Bull. Aust. Math. Soc. 89 (2014), 397-414
doi:10.1017/S0004972713000804

DIRECTIONAL MAXIMAL OPERATORS AND
RADIAL WEIGHTS ON THE PLANE

HIROKI SAITO™ and HITOSHI TANAKA

(Received 26 May 2013; accepted 17 July 2013; first published online 12 September 2013)

Abstract

Let Q be the set of unit vectors and w be a radial weight on the plane. We consider the weighted directional
maximal operator defined by

1
Mo f(x):= sup —— ]}; [fFIw() dy,

XEREBq, w(R)

where B denotes the set of all rectangles on the plane whose longest side is parallel to some unit
vector in Q and w(R) denotes J;e w. In this paper we prove an almost-orthogonality principle for this
maximal operator under certain conditions on the weight. The condition allows us to get the weighted
norm inequality

1Mo f 2o < € log NI llzgns

when w(x) = [x|%, a > 0, and when Q is the set of unit vectors on the plane with cardinality N sufficiently
large.
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1. Introduction

Fix a sufficiently large natural number N, denoted by N > 1. For a real number a > 0,
let B, n be the family of all cylinders in the n-dimensional Euclidean space R", n > 2,
which are congruent to the cylinders with height Na and width a, but with arbitrary
directions and centres. For a locally integrable function f on R” the ‘small’ Kakeya
maximal operator K, y is defined by

1
Konf)i= sup — f )l dy
X€EREB, N |R| R
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and the Kakeya maximal operator Ky is defined by
K f(x) := sup Koy f (%),

a>0

where |R| denotes the Lebesgue measure on R. It has been conjectured that Ky
is bounded on L"*(R") with the norm growing no faster than O((log N)**) for some
a, >0 as N > oco. In the case n=2, this conjecture was solved affirmatively
by Coérdoba [5] with the exponent a; =2 and re-proved by Stromberg [12] with
ap = 1. In the higher-dimensional case, n > 2, these estimates have been proved
so far only for some restricted class of functions. For functions of product type
S(x) = filx))fa(x2) - - - fulxy), Igari [8] proved the estimate for K, y with the exponent
a, = 3/2 and the second author [13] re-proved this with the exponent a,, = (n — 1)/n.
When the functions are of radial type f(x) = fo(||xl|z), Carbery et al. [4] proved the
estimate for Ky with the exponent o, =1. In [14], for functions of radial type
f(x) = fo(llx|l), the second author proved the estimate for K,y with the exponent
a, = 1. In [6], for functions of radial type f(x) = fo(||x|lx), 1 < g < n, Duoandikoetxea
and Naibo proved the estimate for Ky with the exponent @, = 1.

A more powerful but complicated maximal operator has been studied on the plane.
Let Q be a set of unit vectors in R? with cardinality N. For a locally integrable function
f on R?, the directional maximal operator Mg, is defined by

1
Mqf(x):= sup 5
r>0,0eQ «I

f N f(x + tw)| dt.

Stromberg showed in [12] that if Q is an equidistributed set of directions with
cardinality N then

1Mo fllz2@2) < C log NIl fllz2w2)- (1.1)
Notice that (1.1) yields the sharp L?(R?) estimate of the Kakeya maximal operator Ky,
since
Knf(x) < CMqaf(x).

In [9] and [10], Katz established that (1.1) holds without the condition that Q is
an equidistributed set of directions. In [4] and [6], for functions of radial type
f() = follxllm), 1 < g < n, it is essentially proved that

[IMafllrr@ny < Clog NI fllr@n-

In [1] and [2], Alfonseca et al. proposed a new method to study this operator and
obtained a simple proof of the Katz result. In this paper we investigate the weighted
version of their method and obtain a weighted version of the Katz result. To state our
theorem, we first introduce some notation due to [1] and [2].

Let Q be a subset of [0, 7/4) and w be a weight on R?>. We define the weighted
directional maximal operator Mg, acting on locally integrable functions f on R?, by

1
Mo, f(x):= sup ———
/0= b TR

fR SO dy,
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where B denotes the basis of all rectangles with longest side forming an angle 6 with
the x-axis for some 6 € Q, and w(R) denotes fR w. LetQy={0;>6,>--->0;>---}
be an ordered subset of Q. We take 6y = n/4 and consider, for each j> 1, sets
Q;=1[6),6,_1) N Q, such that §; € Qg for all j. Assume also that Q = | J Q;. To each set
Q;,j=0,1,2,..., we associate the corresponding basis 8;. We define the weighted
maximal operators associated to each basis for Q; by

1 .
Mouf(0= sup —o [ OOy j=0.1.2.....
XEREB; w(R) Jr
Throughout this paper we always assume that the weight w is a radial weight:
w(x) = wo(||x||2) = wo(]x]) for some nonnegative function wy on R,. We assume further
that wy satisfies the following two conditions.

DousLING conprTioN. Forall 0 <rp <rj <r) <ry <ocowithry —ry =2(r5 — 1)),

7y 75
f wo(r)dr<C f wo(r) dr. (1.2)
SupPrREMUM cONDITION. For all 0 < r; < rp < oo,
C "
sup wo(r) < f wo(r) dr. (1.3)
r1<r<rp r,—r r

Notice that r* with a > 0 satisfies these conditions. Indeed, the doubling condition is
clear and, for all 0 < r; < rp < 0o,

a+1 [ a+1 [
()= f r*dr< r dr.
2 Jo r=r Jy

The main result of this paper is the following theorem.

TueoreM 1.1. Let w be a radial weight satisfying (1.2) and (1.3). Then there exists a
constant C independent of Q such that

||MQ,W||L2(W)—>L2(W) < SUP ”MQ_,-,W||L2(W)—>L2(W) + C”MQO,WHLZ(W)—»LZ(w)a

j=1
where ||T|| 20— 12w denotes the operator norm T . L*(w) — L*(w).

It is known that the weight |x|%, a > 0, is in A% (R?) (see [11, page 236]), where
A? (R?) is the Muckenhoupt weight classes replacing the cubes Q by the rectangles R
with sides parallel to the coordinate axes. From this fact and rotation invariance of the
radial weights we can apply the proof of Corollary 4 in [2], and this allows us to give
a weighted estimate of the Katz result (see [7, Theorems 6.7 and 6.13]).

CoroLLARY 1.2. Let Q be a set of unit vectors on R?> with cardinality N> 1 and
w(x) = |x|% a > 0. Then there exists a constant C depending only on a such that

IMawllz2w)—r200 < C log N.
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To prove Theorem 1.1, we essentially adapt the arguments in [1, 2]. In particular,
the following is a weighted version of the key geometric observation used in [1].

ProposiTion 1.3. Let 0 < 61, 6, <m/4. Let
wo=(1,0), w;=(cosb,sinb;) and w, = (cos(—6,),sin(—6)).

Let B be a rectangle whose longest side is parallel to w) and let R be a rectangle whose
longest side is parallel to w;. Suppose that BN R # O and that the long side length of
B is bigger than that of R. Then there exists a rectangle R D R whose longest side is
parallel to wy such that

WRNB) _ w(R N B)
wilR) T w@®
where the constant C is independent of 0, 8,, B and R.

To prove the proposition we need several technical lemmas.

We briefly describe the rest of this paper. In Section 2 we show Proposition 1.3.
Several technical lemmas are also shown in this section. By using Proposition 1.3, we
show Theorem 1.1 in Section 3.

2. Geometry on the plane

The aim of this section is to prove Proposition 1.3. To do so we first introduce
our notation. We write X <Y, Y > X if there is a constant C such that X < CY. The
constant C may vary from line to line but the constants with subscripts, such as Cj,
C,, do not change in different occurrences. We write X~ Yif X <Y and X 2 Y.

Given rectangle R C R?, let cR be the rectangle with the same centre as R, but with
sides ¢ times as long. Given a measurable set E C R?, let |E| denote the Lebesgue
measure of £ and w(E) denote fE w.

Our first task is to show two key lemmas.

2.1. First key lemma. Recall that we always suppose that the weight w satisfies
w(x) = wo(|x]) and that wy satisfies the doubling condition (1.2) and the supremum
condition (1.3). For an A CR? we set r1(A):=infies |x], 72(A):= Sup,c4 1x| and
rad (A) := 2(A) — r1(A). By definition we can easily see that, if A c BCR?, then
rad (A) < rad (B). We also see that rad (2R) < rad (R) for any rectangle R c R%. The
following is our first key lemma.

LemMa 2.1. Let R C R? be a rectangle. Then

w(R) 1 )
— dr.
R d ® o 0
Proor. Notice that
r2(R)
w(R) = f arc (R N C,)wo(r) dr, 2.1
ri(R)
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where C, is the circle of radius » and centred at the origin and arc (R N C,) is the arc
length of the arc R N C,. It follows from (2.1) and the supremum condition (1.3) that

wR) 1 [(®

R R ) arc (RN C,)wo(r) dr
2(R)
< sup wo(r)- — arc (RNC,)dr
r(R)<r<rs(R) IRl Jr )
r2(R)

sup  wo(r) S

wo(r) dr.
F(R)<r<r(R) rad (R) J,,»)

Thus, we shall prove the converse,
2(R)
w(R) S 1
IR| rad (R) J,,»)

Since wy satisfies the doubling condition (1.2), we need only verify the following

wo(r) dr.

claim.
Claim. There exists a set A C R such that
rad (R) < C; rad (A) 2.2)
and
rad (A) inf arc (ANC,) = C1R|, (2.3)

ri(A)<r<r(A)
where the constants C; and C, are independent of R and A.
If this claim is true, then it follows from (2.1) and the doubling condition (1.2) that

r2(A)
w(R) > wo(r) dr - inf arc (ANC
® f , Mondreint a4 C)

1 2(R)
> wo(r) dr - rad (A inf arc(ANC,
rad (R) frl(R) o) @ i, )
1

r2(R)
> — wo(r) dr - |R)|.
rad (R) r1(R) 0

We now prove the claim.
Because of the rotation invariance and the symmetry of the problem, we may
assume that the rectangle R forms

R=(a1,612)><(b1,b2), O<a1<a2<oo, 0<b1<b2<a2.

r1=,/a%+b2, r2=1/a§+b2, r3=,/a%+b§ and r4=,/a§+b§.

Then r; = ri(R) and r4 = r,(R) and a simple calculation shows that

Let

r3s—r=rs—1r, and r,—r; =r4—rs. 2.4)

We now consider two cases.
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THE cASE 1, < r3. Fort > —1, we set

u(t) = ja; + 1(a5 — a?).
Let ) )
= 2bl 3 and 1 = 2b2 3 - 1.
a —q a -4

Then we observe that
r=ult;—1), n=ult), rn=ult), ra=ul+1),

and hence #; < f,. We choose an A C R to be a set lying between the circles C,,—1/2)

and C,,.
We first show (2.2). It follows that
ry—r _ ) —un =) ) +ult —1/2)
ro—uty —1/2)  u(ty) —u(ty — 1/2) u(ty) +u(ty — 1)
2u(ty)
<2 =4,
u()
This and (2.4) imply

ra—r1=(rg—r3)+ (3 —r)+(ra—rp)
<(r3—r)+2ra—r)
<8(r3 —r2) + 8(ra —u(ty — 1/2))
=8(rs —u(fy — 1/2)),

which means rad (R) < 8 rad (A) and proves (2.2).
We next show (2.3). Observe that if ¢ € [#;, #;] then the circle C,, intersects with
both vertical sides of R. Furthermore, we observe that the circle C,) intersects with

the vertical line x = a, at the height V7 a% - a% and intersects with the vertical line

x = ay at the height Vi + 1,/a3 — a? (see Figure 1). Hence, forall 1 <t <1,

1/ -a?
arc (RN Cyp) > (Vt+1 - \/_)1/ 2 ]

2Vt + 1
Thus
. Ja-a &-a
inf arc(ANC,)> > . (2.5)
1 <r<r3 2Vt + 1 44n + 1

We also observe that the circle Cy,-1/2) intersects with the vertical line x = a; at the

height
Vh + 1/2,/a§ - a%.

https://doi.org/10.1017/S0004972713000804 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972713000804

[7] Directional maximal operators and radial weights on the plane 403

4
12 -
0] !
8 ¢ ° |
4 s
61 i t+1,}:a%—af
41 i
JiJZ—a

)
R
@---------------

-2 0

[\
N
(@)}
o]
—
(e
—
[\

N

Ficure 1. The circle C, ) intersects with both vertical sides of R.

Then

inf arc (ANC,) = arc (R N Cyq,-1/2))

u(ty—1/2)<r<ry

>\t +1/2 =) a% —a%
-

> —.
4t +1/2
Thus, by (2.5) and #; < 1,

(r3 —u(t; — 1/2)) inf arc(RNC,)

u(t;—1/2)<r<r3

a-a
>(r3—u(t; —1/2))———
(3 (1 / ))4Vt2+1
_ 1 1/2+t2—t1\/ﬁ
Crtult —1/2) A+ 1 a; —ajlaz —ai)(ax +ar)
a + aj
Vi + 1 -+t 2 _ 22(q, —
_8(r3+u(t1—1/2))( 2 ViDyJa; — aj(ax - ar)
> 2 g = R
32a, 32
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where we have used
12+0-11  1+2(—1) >t2+1—t1
4\/1‘24—1 8V + 1 h 8V[2+1

1 1
s(Ver1- =)z s 1=
2

and
(Vo + 1 =~t)Ja3 — aj(az — ay) = (by — by)(az — ay) = |R)|.
These prove (2.3) in this case.

THE cASE 1, > r3. Fort > —1, we set

(1) 1= \[b3 + 1(b% — bP).

d a%
and H=—"——
2 2
bz_b1

Let

Then
ri=wtz—1), r=w), rn=v({y), ri=viz+1),
and hence t3 < #4. We choose an A C R to be a set lying between the circles Cy,-1/2)

and C,,.
As in the previous case, we start by showing (2.2). It follows that

r3—ri _ v(t3) —v(tz — 1) <4
r3—v(tz—1/2) v(tz3)-v(tz —1/2) =

This and (2.4) imply

ra—ry =y —r)+(ra—r3)+(r3 —rp)
<(rn=r3)+2(r3—r1)
<8(ry—r3)+ 8(r3s —v(tzs — 1/2))
= 8(ry —v(t3 — 1/2)),

which means rad (R) < 8 rad (A) and proves (2.2).
We next show (2.3). Observe that

inf arc(ANC,)=b, —b.

r3<r<rp

We also observe that the circle Cy,-1/2) intersects with the vertical line x = a; at the

height
@B +B)/2,
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which gives that

arc (A (b2 - bz)/2
! 2 + 2 ) 2 1
"(13—11/2)<r<r3 ( n Cr) = (bl b2)/ bl >

B +b2)/2 + b,

b2+b1 b2_b1
> b, —by) >
T (by —by) > T

where we have used b, > b;. Notice that

r4—r1=\/a§+b§—\/a%+b%=

2012 2 2
a; +b” —aj — by

2 2 2 2
\/a2 +b5 + \/al + by

(a2 —ar)(az + ay) - a
2V2a, T2

where we have used a, > b, > by > 0 and a; > a;. Thus,

(r3 —=w(t3—1/2))  inf arc (RN C,)

w(tz—1/2)<r<r3

1 V2 V2
> 3—2(r4 —r)(by—by) 2 ES(QZ —a)(by —by) = EglRL

which proves (2.3) in this case, and, the proof of Lemma 2.1 is now complete. O
2.2. Second key lemma. We next show the second key lemma.

LemMmA 2.2. Let R be a rectangle which lies on the upper half plane and whose sides are
parallel to the x- and y-axes with height 2n and width 2m, m > n > 0. Let Cy = (a, b)
be the centre of R. Set

Ayg=(a,b)+ (-m,n), A;=(a,b)+ (m,n),
Bo=(a, b) + (-m,—n), B;=(a,b)+ (n, —n).

Then there exists a constant C > 0 such that the following statements hold.

(@) Whena<mandb>n,
ﬂ <C.
rad (A()B])

(b) Whena>mandb > n,

. { rad (R) rad (R) }<
"™ Tad (AyB,;)’ Tad (BoBy)) =

and

. rad (R) rad (R)
! { rad (AgBy)’ Tad (AOBO)} <C

https://doi.org/10.1017/S0004972713000804 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972713000804

406 H. Saito and H. Tanaka [10]

Proor. Let D be the point on the line joining Ay and B; which is closest to the origin.
Then D lies on the line [ : —mx + ny = 0. We let Dy € AgB| be the closest point from
the origin to the line segment AgB; and let D; € R be the closest point from the
origin to the rectangle R. By the definition we have r;(AgB;) = ||Dyll, 71(R) = |D1|
and ||DI| < [|Doll.
Proof of (a). Itis clear that if R lies on the second quadrant, then rad (R) = rad (A¢B)).
So, we prove the statement in three cases:
i) -m<a<QOandb>n;
(il) m=>=a>0,b>nand Cy lies above the line [;
(iii) m>a >0, b >nand Cy lies below the line /.

Case (i). If -m<a <0 and b > n, then r(R) = r,(AoB1) =||Aoll, D1 = (0,5 —n)
and Cj lies above the line /. Thus, —ma + nb > 0 and

rad (AoB1) = [|Aoll = IDoll = l|Aoll = IColl. (2.6)
Hence,
rad (R) _ llAoll — IDsll _ Aol = ID1IP  [1Aoll + [IColl <2IIAoll2 — |IDy |
rad (AgB1) ~ [lAoll = lIColl  NlAoll> = IColl>  [lAoll + DIl = " [IAol* = lIColl?
a* + m?> — 2ma + 4nb 2m? + 4(—ma + nb)

“ m?24+n?+2(-ma+nb)~ m?+n?+2(-ma+nb)” "’
where we have used —ma > 0 and a®> < m>.
Case (ii). If m>a>0, b>n and if Cy lies above the line /, then r(R) = [|A]],
D; = (0, b — n) and we have —ma + nb > 0 and (2.6). Therefore,

rad (R) < a* + m? + 2ma + 4nb N nb
rad (AgBy) ~ m? + n? + 2(-ma + nb) ~ m? +n? —ma+ nb’

where we have used a < m. Since a < m, m* + n* — ma + nb > n* + nb > nb, and hence
nb
<L
m? +n? — ma + nb
Case (iii). If m>a >0, b>n and if Cy lies below the line /, then r(R) = [|A4]],
D, = (0, b — n) and we have —ma + nb < 0 and

rad (AoB1) = [[B1]| = [IDol| = |IB:[| = [|Coll- 2.7)

Hence,
rad (R) a® +m? + 2ma + 4nb <1

rad (AoB1) ~ m? +n2 + 2(ma—nb) ~

where we have used m? > ma > nb.

Proof of (b). As for part (a), we consider the following two cases:

(i) a>m,b>nand Cy lies above the line [;
(i) a>m, b>nand C lies below the line /.
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y-axis

CO DO

l:—mx+ny=0

FiGure 2. Proof of (a) case (ii).

Case (i). If a>m, b > n and if Cy lies above the line [, then —ma + nb > 0 and
rad (R) = ||A]l = [IBoll. (2.8)
It then follows that
rad (R) < 4(ma + nb) <
rad (AgBg) ~ 4nb ~
where we have used nb > ma. This implies that the second inequality of (b) holds.

We show the first inequality of (b). We recall that —ma + nb > 0 and that (2.6) and
(2.8) hold. Thus,

17

rad (R) < 4(ma + nb) L ma + nb
rad (AgBy) ~ m? + n? + 2(-ma +nb) ~ —ma + nb

and
rad (R) ma +nb

rad BoB) =  ma

Now, under the condition —ma + nb > 0, we shall estimate sup min{X, Y}, where

ma + nb ma + nb
X:=—— and Y:= .
—ma + nb ma

Set
) CO = (Cl, b)» Cl = (mv 0)7 C2 = (ma n)v
C; =(n, m), Cy4=(—m,n), 0 =(0,0).
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Since
ma + nb = ||Cy|| [|C,|| cos £CyOC,,
—ma + nb = ||Cy|| ||C4| cos £CyOCy4,
ma = ||Col [|Cy]| cos 2CyOC;y,
we have
_ ma+nb _ cos /CoOC, _ ma+nb cos £Cy0C,
" —ma+nb  cos LCyOC,’ " ma ~ ' cos £Co0C;’

where the inequality V2m = V2m? > Vm? + n? is used. Moreover, as Cy is assumed to
lie above the line [,

2mn

cos /CyOC, < cos £C50C,; = —.
m? +n

. 1 1
mln{ cos £CyOC4’ cos £CyOC; }

attains its maximum at /CyOC,4 = £CyOC,, it follows that

/C;0C /C;0C
cos LCyOC; = cos(g - 12 2) = gin — 22

Thus,

1 }_ 1 Vm? + n?
S

SUp mm{ cos £CyOC4’ cos £CyOC; ~

i n /C ]20C2 n
In conclusion,

mn/(m* + n?) m

min{X, Y} < < 1.

n/Nm? + n? V2 +n2

Case (ii). If a>m, b >n and if C, lies below the line [, then —ma + nb < 0 and
(2.8) holds. Thus, as ma > nb,

rad (R) < 4(ma + nb) <1,
rad (ByB) 4ma

The first inequality of (b) follows.

As in the previous case, we now show the second inequality of (b). The arguments
are essentially the same as for case (i). First observe that since —ma + nb <0, and
since (2.7) and (2.8) hold,

rad (R) < 4(ma + nb) _ na +nb
rad (AgB1) = m? + n? + 2(ma — nb) ~ ma — nb
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and
rad (R) na +nb
rad (AgBg) ©= nb
Now, under the condition —ma + nb < 0, we shall estimate sup min{X’, Y’}, where

P ma + nb and Ve ma+nb.
ma — nb nb

As observed before,

ur . (cos LCoOCy Vm? +n? cos £CyOC,
min{X’, Y’} = mln{ R . },
cos LCoOC; Vn2 cos £CyOC|
where C; = (m, —n) and C]| = (0, n). Hence, sup min{X", Y’} is attained when

0
cos £CyOC} = cos LCyOC] = cos(g + 5)

where 6 is the angle that the vector (m, n) forms with the x-axis. Since 6/2 < /8,
cos(rr/2 + 6/2) is bounded from below and hence

. (cos LCoOC, VmZ +n? cos £Cy0C, . Vm? + n?
m1n{ , . }Smln{C,—~C}sl.
cos £CyOC;, Vn2 cos /CoOC] Vn2

The proof of Lemma 2.2 is now complete. O

2.3. Proof of Proposition 1.3. We use the formula proved in Lemma 2.1. Notice
that
w(R) < w(ﬁ) <w(R) for any rectangle R, 2.9)

where R is a rectangle with the same centre and the same short side length as R but
twice the long side length, or a rectangle with the same centre and the same long side
length as R but twice the short side length.

We now take rectangles R’ and B’ that satisfy the following conditions:

R’ and B’ have the common centre;
R’ (respectively, B’) is expanded from R (respectively, B) toward the long sides;
the long side of R’ (respectively, B’) is three times the length of that of R
(respectively, B);

e RNBCR NPB.

Let R be a smallest rectangle in the direction wy containing R’ (see Figure 3).
Observe that if R’ can be covered by N sets that are congruent to R’ N B’ and that have
disjoint interiors, then R’ is covered by the corresponding sets that are congruent to
R’ n B’. (This can be proved by the fact that the long side length of B is bigger than
that of R.) Taking the smallest N,

IR”NB| NIR'NB| - |R’|

— = < =. (2.10)
IRNB| NRNB| IR

https://doi.org/10.1017/S0004972713000804 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972713000804

410 H. Saito and H. Tanaka [14]

FiGure 3. The star shape is the common centre of R” and B’. The rectangle R’ is shaded.

We now verify that
wR' NB) - w(R")
wR' N B) ~ w(R')
Let P be a parallelogram and P’ be a smallest rectangle containing P. Then there exists
a rectangle P” C P such that P’ is the dilation of P” by a factor of eight. From this
observation, the doubling property (2.9) and Lemma 2.1, we see that

, @2.11)

|E| r2(E)
w(R' N B') ~ wo(r) dr,
rad (E) J, )
. |F| r2(F)
wR' NB) =~ wo(r) dr,

rad (F) (F)

where E and F are the smallest rectangles containing R’ N B” and R NP, respectively.
By Lemma 2.1 and (2.10), to prove (2.11) we need only verify that

. r2(E) . r2(F)
=G f wo(r) dr T TIa] f wo(r) dr
ri(E) < ri(F)

1 f " ) r(R) '
T wo(r) dr L_ f wo(r) dr
2w AR J @) "

(2.12)

To verify (2.12), we show the following claim.
Claim. There exists a constant Cy > 0 such that

<G,

. {rad(ﬁ’) rad(lﬁs’)}
N Tad (R) 1ad (F)

This claim can be proved by use of Lemma 2.2. If R’ contains the origin, then we
can easily verify that rad (R")/ rad (R’) < Cp. By symmetry we have only to consider
the cases for which R’ lies on the upper half plane and B’ crosses R’ from left to right
or from bottom to top. For each case we may regard R’ N B as the segments ByB; or
ApBp in Lemma 2.4. Thus, the claim holds.

We return to the proof of Proposition 1.3.
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If rad (R’)/ rad (R’) < rad (R")/ rad (F) holds, then
r(R) = ri(R") < Co(ra(R') = ri(R")).

Hence, using the doubling property of wy,

ra(R') r(R')
f _ wo(ndrsg f wo(r) dr.
r(R’) r(R)

By the supremum condition (1.3) and E C F,

1 r2(E)
. wo(r)dr < sup  wo(r)<  sup  wo(r)
rad (E) r(E) r(E)<r<ry(E) ri(F)<r<ry(F)
1 2 (F)

<
rad (F) J,,r)

wo(r) dr.
Since rad (R") < radi]?’), we obtain (2.12).
Similarly, if rad (R’)/ rad (R’) > rad (R’)/ rad (F), then
rad (F) < rad 2R’) < rad (R)

and so, by arguments similar to those above, (2.11) holds.

Finally, let R be the rectangle with the same centre and whose short side length is
three times the length of that of R’. Observe that there exists a rectangle U c R? such
that U cRN B and RN B c U, where U is the rectangle expanded from U towards
the long sides with lengths five times as big, and hence

w(R N B) <w(0) s w(U) <wRN B).
Therefore, from R’ C 6R, R C 3R’ and the doubling property of w,

WRNB) _wRNB) _ w(R' N B') 3 w(R N B') g w(R N B)
wR) T w®) T wR®) T w®  wR)

where we have used (2.11) in the second inequality. The proof of Proposition 1.3 is
now complete.

3. Proof of Theorem 1.1

The following argument is due to [2]. We first linearise the operators Mq,, and
Mg,,,. For any @ €Z? Q, will denote the unit cube centred at @. Given a set
A [0, m/4), for each a we choose a rectangle R, € B4 such that R, O Q,. We denote
the operator 7'z, by

Tawf(®) =) w(;w)( fR a fw)xe. .

a
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By definition it is easy to see that
TAwf(x) < Mp f(X). (3.D

The following lemma is originally due to Carbery in [3].

Lemma 3.1. Let Ta,, be as above. Then Tx,, is of strong type (p, p) with respect to the
measure w(x) dx if and only if there exists a constant C,, such that for any sequence

{1} CRy,
q
[(3 e w) wwdr<c, Y @), (32)

w(Ry)

where q is the conjugate of p. Moreover, the infimum of the constants (Cq)”‘f7
satisfying (3.2) is [T AllLr owy—Lr(w)-

Proor. We go through the same argument as for the proof of Theorem 3 in [2]. O

By Lemma 3.1 with p = g = 2 it is sufficient to show that inequality (3.2) holds with
2
Cl/ =sup o1 1Mo, wllzan -2 + CllMagwllr2on-1200)-

We write
W(Qa) 2
f (Z 1 Ra)m(x)) w(x) dx

5,3, +2u o

a:R, EQ[

Q) V2
f Z W(R@XR") v

a:R,eQ

(Qa)W(QOp)
+222f Z Z aﬁ—v:}(R )W(Rﬁ) XRXRsW

J<l R, €Q; RpeQ;

12

=:A+B.

For the first term we use (3.1) and Lemma 3.1 with A = ;. We obtain

A S Z ”MQ’?WH?‘Z(W)—)LZ(W)( Z |/l(1/|2W(Q[I))
1

@:R,eQ

< (P 1Mo ) (D DS P20 (33)

1 QZRQEQI

< (sgp ”MQI’w“iz(W)_)Lz(W))(Z |/la|2W(Qa)).
(2

By Proposition 1.3 there exists a constant C such that if R, € ; and Rg € Q; with j </,
then we can find certain rectangles R, and R}, containing R, and Rpg, respectively,
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pointing in the direction of 6; and so that

W(Ry N Ry) w(k; NRy) Wk NRY)
WRIWRE) ~ w(R; ) W(Rg) W(Ra)w(ﬁlg)'

Observe that both E; and ﬁ; are rectangles of the basis By. Then

B<2CZZ f > —VVVV((%; Eiﬁ )))( X R W(X)

Jj<l R,€Q; RgeQ;

W(QQ)W(Q )
+20 ), Y IR PRI
j<l R,€Q RgeQ; (Ra) (R )
=B +B".
We shall only work with B~ (the other term is analogous). So,

EDWN DIPWE - et

j<l R, €Q; RgeQ;
W(Qa/) 1/2 W(Qﬁ) 1/2
<2C f( Ag——=x7-w(x) / )( Az X R;W(X) / )
Z R[,Ze;ll w(R;) ™ zj: Rﬁzeéj w(Rp)
By the Cauchy—Schwarz inequality,

s <0{ (5 5, 2290 o) "([(5) 3 02 o)

R, €9y J  RgeQ;

Now notice that E; € Q for all @. Then by Lemma 3.1 and (3.1),
R 1/2
B~ < 2CIMaulizinrzon( Y, Mel (@) 1 (3.4)

Similarly, we can obtain the same bound for B*. Combining the bounds (3.3) for A
and (3.4) for B*,

12 5 (50 Mo o) D MeP(20)
@

172

+ CllMa,llizgon( Y RaPw(@0)) 1
@

This implies that

1/2
I< (Sup ”MQI,w”iZ(W)_}LZ(W) + CI|MQO,W||L2(W)—>L2(W)>(Z M(tlzw(Qa))
l

(02

By Lemma 3.1 this completes the proof of Theorem 1.1.
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