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P . Erdôs and R. Rado [ l ] proved that to each pair of 
positive integers n and k, with k ;> 3, there corresponds a 
leas t positive integer <p(n, k) such that if *? is a family of more 
than cp(n, k) se ts , each set with n elements, then some k of 
the sets have pa i r -wise the same intersect ion. They also 
proved 

n-1 
(1) ( k - l ) n < ^ ( n , k) < ni(k- l ) n { l - 2 - : 

i=0 (i+DKk-1)1 

and conjectured that there is a constant c such that 

} 

(2) ? (n ,k )< c n ( k - l ) n 

It is clear that <p(l, k) = k - 1 for all k. (This is also a con­
sequence of (1). ) The only other value of <p which is known is 
<p(2, 3) = 6. That <p(2, 3) < 6 follows from (1), and it is not 
difficult to see that in the family {(1, 2), (1, 3), (2, 3), (4, 5), (4, 6), 
(5, 6)} no three sets have pairwise the same intersect ion. 

The main resul t that we establish in this paper is 

(3) <p(n, k) > 

/ 2 k - 1 \ T 

/ (k - 1) + [ ] J ^ if n is even, 

/ 2 k A \ — 
(k- 1) f (k- 1) + [ ~ Y i ] ) Z if n is odd. 

It is clear that the lower bound for <p(n, k) given by (3) is 
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b e t t e r than that g iven by (1) for a l l k >_ 3 and n :> 2. 

In o r d e r to p r o v e (3) we sha l l need s o m e p r e l i m i n a r y 
t h e o r e m s and r e s u l t s . 

T H E O R E M 1. F o r a l l p o s i t i v e i n t e g e r s a, b and k, 
wi th k >_ 3, we have 

(4) <p(a+b, k) > <p(a, k)ç>(b, k ) . 

P roof . Le t {A . A . . . . , A . , .} and L 1 2 <p(a, k) J 

( B , B . . . . , B /t , ,} be f a m i l i e s of s e t s having the d e s i r e d 1 1 2 <p(b, k)J 5 

p r o p e r t y , tha t i s , no k of the A ! s , and no k of the B ' s , have 
p a i r w i s e the s a m e i n t e r s e c t i o n . As the no ta t ion i m p l i e s , e a c h 
A h a s a e l e m e n t s and e a c h B h a s b e l e m e n t s . We a s s u m e 
a l so that A O B . = 6 for a l l i and j . Le t 

i . J r 

5 = { A . U B . : i = l , 2 , . . . , ? ( a , k) , j = l , 2 , . . . , <p(b, k)} . 

The n u m b e r of s e t s in J- i s ç?(a, k)<p(b, k) and e a c h m e m b e r of 
3 h a s a + b e l e m e n t s . The proof of the t h e o r e m wi l l be 
c o m p l e t e if we show tha t no k m e m b e r s of J h ave p a i r w i s e 
the s a m e i n t e r s e c t i o n . 

Suppose t h e r e e x i s t d i s t i n c t s e t s F t, F . . . . , F , in J-
1 2 k 

and a se t SCU3" such tha t F . f l F . = S for i, j = 1, 2, . . . , k, i ^ j . 

P a r t i t i o n S into two s e t s R and T, an e l e m e n t be ing p l aced 
in R if i t be longs to LJA. and in T if i t b e l o n g s to U B . . 

T h e n if F = A M B , we m u s t have A f l A = R and 
i m . n. m . m . 

1 i i J 
B P |B = T for i, j = 1, 2, . . . , k, i £ j . If the s e t s 

n. n. 
i J 

A , A , . . . , A a r e a l l d i s t i n c t or if the s e t s 
m i m 2 m k 

B , B , . . . , B a r e a l l d i s t i n c t we have a c o n t r a d i c t i o n . 
n i n 2 "k 

If th i s i s not the c a s e , then A = A = . . . = A and 
m i m 2 m k 

B = B = . . . = B and h e n c e F = F = . . . = F . T h i s 
n i n 2 \ 1 2 k 

c o n t r a d i c t s the fac t tha t the F ! s w e r e c h o s e n a s d i s t i n c t 
m e m b e r s of 5 • The proof of the t h e o r e m is c o m p l e t e . 
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It fol lows e a s i l y f r om (4) that 

(5) <p(n, k) > 
<p(2, k) , if n i s even, 

( k - 1 M 2 , k ) n " 1 / 2 , if n i s odd. 

We t u r n our a t t en t ion now to the d e r i v a t i o n of a lower 
bound for <p(2, k ) . 

T H E O R E M 2 . 

(6) *(2, k ) > ( k - 1 ) 2 + 1 ^ ] . 

P roo f . Le t N = { 1, 2, . . . , 2k - 1 } . Le t us take the c a s e 
k - 1 

w h e r e k i s odd and le t i - —~— . We show how to s e l e c t 
2 

( k - 1 ) + i s u b s e t s of N , e ach se t with two e l e m e n t s , no k of 
which have p a i r w a i s e the s a m e i n t e r s e c t i o n . Le t 

g i = { ( i , j ) : i = l , 2 , . . . , i ; j = k + l , . . . , 2 k - 1} 

3Z = {(i, j ) : i = i + 1 , . . . , k - 1; j = k + i + 1, . . . , 2 k - 1} 

5 3 = {(i, j ) : i = i + 1 , . . . , k - 1; j = i +2 , . . . , k; i < j } 

^ 4 = {U, j ) : i = k, . . . , k + i - 1; j = k + 1, . . . , k + i ; i < j } . 

It i s not diff icul t to check tha t the f a m i l i e s of *~K , V , j v and 
1 2 3 

5" a r e p a i r w i s e d i s jo in t and that 

111 = i (k - l ) , 
1 

|32l = (k- i)(k- i -D? 

Let 1 = S ^ U ^ U ^ ' Then 

01= ISJ + I^I + I^I + I^I 
= i ( k - 1) + ( k - i ) ( k - i - lf+Hl +1) 

= ( k - 1 ) 2 +i 

= ( k - l ) 2 + [ ^ ] . 
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One can r e a d i l y show that each of 1, 2, . . . , 2k - 1 a p p e a r s in 
exac t ly k - 1 m e m b e r s of j - . Thus if k m e m b e r s of 3" a r e 
to have p a i r w i s e the s a m e i n t e r s e c t i o n , they m u s t be p a i r w i s e 
d i s jo in t . But th is c o n t r a d i c t s the fact that | L j 3 | - 2k - 1. 

The c a s e w h e r e k is even can be d i s p o s e d of in a v e r y 
s i m i l a r f a sh ion and we s h a l l not p r e s e n t the d e t a i l s h e r e . It 
fol lows f r o m (5) and (6) that (3) h o l d s . 

We m e n t i o n b r i e f ly what i s p e r h a p s the m o s t i n t e r e s t i n g 
s p e c i a l c a s e of th i s p r o b l e m , n a m e l y the c a s e w h e r e k = 3. 
It i s not diff icult to ve r i fy that among the following s e t s no 
t h r e e have p a i r w i s e the s a m e i n t e r s e c t i o n : 

( 1 , 2 , 7 ) , ( 4 , 6 , 8 ) , ( 2 , 3 , 9 ) , ( 7 , 8 , 9 ) , 
( 1 , 3 , 7 ) , ( 5 , 6 , 8 ) , ( 4 , 5 , 10), ( 7 , 8 , 10), 
( 2 , 3 , 7 ) , ( 1 , 2 , 9 ) , ( 4 , 6 , 10), ( 7 , 9 , 10), 
( 4 , 5 , 8 ) , ( 1 , 3 , 9 ) , ( 5 , 6 , 1 0 ) , ( 8 , 9 , 10). 

Thus , 

9 ( 3 , 3 ) > 16. 

F r o m (4) i t now fol lows e a s i l y tha t 

<p(3m, 3) > I 6 m 

<p(3m + l , 3) > 2 ( l 6 ) m 

<p(3m + 2, 3) > 6 ( l 6 ) m . 

Th i s l ower bound for <p(n, 3) i s b e t t e r than the one afforded by 
(3). 

The d e t e r m i n a t i o n of cp(n, k) i s c l o s e l y r e l a t e d to the 
following e x t r e m a l p r o b l e m in n u m b e r t h e o r y : What i s the 
l a r g e s t p o s i t i v e i n t e g e r f(n, k) (k > 3) for which t h e r e e x i s t s a 
s e q u e n c e of i n t e g e r s a , a , . . . , a„, , . sa t i s fy ing 

^ 6 1 2 f(n, k) ' 5 

(i) 1 < a < a < . . . < a < n 
~ 1 2 f (n, k) — 

(ii) No k of the a1 s have p a i r w i s e the s a m e g r e a t e s t 
c o m m o n d i v i s o r ? 

E r d ô s [2] p roved tha t t h e r e i s a c o n s t a n t c such tha t 
1 

f(n, k) > f(n, 3) > c l 0 g l 0 g n 

"~ 1 
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and pointed out that if one could p r o v e (2), i t would follow tha t 
log n 

f(n, k) < c log log n 

for s o m e cons t an t c 

The following r e s u l t a p p e a r s to be new: F o r e v e r y 
e > 0 and e v e r y fixed m and k, 

log n 

(7) f(n, k) > <p(m, k) 
(1+6 )m log log n 

p rov ided n >_ n (m, k, e ) . 

To p r o v e (7), l e t {A , A . . . . , A , , A be a f ami ly F l 1 2 <p(m, k ) J y 

of s e t s e a c h with m e l e m e n t s , and with no k of the s e t s 
having p a i r w i s e the s a m e i n t e r s e c t i o n . Le t I jA. = {a , a , . . . , a } 

Let r be a p o s i t i v e i n t e g e r and c o n s i d e r the f i r s t i r p r i m e s 
and a r r a n g e t h e s e in an a r r a y 

A 

1 2 3 
P < P< P . I l l 

1 2 3 

*\ *\ < 
3 3 3 

P 1 P 2 P 3 

1 

2 

^r 

. P 
i 

th 
F r o m the p r i m e s in the j co lumn of A f o r m the <p(m, k) 
n u m b e r s 

N J . n 
a . e A 

1, 2 , , (p(m, k) 

It i s c l e a r tha t no k of the N ' s have p a i r w i s e the s a m e 
L i 

g r e a t e s t c o m m o n d i v i s o r . Now f o r m the se t S of the ç>(m, k) 
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n u m b e r s 

N 1 N 2 . . . N r 

1 2 r 

w h e r e i , i , . . . , i t ake on the v a l u e s 1,2, . . . , <p(m, k ) . An 
1 2 r 

a r g u m e n t s i m i l a r to that used to p r o v e T h e o r e m 1 can be used 
to show that no k of the n u m b e r s in S have p a i r w i s e the s a m e 
g r e a t e s t c o m m o n d i v i s o r . 

E a c h n u m b e r in S i s the p r o d u c t of r m p r i m e s , the 
l a r g e s t of which i s at m o s t P . (P d e n o t e s the s th- p r i m e . ) 

r i s f i 
Thus the l a r g e s t n u m b e r in S i s at m o s t 

n P 
P < P < P 

r i - r m — r i 

Le t e > 0 be g iven and choose 

r = r 12&J1 i . 
L (1 +€ )m log log n 

Then the p r i m e n u m b e r t h e o r e m and s o m e s t r a i g h t f o r w a r d 
c a l c u l a t i o n s show that , if n i s suf f ic ient ly l a r g e , 

n P < n 
P < P < P 

r i - r m "" rj? 

It fol lows tha t (7) h o l d s . 
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