities (here 
(2.9) and (2.11) are used frequently): 

. ( f l -V 2 -" -*^>/ 2 ;gW _ 

(a-lbq(2-n-k+^/2;qMa-lbq<2-"+k+v)/2;q)n 

(a-xbq-(n+k+v)l2\q)n+k _ {a-xbq-(n+k+v)l2;q)n{a-xbq(n-k-")l2;q)k 

(ab-lq^2'n'k+,/^2;q)k ~ (ab-xq^-"-k^l2\q)k 

= (-a-Xb)k
q

kt-n-"-l)l\a-Xbq-(
n+k+v)l2; q)„, 

iii) 

iv) 

(a-lbq-^k+^2;q)n = , (1+*+,)/2 

(ab-lq<2-»+k^/2;q)„ ( ) q 

{ab-xq(X-n-k-v)l\q)n = {-l)n{ab^)nq-n(k+v)l2(a-lbq^-n+k+v)l2\q)n 

Moreover by (2.8) we have 

(q"+xl2,-qv+xl2,-qv+x;q)k (q2v+x;q)2k 1 1 
v) 

(qv+l^2v+^q2v+k+l.q)k (q^;q)2k (q^;q)2 (qv+x;q)2
k 

Applying identities i) to v) we finally have 

1 nk+v i 

Ak{x) = L _ l [ . (^y^o/2 

~ ( - l ) " ( f l s ) 2 y ( " + * + 1 ) / 2 ( f l - ^ 
Xh (ql/+l+k,q;q)n 

X4O3 
Q—n —.sjV+k Qi/+k+\/2 _av+k+\/2 

q2v+2k+l afo-lq(\-n+i/+k)/2 a-lfoCj(\-n+v+k)/2 q>q 

If we compare this last sum with the sum in the product formula (3.3), we see that they 
are the same if we replace in (3.3) v and x by v + k and xqklA respectively. Substituting 
this into (5.3) we have an addition formula for the Hahn-Exton g-Bessel functions. For 
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a, b > 0, x > 0, 0 < (p < ix and Re(i/) > 0 

°° (a~lbq{{-n)l2e^,a-xbq{l-n)l2e-^\q)n(-a
2x2)nqn{n+l)l1 

n=0 ^ " i?+Kq\q)n 
(5.4) _ (ygfc 2 00 1 - ^ 

X Jv+k(axqklA', q) Jv+k(bxqk/4; q) Q(cos <p; qv\q). 

This addition formula is a ^-analogue of Gegenbauer's addition formula [9, (2), p. 363]. 
In order to find this formula we will first take the limit 

lim Q(cos (p; q \q) = lim > ~7 r r : * cos(« — 2k)(f 
«n «ri ik=o (q\q)k(q\q)n-k 

= £ 177 777 ' c o s ( " - 2 * ) ^ = C*(cos y>). 
ik=o Kl yn — K)\ 

C^(cos ip) are Gegenbauer's Ultraspherical polynomials. 

When we replace in (5.4) a and b by a{\ — q)/2 and b(\ — q)j2 respectively and let 
q Î 1 we find with (3.2) and (5.5) 

°° (I - a-lbe^)n(l - a^be^Yi-^x2/4)n 

n=o (i/+l)nn\ 
4'T(i/ + i ) r o / + i ) ^ 1/ + * 

£=0 
2 XI -^-Ju+k(ax)Jl/+k(bx)Cu

k(cosif). 

The series on the left hand side can also be represented as a Bessel function. This yields 
(in the notation of Watson) 

00 

uTvUu) = 2 Z / I » J > + k)Z-uJv+k(Z) z~vMz) Cftcos p), 

where a; = v^(Z2 + z2 — 2zZcos (/?). 

APPENDIX 

THEOREM. The series 

^ (a- 1 V 1 - n VV^,f l - 1 Z7^ 1 - n VV^;^(- l f (a jc) 2 ^^ n + 1 ) / 2 

n=0 W » #> 3 % 

is a differentiable function in cos (p. 
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To prove this we shall first show the uniform convergence in <p of (A. 1). 

msLx\(a'lbq(l'n)/2e^,a-lbq(l-n)/2e-^;q)n\ 

= maxl n ( l - a~ V 1 _ n ) / 2 + V V ) ( l - a-lbqV-n)/2+je-i(p)\ 

- maxl 11(1 - 2a-lbqil-n)'2+jcos ip + a-2b2qil-n)+2j)\ 

< J ! max|(l - 2crlbqil-n)'2+jcos <p + a-2b2q({-n)+2j)\ 
7=0 ^ 

= na+fl-1^0-^2^)2 . 
7=0 

Since 0 < q < 1 we have 

ÎÎ (1 + a-lbqil-n)'2+J)2 < (1 + a~lb)n+\ 
J=[n/2] 

where [x] is the largest integer less than or equal to x. 
If j < [n/2] we have 

[n/2]-\ [*i/2]-l 

n ( i+f l -v i _ n ) / 2 + ô 2 = n ^ i""+2vn_1)/2~7+^1^)2 

7=0 7=0 
[n/2]-\ 

<(\+a-lb)n n qx~n+2j 

7=0 

<(i+f l - 1 fe)V , , 2 / 4 . 

Using these upper bounds we have 

l^-^^^^/v^^-^^^^/v^^^c-irca^v^1^2! 
< ( a + ^)2"+ 1«-1x2 n^+ 2 ) /4 . 

Now by Cauchy's theorem we see that (A.l) converges uniformly in <p. Hence it is a 
continuous function. 

Now Bernstein's inequality ([10, Vol. II, p. 276]) 

max \T'((f)\ < «max |r(<^)|, 
if if 

where T(<p) is a trigonometric polynomial of the form T(ip) = T,l=_ncke
lk{f, gives us 

an upper bound for each term when we differentiate (A.l) termwise. Using the same 
estimates as in the proof above, it is easy to show that the sum of these derivatives also 
converge uniformly in p. Since that last sum is equal to the derivative of (A. 1), we have 
shown that (A.l) is differentiable. 
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