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1. Introduction

It is characteristic for the development of many processes that in certain moments they
change their state in jumps. Systems with impulse effect provide an adequate mathemat-
ical model of such processes. The investigation of these systems begins with the paper of
Millman and Myshkis [7] and afterwards the number of publications dedicated to this
problem rapidly increases.

In part of the papers on systems with impulses the apparatus of the generalized
functions is used [9-11, 20].

In the papers [2, 5, 8, 12-19] the apparatus of the classical theory of the ordinary
differential equations is used. In them systems with impulse effect of the form

A*|<=tlW=/t(x) (1)

are investigated where r e / = [0,oo); xeficR"; zk:Q->U; f:IxQ-^Un; /t:fl-»R".
The development of the qualitative theory of systems with impulse effect requires the

use of theorems from the fundamental theory of these systems.
We shall note that in [8] results related to the existence, uniqueness and continu-

ability of the soluions of system (1) are given.
In the present paper a system with impulse effect in fixed moments of time of the

form

—=f(t,x,k), t±zk,

Ax |,=tt = /,(x, X), k=l,2,-.. (2)

is considered where tel; xeficR"; the parameter XeAcU1"; Q and A are domains;
0 = T O < T I < •• < t t < •••; limt^00T4 = oo.
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A theorem of differentiability of the solutions of system (2) with respect to initial data
and parameter is proved. The respective variational equations, the formula of variation
of parameters and an analogue of Alekseev's formula are obtained.

2. Preliminary notes

We recall that the systems with impulse effect of the form (2) are characterized as
follows:

1. For tj=xk the mapping point (t,x(t)) moves along an integral curve of the system
dx/dt = f(t,x,X).

2. In the moment t = xk the system is subject to an impulse effect and the mapping
point instantly "jumps" from the position (xk, x(xk)) into the position (xk, x(xk) + Ik(x(xk), X)).
After that, for xk<t^xk+l the solution x(t) of system (2) coincides with the solution y(t)
of the initial value problem

^=f( t , y, X), y(xk) = x(xk) -h Ik(x(xk), X).

In the moment t = xk + l the system is subject to a new impulse effect, etc.
3. In the moments xk of impulse effect, the solution x{t) of system (2) is left

continuous, i.e.

x(xk - 0) = x(xk), x(xk + 0) = x{xk) + Ax(rt)=x(xk) + Ik{x(xk), X).

We shall use the following notation:

x(t; t0, x0, X) is the solution of system (2) for which x(to+0;to,xo,X)=xo; J+ =
J+(t0,x0,X)(J~ =J~(to,xo,X)) is the maximal interval of the form (to,tu)((a,to]) where
the solution x(t;to,xo,X) is right 0eft) continuable, J(to,xo,X) = J+ u J~=(a,co); df/dx =
(dfi/dxj) is the Jacobi matrix of the function f(x); En is the unit (n x n)-matrix; 0nm is
the zero (n x m)-matrix; TrA = £"= t au is the trace of the matrix A=(aij)"1; i<a»/?) is the
number of the moments of impulse effect T̂  lying in the interval <<x, /?>; |x| is the norm
of the vector x e W.

3. Main results

3.1. Continuous dependence of the solutions on initial data and a parameter

Theorem 1. Let the following conditions be fulfilled: (i) The function / : / x fix A-»R"
is continuous in ( t ^ ^ T j x f i x A , k = 1,2,... and for every k = 1,2,... and (x0, Xo) e fi x A
there exists a finite limit off(t,x,X) as (t,x,X)^>(xk,xo,k0), t>xk.

(ii) The function f is locally Lipschitz continuous on (x, A) in the domain I x fi x A.
(Hi) For k = 1,2,... the mapping *Pt: fi x A->fi x A, (x, A)->(z, X), z = ij/k(x, X) = x + Ik(x, X)

is a homeomorphism.
(ID) For A = A*eA system (2) has a solution (p(t) defined in [a,/?] (a,/?=/=Tt,fc = l,2,...).
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Then there exists a number £ > 0 and a set

-A*\<{} (3)

such that:
1. For each (t0, x0, Xo) e U there exists a unique solution x(t; t0, x0, Xo) of system (2)

which is defined in [a,/T]-
2. The function x(t;to,xo,Xo) is continuous for te[a,/T], (to,xo,X0)eU;

3. For k = 1,2,...; (x0, XQ) e fi x A; t, zt e J(xk, x0, k), t j= Xj the following relations hold:

x{s;T,y,n)^>x(t;tk,x0,X0) as (s,T,y,n)-*(t,zk + 0,xo,Xo); (4.1)

x(s;T,y,ii)->x(t,Tk,x0 + Ik(x0,X0),X0) as (s,T,y,n)-^(t,T:k-0,xo,Xo); (4.2)

x(s; T, y , n)-+x(tk; t, x0, Xo) + Ik(x(Tk; t, x0, Xo), Xo) as (s, z, y , n)-+(zk + 0, t, x0, Xo); (4.3)

x(s; T,y,n)->x(zk; t, xQ, Xo) as (s, z,y, fi)->(zk-0, t, x0, Xo); (4.4)

x(s;x,y,ti)^x(xi;zk,x0,X0) as (s,z,y,n)^{zi-0,xk + 0,xo,Xo); (4.5)

x0,X0),X0) as {s,z,y,fi)^(zi-0,zk-0,x0,X0) (4.6)

x(s; x, y, n) -»X(T,-; xk, x0, Xo) + /((^(T,-; xk, x0, Xo), Xo) as (s, z, y, fi)->(T,-+0, xk + 0, x0 , Xo);

(4.7)
x(s; x, y, y)^x(xc, xk, x0 + Ik(x0, Xo), Xo)

+ Iiixizf, zk, x0 + Ik(x0, Xo), X0),X0)

as (s,i,y,n)->(T,+0,Tk-0,x0,Xo). (4.8)

Proof. If in the interval [a,)?] there are no moments of impusle effect, i.e. i[a, /?] =0 ,
then Theorem 1 is a consequence of the theorem of continuous dependence of the
solutions of ordinary differential systems on initial data and a parameter [3,4].

Without loss of generality we assume that the points xk, k=l,...,p lie in the interval

Since <f>(xk+0)eQ, k=l,...,p, and the function (j>(t) is continuous in {xk-1,zk] n [a,/?],
then the set

r={(t,x)eUl+»:*^t^p,x = (P(t)}u (j (xk,(f>(xk+0))
*=I

is a compact set contained in I xil. Then there exists a number 8* > 0 such that the set
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is contained in JxQ. Let W={t,x,k)el xilx A:(t,x)eQ, |A-A*|g<5*} and M=
sup^|/(t,x,A)|. Since W is a compact set, then the function / satisfies the Lipschitz
condition on (x,A) in W globally, i.e. there exists a constant L>0 such that for
(t,x,A),(t,y,n)eWthe following inequality holds

\f{t,x,X)-f{t,y,n)\^l4x-y\ + \k-n\). (5)

Let x(t, A) be a solution of the system of ordinary differential equations

(6)

which is defined for teJ<=(Tk-1,t,J n [<x,/T|,fc = l ,2 , . . . ,p + l.
Then for t , t e J we have

= <K*)+\f(s,<Ks),X*)ds,
z

x(t, X) = X(T, A) + } f(s, x(s, A),A) ds. (7)

If |x(*,A)-<£(r)|<<5* and \X-X*\<5*, then (5) and (7) imply the inequality

|. (8)

We apply the generalized lemma of Gronwall-Bellman to (8) and obtain the estimate

\ (9)

Let do = d*/2. In view of estimate (9) and condition (iii) of Theorem 1 we conclude
that we can successively choose the numbers 5,(0<5i<5i_1)) i= 1,...,p+1, so that if

|x - ^.(T)| < 8^y - (/.(T^I < ,5,; \z -

then

\x(s;T,x,X)-<l)(s)\<8i-l,
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\x(t;xk,z,X)-<t>(t)\<8i.l.

We choose the number £ = 8p+l and the set U according to (3).
1. Let (t0, x0, Xo) e U. Then there exists a unique solution x(t)=x(t;to,x0,X0) of system

(2) such that x(tQ + 0)=xo. Let this solution be defined for teJ. In view of the choice of
i, we conclude that for te J n [a,/T| the estimate

\x(t;to,xo,Xo)-<f>(t)\<Y<d* (10)

holds.
Hence x(t) is continuable in [a,/?] and estimate (10) holds for te[cL,fl~\.
Thus assertion 1 of Theorem 1 is proved.
2. Let e>0 be given, (t, t0,x0, Xo]le[a,0] x U, (s,x,z,X)e[a,0] x U, i[t,s] = i[f0,T] = 0

and x(t) = x(t; to,xo.-*(>)•
Let Io<f> »[to>t] = l a°d t o

< T*< t - From the theorem of continuous dependence of
the solutions of the system of ordinary differential equations (6) it follows that there
exists a number <5t (0<5i<^) such that if |x—x^+O)^^! , |A — Ao|<:5X and \s—t\<Slt

then

\x(s; xk, x, X) - x(t; xk, x(xk + 0), Ao)| < e.

From the continuity of the function il/k{x,X) it follows that there exists 52 (0<<52<<5i)
such that if |>l—kQ\<52, \y—x(xk)\<32, then

\Uy, $ - x(xk+o)|=\Uy, ^ - Ux(rk), AO)| < st.

From the continuous dependence of the solutions of the system of ordinary
differential equations (6) it follows that there exists 5 (0<S<d2) such that if |T — to|<<5»
\z—xo|<£, |A—Ao\<8, then

Ixfo; x, z, X) - x(xk; to,xo, Xo)\ < S2.

In view of the choice of 8 we conclude that if \s — 11 < 5, \x — to| < 8, \z—xo\ < 8, \X—Ao| < S,
then

\x(s; x, z, X) - x(t; t0, x0, Xo)\ < e

which proves the continuity of the function x(s;x,z,X) at the point (t,to,xo,Xo).
If i[to,i]=p>l, then assertion 2 is proved by applying the above arguments several

times.
In the case t<t0 assertion 2 is proved similarly by using the continuity of the

functions 4Y*(x,A), k=l,...,p.
Thus assertion 2 is proved.
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3. Let £>0 be given, (to,xo,Xo)eU, (x,y0,n0)eU, xk<x<x<min(xk+up) and let x be
fixed.

Applying the lemma of Gronwall-Bellman, as when obtaining estimate (9), we obtain
that for t G [T, X] the inequality

|x(t; x, y0, n0) - x(t; x, x0, Xo)\ g K{\y0 - xo\ + \fi0 - Xo\)

is fulfilled where K = eL('-'\L(fi-a) + 1).
We denote r\ = X(T; xk, x0, Xo), w = x(x; x, r\, Ao), u = x(x; x, x0, Xo), v = x(x; x, y0, fi0).
From the equality

x(s; x, y0, Ho) - x(t; xk, x0, Xo)

=x(s; x, v, n0) - x{t; x, u, Xo)

+ x(t; x, u, Xo) - x(t; x, w, Xo)

and assertion 2 of Theorem 1 it follows that there exists dt (0<^! <e) such that if

|s-t|<<51,|D-u|<<51,|w-u|<<51,|/i0-A()|<<5i (11)

then

\x(s; x, y0, no)-x(t; xk, x0, lo)\ <e. (12)

But since

\v-u\ = \x(x;x,y0,n0)-x(x;x,x0,X0)\^K(\y0-x0\ + \ii0-X0\),

then there exists 5 (0<5<5l) such that if

xk + d,\y0-xo\<d,\n0-X0\<S

then inequalities (11) are fulfilled, hence (12) as well.
Thus the limit relation (4.1) is proved. Relations (4.2)-{4.8) are proved similarly.
Thus Theorem 1 is proved.

For the linear system with impulse effect

(13)
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where A(t,X) and Bk(X) are (n x n)-matrices we formulate the following theorem as a
corollary of Theorem 1.

Theorem 2. Let the following conditions be fulfilled:
(i) The matrix-valued function A(t,X) is continuous in every set ( T ^ - I . T J X A, k=l,2,...

and for every k=l,2,... and Xoe A there exists a finite limit

lim A(t, X).
«,A)~(tl.,*o)

(ii) The matrix-valued functions Bk(X) are continuous in A and

Then the solution x(t;to,xo,Xo) of system (13) is a continuous function for tel, toel,
1 £ T*» to =f= T*» fc = 1» 2, . . . , x0 e U", Xo G A and the relations (4) hold with Ik(x, X) = Bk(X)x.

3.2. Differentiability of the solutions

Theorem 3. Let the following conditions be fulfilled:
(i) The function / : / x f l x A - > R " is continuous in (T4_ lt T J X Q X A, k = 1,2,..., and the

functions df/dx and df/BX are continuous in (xk _ t, xk) x Q x A, k = 1,2,... .
(ii) For every (x0, Xo) eCi x A, fe= 1,2,... there exist finite limits of the functions f, df/dx

and df/dX as (t,x,X)^(Tk,x0,X0), t<Tk and as (t,x,X)-*(-ck,x0,X0), t>xk.
(Hi) For k=l,2,... the mapping

il/k: n x A ->fi x A, (x, X) -»(z, X), z = ipk(x, X) = x + Ik(x, X)

is a diffeomorphism.
(iv) For X = XoeA system (2) has a solution i//(t) defined for re [a,/?]; a,p^xk,k =

1,2,....
Then:
1. There exists d>0 such that the solution (j)(t) = x(t; t0,x0,Xo) of system (2) has

continuous partial derivatives dx/dt, dx/dt0, dx/dx0, dx/dX in the domain

V:a<t<P;a<t0<P;t,to=f=xk,k=l,2,...;\xo-ip(to + 0)\<6;\X-Xo\<d. (14)

2. The partial derivative u=(dx/dxo)(t;to,xo, X) is a solution of the initial value problem

du df
^(

(<fi(xk),X)u, k = l,2,..., (15)

u(to+0) = En.
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3. The partial derivative v=(dx/dX)(t;to,x0, X) is a solution of the initial value problem

(16)

4. The partial derivative dx/dt0 satisfies the relation

-r—(t;to,xo,X) = --r—(t;to,xo,X)f{to,xo,X). (17)
dt0 ox0

Proof. First we shall prove the existence of the partial derivative of the solution
x(t;to,xo, X) with respect to the ith coordinate of x0. By virtue of Theorem 1 there exists
<5>0 such that the function x(t;to,xo,X) is defined and continuous in the set V defined
by relations (14).

Let \h\ <r where r > 0 is small enough and t0, x0, X are fixed and satisfy relations (14).
We denote

x(t,h) = x(t;t0,x0+hei,X),

,h) = x(t,h)-x(t,0),

where et=(0,..., 1,.. . , 0) is the ith basis vector.
From Theorem 1 it follows that

lim x(t, h) = x(t, 0) = x(t; to,xo, X)
*-»o

uniformly o n te[u.,fi~],t=f=xk, k = \,2,... .
Applying the formula of Newton-Leibniz we obtain that for

^(t, h) = i ( / ( t , x(t, h), X)-f{t, x(t,0), X))

, h), X) dsz(t, h),

z(tk+0,h)=l Wt*. h) - x(xk, 0))+1 (/t(x(Tt, h), X) - Ik(x(Tk, 0, X))
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=z{xk, h) + } -£ (x(xk, 0) + s AX(T», h), X) dsz(xk, h),

z(to+0,h)=r(x(to+0,h)-x(to+0,0)) = ein

i.e. z(t, h) is a solution of the initial value problem

dz
—=A(t,h)z, t=f=xk,

fe=l,2,...) (18)

where

= 1 8 ~ b ( x ( T * ' 0 ) + s A;c(Tt> hl X) ds-
The functions A(t, h) and Bk(h) satisfy the conditions of Theorem 2. Therefore,

Yanz{t,h) =

where y(t) is the solution of the initial value problem

dy df
={tx(t;txX)X)y

^(x(x;tx0,X),X)y, k=l,2 (19)

which is obtained from (18) by setting h=0.
Thus we have proved the existence of the partial derivative of the solution

x{t;to,xQ,X) with respect to the ith coordinate of x0 and along with it the existence of
(dx/8xo)(t;to,xo,X). In view of (19) we conclude that the matrix u=(dx/dx0) is a solution
of the initial value problem (15) and applying Theorem 2 we conclude that the solution
(dx/dxo)(t;t0,x0,X) of the initial value problem (15) is a continuous function for
{t,to,x0,X)eV.
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The existence and continuity of 8x/dt0, dx/dk is proved in a similar way using the
scheme of arguments used in the proof of analogous results for systems of ordinary
differential equations [3,4]. Thus Theorem 3 is proved.

Equations (15) and (16) are analogues to the variational equations for a system of the
form (2).

In the theory of systems with impulse effect, beside system (2), systems of the
following forms are considered as well:

Ax\t=tk{x) = lk(x,X) (20)

and

—=/(x,A), xeM,

Ax|xeM = /(x,A). (21)

For system (20) it is characteristic that the impulse effect occurs in the moment t
when the mapping point (t, x(t)) meets some of the hypersurfaces <rk = t — T*(X), i.e. when
the equality t = xk(x(t)) is fulfilled.

For system (21) the impulse effect occurs when the point x(t) hits the subset M of the
phase space. We shall note that system (21) has the property of autonomy.

The investigation of systems (20) and (21) is made difficult by the following
peculiarities:

(a) The moments of impulse effect of the different solutions are different.
(b) For systems (20) and (21) the so called "beating" of the solutions is possible, i.e.

the phenomenon when the mapping point (t,x(t)) (or x(t) for system (21)) meets
successively one and the same hypersurface ak (or the set M) several or infinitely many
times.

We shall note that in [5,13] sufficient conditions for the absence of "beating" are
given.

We shall give the variational equations for systems (20) and (21).
Let <t>(t) = x(t;t0,xo,A) be a solution of system (20) with moments of impulse effect tk

and <f>k = 4>(tk), (I>?=<t>(tk + O), u = (dx/8xo){t;to,xo,X), v=(dx/8X)(t;to,xo,k). Then

I dl*(A n ^ P {dxjdx){4>k)u
dx l-(dxk/dx)((t>k)f(tk,<l>k,X)

u(to+0) = En;
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k,

(23)

where

k, <f>k, X) — f ( t k , <j>k,A).

Let <t>(t) = x(t;xo,X) be a solution of the autonomous system (21) with moments of
impulse effect tk and <l>k = 4>(tk), <f>k =<f>(tk + O) and u=(8x/8xo){t;xo,A),v=(dx/dX)(t;xo,X).

Let the set M be given by the equation <b(x) = 0 where (

Then

"(0+)=£„;

where

The variational equations for systems (20) and (21) are obtained by arguments similar
to those in the proof of Theorem 3. Conditions excluding the phemomenon "beating" as
well as the following conditions are added:
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(for system (20)) (26)

and

(for system (21)). (27)

Remark 1. Condition (26) means that the integral curve (t, <£(£)) of system (20) is not
tangent to the hypersurface ak in the moment tk. The interpretation of condition (27) is
similar.

Remark 2. In the case when rk(x) = xk we have (dzk/8x)=0 and the equations (22)
and (23) coincide with the equations (15) and (16) respectively.

Remark 3. Let £(t) be a solution of system (21) with moments of impulse effect tk

and & = «*»), {k
+ = « t t + 0).

Then rj=(d£/di) is a solution of the initial value problem

d^JJ (28.1)

u(0+)=—(0+), (28.3)

where

,A).
vx

Indeed, for t j= tk we have

and for r = tk we have

H § § X ) - (30)

From (29) and (28.3) it follows that rj(t) = u(t) for £€[0,^] and, in particular, u(tt) =
lK«l) =(«/*)(« , ) = / « ! , A).

Then by (28.2) we have that Au(t1) = /(^1
+,A)-/(^1,A), i.e. uf =r\t• Further on the

identity u(t) = r](t) for te(tk-l,tk], k= 1,2,..., is proved by induction on k.
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3.3. Formula of variation of parameters for systems with impulse effect

Consider the systems

and

(31)

(32)

where the (n x n)-matrices A(t) and Bk and the functions g:IxSl-*W and hk:Cl-*M.n,
k = l,2,... satisfy the following conditions which provide the existence, uniqueness and
continuability of the solutions of systems (31) and (32):

1. The matrix A(t) is continuous for tel, t=fcxk, at the points xk (fc = l,2,...) it has
discontinuities of the first type and is left continuous.

2. The function g: I x Q -> W is continuous in (tt _ t , r j x Q, fc = 1,2,... .
3. The function g is locally Lipschitz continuous on x in / x Q .
4. For any xoeQ and fc=l,2,... there exists a finite limit of g(t,x) as (t,x)-*(zk,x0),

t>zk.
Let Uk{t, s) (t)s6(Tjk_1,Tj) be the Cauchy matrix for the linear system

and W(t,s) be the Cauchy matrix for system (31):

Uk(t,s) for i . sefo-LTj ,

Uk+1(t,xk+O)(En + Bk)Uk(Tk,s) for Tk

1Uk+l(zk + O,s) for

Uk+l(t,xk+O)
i + l

, T,-)

t - 1

for xl_l<s^

1(Ti + 0,T;+1)(£

for T,_:

Tt+0, s)
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By straightforward verification we ascertain that for the solution x(t) = x(t; (0, x0) of
system (32) the following representation is valid

x(t) =

W{t, t0 + 0)x0 + fW(t. s)g(s, x(s)) ds+ ; w(t,zk+o)hk(X(zk))

for teJ+(t0,x0); (33)

W(t,to + 0)xo + j W(t,s)g(s,x(s))ds-^ W(t,zk+O)hk(x{zk))

for teJ-(to,xo). (34)

Remark 4. If any of the conditions det(En + Bk)=fc0 where k is such that Tfc^t0» is
not fulfilled, then only formula (33) holds.

3.4. Analogue of Alekseev's formula for systems with impulse effect

Let us consider the systems with impulse effect

dx

Tt=fit,A

(35)

and

jt=f(t,y)+g(t,y),

fc=i,2 (36)

We assume that systems (35) and (36) satisfy the conditions of Theorem 3.
Let x(t) = x(t;to,xo) and y(i) = y(t; t0, x0) be solutions of systems (35) and (36)

respectively and <i>(t, tQ, xo)=(dx/dxQ)(t; t0, x0) be the fundamental matrix of the variational
system

du df
=(tx(t;tx))u

£
u(to+0) = En.
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Consider the function <t>(s)=x(t;s,y(s)). By virtue of the properties of <b(t,to,xo) we
obtain

dd> dx
— = — ( t ; s, y(s)) = O(t, s, y(s))g(s,
as as

s ± xk;

= x(t; xk, y{xk) + Ik(y(xk)) + hk(y(xk))) - x(t; xk, y(r

= } <D(t, t t , y{Tk) + Ik(y{x

+0) = x(t; t0+0, y(t0 + 0))=x(t; t0, x0).

Then for t ± xk we have

forr>t0

and since (j)(t) = x(t,t,y(t))=y(t), then

x(t) + \ O(r, s, y( (t > t0)

- I $<Ht,xk,y{*k) + Ik(y(-'k)) + *hk{y(*k)))dxhk(y(xk)y,
tn<iL<t 0

Formula (37) represents an analogue of Alekseev's formula [1,6].

(37)
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