EXTREME POINTS AND LINEAR ISOMETRIES OF
THE BANACH SPACE OF LIPSCHITZ FUNCTIONS

ASHOKE K. ROY

Introduction. Let X be a compact metric space with metric d. A complex-
valued function f on X is said to satisfy a Lipschitz condition if, for all points
x and y of X, there exists a constant K such that

[f(x) = fO)| = Kd(x, ).

The smallest constant for which the above inequality holds is called the
Lipschitz constant for f and is denoted by ||f|4, that is,

f&) — f@)]
= su Lo
Hfl o x,yep))&': d(x,y)
=Y
The space of Lipschitz functions, denoted by Lip(X, d) as in (7), consists of
all functions f for which ||f||; is finite. It is clear that Lip(X, d) is a vector
space over the complex numbers C and we make it a Banach space by defining

A1l = max(||file [f]l0),
[Iflle = supzex [f(x)].

In §1, we show that if X is connected, then the isometries of Lip(X, d) are
precisely those induced by the isometries of the metric space X. In §2, we
prove that if X is the #-dimensional cube in R" and d is the metric given by
the /;-norm of R”, then Lip (X, @) is a conjugate space, that s, it is isometrically
isomorphic to the conjugate space of another Banach space. Here the method
of proof is a close imitation of one used by de Leeuw in (4).

The results of §2 and the Krein-Milman theorem suggest that when X is
the n-dimensional cube, the unit ball of Lip(X, d) has quite a few extreme
points. In §3, we explicitly determine these extreme points when X is the unit
interval on the real line and prove that the unit ball of Lip[0, 1] is the closed
convex hull of these extreme points in the norm topology.

where

1. Linear isometries. By a linear isometry of Lip(X,d) we mean, of
course, a norm-preserving linear transformation of Lip(X, d) onto itself. It is
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necessary to give some definitions and establish several lemmas before we
can state and prove the main result of this section.

Let W be the complement of the diagonal in the Cartesian product space
X X X. Let Y = X \UBW, where W is the Stone-Cech compactification
(1, p. 276) of . Then Y is a compact Hausdorff space.

If C(Y) denotes the space of continuous functions on Y, define f on C(Y)
as follows:

fx) = f(x), =x¢€X,
Jw) = B (w), we W,
where

is defined on W and Bf* is its norm-preserving extension to SW.

LEMMA 1.1. The map f — f establishes a linear and norm-preserving corres-
pondence between Lip(X, d) and the closed subspace S of C(Y),

S = {f: f € Lip(X, d)}.
Proof. This follows from the definition of the function f.

Lemma 1.2. If Lip*(X, d) denotes the conjugate space of Lip(X, d), then all
the extreme points of the unit ball of Lip*(X, d) are contained in

{e¥L,: x € X} U {e""L,: w € W},

where L,, L, are ‘point evaluations’ at x, w respectively, and 0, n range over
[0, 27). Moreover, every e™L, is an extreme point of the unit ball of Lip* (X, d).

Proof. 1t is well known (see, e.g., 1, p. 441) that every extreme point L of
the unit ball of S$* is of the form

L(f) = e"f(y),
where o € [0,27) and y € V. From the definition of f it follows that each
extreme point of the unit ball of Lip*(X, d) is of the form described in the
statement of the lemma.

The proof that every e¢?L, (or every L, equivalently) is an extreme point
will be based on the following fact which is a special case of a somewhat more
general result proved by de Leeuw (4): Let X be any compact Hausdorff
space and let B be a closed subspace of C(X) and let x € X. If there exists

an f € B such that f(x) = ||f]l. and [f(¥)| £ |[flles ¥ € X, ¥ # x, with
equality holding only for those y € X for which

g(y) = g(x)
or

gy) = —g(x)
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for all g € B, then the linear functional L,(k) = k(x), h € B, is an extreme
point of the unit ball of B*.

To use the above result, let x¢ be a point in our compact metric space X
and define f(x) = d(x, x¢). Then f € C(X), thus it attains its maximum at a
point &,

[l = 4G 0.
Let
g(x) = 2 + d(&, x0) — d(x, xo).

Then it is clear that g € Lip(X, d), g(x) = 2 forall x € X and that ||g||, = 1.
The function g € S fulfills the conditions of de Leeuw’s theorem and this
proves our lemma.

LemMa 1.3. Assume that in addition to being compact, X is connected with

diameter at most 1. Let By, ..., B, be open, patrwise disjoint, and proper
subsets of X. Define the functions
8:(x) =d(x, X ~B)), 1=1,...,n

Suppose that

() Ni €GN =1and |1 +N\| £ 1,

(i1) min;z; d(By, B;) Z 2 sup; |]04]|e
Then 14 2 i_1\id; is an extreme point of U, where U is the unit ball of
Lip(X, d).

Proof. It is quite easy to check that

(£ra)o - (528)0)| = a6

for all x, y € X. This means that ||1 + > A8, = 1. It is also clear from the
assumptions made in thelemma that||1 + > \04/|» < 1. Hence,1 +3> 7\, € U,
where U is the unit ball of Lip(X, d).

Let

14 22 Nde = 32+ 34,

where g, 2 € U. If x ¢ U, B;, we must have

1 = 3g(x) + zh(x),
which implies that g(x) = h(x) = 1. If x € By, choose y € X ~ B, such that

(%) = d(x, y).
Now we maintain that y ¢ U’ B, for otherwise if y € B, for some j, then
d(By, By) = d(x%,9) = ||6]|w

which contradicts hypothesis (ii) of the lemma. This yields

38() + 3h(y) =1

https://doi.org/10.4153/CJM-1968-109-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1968-109-9

LIPSCHITZ FUNCTIONS 1153

and therefore g(y) = k(y) = 1. Now,
lg(x) - 1| = [g(x) - g(y)I S d(x,y) = [ (i) ()| = [(Z Nido) ()]
and similarly

lh(x) - ll = [(Z )\i51)(x)l-
From
3(gx) — 1) + 3(h(x) — 1) = (X Nid) (w)
we get

gx) — 1 =h(x) — 1= (X Ndy)(x)

and therefore
g(x) = h(x).

Since we have proved that g(x) = h(x) for all x € X, we can conclude
that 1 4+ X X\:5; is an extreme point of U.

We assume from now on that X is connected.

LemMa 1.4. If f € U and f is not a constant, then there exists a g € E such that
lle®f + g|| > 1forall € [0, 2m), where E denotes the set of extreme points of U.

Proof. Let ¢4, . . ., 31 be distinct points of f(X) (these exist because f is not
identically equal to a constant and f(X) is connected). Then

f(ci), 1=1,...,3l,
are disjoint closed, hence compact, subsets of X. Let
mini?gj d(f_l(Ci),f_l(Cj)) = 8¢ > 0.

f(c1) is a non-empty, closed, and proper subset of X. From the connectedness
of X, there exist x; € f~*(c1) and y; € B(x:) such that f(x;) # f(y1), where
B(x,) is the open ball of radius e with x; as centre. Choosing (xs, ¥2), ...,
(%31, ¥31) in a similar manner we get 31 non-zero complex numbers

(fx), fyw), k=1,...,3L

Divide C ~ {0} into six equal wedges. One of these wedges (call it P) contains
at least six of these complex numbers, say

(f®a), fO0)), i=1,...,6.
Let z; € {x,;, ¥ and let
B,;={y € X:d(y, 2:;) < d(x;,5:)}, 1=1,...,6.

It is easy to check that d(z, 2;) = 6e (¢ # j), from which it follows that
d(B.;, B.;) = 4e. If, as before, §,,(x) = d(x, X ~ B,,), then 2¢ = ||6,,||. We
then have that

inf,.,d(B.,, sz) = 2 SuPiHaziHm’
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showing that condition (ii) of Lemma 1.3 is satisfied. Note that
6:,(2:) = d(xy, y4)
and §,,(%;) = 0, where Z; = {x4, y;} ~ {z;}. Let
Nop = Aagpm1 = exp(e(1 + k)7 /3), k=123
Then \;] = 1land |1 +X; £ 1, where < =1,...,6. Let

3
gx) = 1+ (z:l )\2k—15y2k_1 + )\2k6x2k>(x)-
=
By Lemma 1.3, g € E. Fix 8. Then (—1)*A, € ¢%P for exactly one

v €1{1,2,...,6}.
Now,

(€f + &) @) = €"f+ &) )
d(x"’ yv)

LTy TS ov] , > 1.
d(x,, y,)

d(xy, yy)
This means that ||e*f 4 g|| > 1 for all § € [0, 27).

LemMa 1.5. If T 4s a linear isometry of Lip(X, d), then 1'(1) is the constant
function e, 6, € [0, 27).

Proof. Since the constant function 1 € E and a linear isometry carries
extreme points onto themselves, we get that 7°(1) € E.

Let 7°(1) = f and suppose that f is not identically equal to a constant. By
Lemma 1.4, there exists a g € E such that

e f + gl > 1
for all 8 € [0, 27). Since 7-'g € E, it is quite easy to see that there exists a
6: € [0, 27) such that
[|1T-1g + e%]| = 1.
We then have that

T(T'g + e = |lg + e*f]| > 1
for all 6, but

(g + )] = [[T7'g + el = 1,
which is a contradiction.
LeMMA 1.6. T preserves ‘supnorms’, that is, |

J € Lip(X, d),

1f

oo = [[fl] e for all

T as in Lemma 1.5.

Proof. Let T* be the adjoint of 7. T* is also a linear isometry and it carries
the extreme points of the unit ball of Lip*(X, d) onto themselves. We claim
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that 7*L, = e'7L,, for some 5 € [0, 27) and some x’ € X. If this were not
true, then by Lemma 1.2, T*L, = ¢*1L,, where w € SW. Therefore,
(T*L,)(1) = (e"L,)(1) =0
or,
L.(T(1)) = 0.

Since 7°(1) is a non-zero constant function by Lemma 1.5, this yields a con-
tradiction and proves the above claim.
Consider now an f € Lip(X, d). If x, is a point at which 7f attains its
maximum modulus, then we may write
(TP (o) = (|71
for some 6, € [0, 2r). By what was just proved,

T*L,, = e"L,

for some n € [0, 2r) and some x; € X. Hence
ef(x1) = ||Tf]|ce™,

showing that || 7f||. < ||f||«- Since 71 is also an isometry, the same inequality
holds for it, which gives the reverse inequality for 7". This proves the lemma.

We are now in a position to state and prove the main result of this section.

TaeoreM 1.7. Let (X, d) be a compact, connected metric space with diameter
at most 1. Then
T: Lip(X, d) — Lip(X, d)

is a linear isometry if and only if
(1) (17) (x) = e"f(rx),
where 7: X — X is an isometry of X onto itself and 0 is a constant in [0, 27).

Proof. It is an easy matter to check that every isometry 7 of X induces an
isometry 1" of Lip(X,d) if T is defined as in (1). It remains to prove that
every isometry 7" of Lip(X, d) is of the above type. Without loss of generality,
we can assume that 7°(1) = 1 by Lemma 1.5. By Lemma 1.6, 7" preserves
supnorms. Since Lip(X, d) C C(X) is a complex linear algebra (as the product
of two Lipschitz functions is also a Lipschitz function), we can quote a well-
known result to conclude that 7" is an algebra automorphism, that is,

I'(fe) = T(HT(g)

for all f, g € Lip(X, d). The result that we have in mind is stated as follows:
Let X be a compact Hausdorff space and let 4 be a complex linear subalgebra
of C(X). Suppose that 7" is a one-to-one linear map of 4 onto 4 which is
isometric:

TS llw = [Ifllcr
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If 7(1) = 1, then 7 is multiplicative. (For a proof, see 3, p. 144.)

We have proved that T'(fg) = T'(f)T(g). Now T is also a bounded operator
on Lip(X, d) with the norm [[f||1 = ||f||s + ||f|l« which is in fact a Banach
algebra norm. Since T is a Banach algebra automorphism, we have, by (6),
that

(Tf)(x) = f(rx),  f€ Lip(X,d), x € X,

where 7: X — X is a homeomorphism such that
Kid(x,y) = d(rx, 7y) = Kyd(x, y)

for all x, y € X and for some constants Ky and K.
Define, for fixed y, f(x) = d(x, 7y). T being an isometry, ||7f]|; < 1. Now

[(TF) (x) — (Tf) ()| = |d(rx, 7y) — d(zy, y)| = d(x, ).

We have thus proved that
d(rx, ry) < d(x,y)

for all x, y € X. The reverse inequality follows by applying this to 7! and
71, and we can conclude that d is an isometry of X onto itself. This completes
the proof of our theorem.

2. Lipschitz functions as a dual space. Our aim in this section is to
show that when (X, d) is the n-dimensional cube in R* and d is the metric
induced by the /;-norm of R*, Lip(X,d) is a dual space. The theorem of
Krein-Milman (1, p. 440) then shows that the unit ball U of Lip(X, d) not
only has extreme points but sufficiently many to span U in a weak sense.

Forx, vy € X with x = (x1,...,%) and ¥y = (¥1, ..., V),

a6 3) = 2 v — vl

This ensures that for a Lipschitz function f defined on X,

il = max (121,

1=i=n
it being well known that the partial derivatives of f exist and are bounded
measurable functions. Let C! be the linear space of functions on X with
continuous first-order partial derivatives normed by

11 = max (111, 22 ).

1=isn 6_361
C! is a closed (and therefore complete) subspace of Lip(X, d).
Let S be the norm-closure, with the norm on (CY)* induced by C!, of the
linear span of the point evaluations ¢, of C%,

¢r(f) =f(x)y f€ CLx € X.

Then we have the following theorem.
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THEOREM 2.1. Lip(X, d) s isometrically isomorphic to S*.

Proof. As we remarked in the Introduction, the proof is almost identical
with that given by de Leeuw in (4) and therefore the details need not be
repeated here. The only fact that requires a little proof is the following: given
a Lipschitz function % on X, there is a sequence of functions {4,} in C' such that

Bl = [[R]], =12...,
and
lim,, kb, = h
uniformly on X. We obtain the functions %, by using the Fourier series for
h. To this end, make the function % periodic in each variable with period 1
(this clearly will not affect anything). Let o, be the mth Cesaro (rectangular)
sum of the Fourier series for 2. Then (see 9, p. 302)

onls) = (K )@) = [ BOKa(e = 1) dt

where dt¢ is an #n-dimensional Lebesgue measure and K,, is Fejer's kernel.
Recall that K,, satisfies
(i) K,(x) 2 0forall x € X,
(i) [xKn(t) dt = 1,
(iii) K, € C.
It follows (again see 9, p. 304) that ¢,,— % uniformly on X. Moreover, ¢, € C!
for all m and

rm@)| £ | It — DI 2t < L,

Il

lom(x) — on()] ‘ J; h(x — 1) — h(y — D]K,(2) dt

[7]la] |2 — ]|
for all x, y € X. Therefore, ||o.|| < |||

1A

3. Extreme points of Lip[0, 1]. We now wish to describe all the extreme
points of Lip[0, 1], the metric d being the standard Euclidean metric on
[0, 1]. We have that

flle = 1If Il
As before, U denotes the unit ball of Lip[0, 1] and E the set of extreme points
of U. The first thing to note is that if f € U and [f(x)| = 1 for all x € [0, 1],
then f € E. This is because f is already extreme in CJ[0, 1]. The following
theorem completely describes the other members of E.

THEOREM 3.1. If f is not a constant function and if f is not of modulus one
everywhere, then a necessary and sufficient condition for f to belong to E is that
If'| = 1 a.e. on [0, 1] ~ M,, where M, is the maximum set for f, i.e.,

M, = {x € [0,1]: [fx)] = [[fll=}-
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Proof. First note that for f to belong to E, it is necessary that ||f||,, = 1 for
otherwise, just add and subtract a suitable constant to f to show that it is
not extreme.

Let|f’] < 1onaset Fof positive measure, F being contained in [0, 1] ~ M.
Since the latter set is open, we may assume that F' is contained in some interval
I. We may also assume that

(i) Fis compact because Lebesgue measure is regular,
(i) ess suprer [f/(x)] = a < 1,

(iii) |f(x)] =1 — efor all x in I and for some ¢ > 0.

The function

@ = | awa  sc,

where Cr(x) is the characteristic function of F, is a continuous function on
[0, 1] and hence there exists a point x, such that

z0 1 1 .
Jrewa=1] cea=me,

m denoting the Lebesgue measure on [0, 1]. Define

fo(x) = CF(x)C[O.ro] (x) - CF(x)C(Io,l] (x)v x 6 [Ov l]v
and let

) = | hwa

Then g, € Lip[0, 1], it vanishes off 7, and gy = 0 off F. Thus, if § is small
enough, then f 4 dg, € U and

I=35+0g) + :(f — dg0),

showing that f is not extreme. Therefore the condition is necessary.
Now suppose that [f’| = 1 a.e. on [0, 1] ~ M,. Let

2f =g+ h, g, he U

Clearly,

g=h=f on M,
Also,

2f = ¢ + I a.e.
and hence

g=h"=f aeonl0 1]~ M,

If x ¢ M, let y be the closest point of M, to the left (or the right as the case
may be) of x. Then ¢’ = &’ a.e. on (y, x) and we can integrate from y to x to
deduce that

g(x) = h(x).

Thus the condition is also sufficient.
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We propose to prove now that the unit ball U of Lipl0, 1] is the closed
convex hull, denoted henceforth by co, of its extreme points E. More precisely,
given ¢ > 0 and f € U, there exist f; € E, ¢; € R, a; 20 (1 =217 = n),
>%_1a; = 1 such that

< e

=

Before we prove this theorem, we have to state and summarize some special
results about Banach spaces. Suppose that X is a Banach space. Let

S* = (L e X* ||L|| = 1)

be the unit sphere in X*. Let U be the unit ball of X and D a subset of U.
Then a necessary and sufficient condition that

U = co(D)
is that
sup Re L(D) =1

for all L in a norm-dense subset of S*. This is easily proved by the ‘separation’
theorem for locally convex topological vector spaces. For a Banach space X,
it is known (see 6) that the set

P = {L € S*: there exists x € U such that L(x) = 1 = ||L[|}

is dense in S*. When X happens to be a closed subspace of some C(Y), where
Y is a compact Hausdorff space, then the elements of P can be represented by
measures on Y. This is done as follows (again see 6): Suppose that

L(f) =Ll =1

for some f € U C X C C(Y). By the Hahn-Banach theorem, we can extend
L with preservation of norm to the whole of C(Y). Then by the Riesz repre-
sentation theorem (1, p. 265) and the so-called ‘polar decomposition’ of
complex measures, it is easy to see that

L@ = | dds,  gecm),

where u is a positive, regular Borel measure on Y of total mass 1 and [f] = 1
on the closed support of p.

We are now in a position to prove the following theorem.

TureoREM 3.2. The unit ball of Lip[0, 1] is the closed convex hull of its extreme
points.

Proof. Consider
Clo, 1] @ L[0, 1]
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with the norm

(G ol = max([|flle [g]l=)-

Define the map:
Lip[0, 1] — C[0, 1] @ L”[0, 1] given by f— (f,f").

This is a linear and isometric map and the image of Lip[0, 1] under it is a
closed (and hence complete) subspace of C[0,1] @ L”[0, 1]. Let A denote
this image and, as before, let U be its unit ball and E the set of extreme
point of U.

In the following discussion, we shall identify L7[0, 1] with the space of
continuous functions C(M) on its maximal ideal space M. (For results con-
cerning M, see 3.)

By what was stated above, a necessary and sufficient condition for

U = co(E)
is that
sup Re L(E) =1

for all L € P, P being the set we defined earlier. By what was discussed on
page 1159, L has the form

1) Lo = f a+ [ @i an

where u is a positive, regular Borel measure on [0, 1]\U M of total mass 1
and fy belongs to the unit ball of Lip[0, 1] and has the following properties:
[fo] = 1 on the closed support of x in [0, 1] and
If¢'| = 1 on the closed support of u in M.
Here fo' denotes the Gelfand transform of f'.
In order to prove our theorem, we have to show that

supRe L(f,f") =1, (f,f) € E

for all L € P. We shall, in fact, show this sup is actually attained for some

(f,f") € E.

We have now to establish some preliminary lemmas.

LeMMmA 3.3. Let ¢, ¢ belong to the unit ball of L”[0, 1]. Then a necessary and
sufficient condition for

=19 onlgl=1]
is that, giwen € > 0, there exists 6(e) such that
6 —¢| < e ae onl[l¢p|>1— 4]

Proof. The condition is sufficient: Let p € [|¢| = 1] and suppose, if possible,
that |¢(p) — ¢(p)| # 0. Choose ¢ < |p(p) — ¢(p)|. Let 6 be the positive
number given by the stated condition. Then [|¢| > 1 — 8] is an open set
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containing [|¢| = 1]. Since the sets
[Cr = 1], E Lebesgue measurable, E C [0, 1],

form a basis for the topology of the maximal ideal space M of L*, we can
find an E such that

pECe=11Cllgl>1— 3l
This means that barring a set of measure zero,
EC (¢l >1 -3l

Then |¢ — ¢| < € a.e. on E by the given condition which implies that
|$> — ;0} < eon [Cy = 1]. Butas p € [Cy = 1], this yields a contradiction.

The condition is necessary. Suppose that for a certain € > 0 no such § exist.
Choose a monotone increasing sequence of §,’s such that

lim, 6, = 1.
If
E,=[l¢ —¢| >Nl >68,=1—(1—4,)],

then, by our assumption, m(E,) > 0 and E,|. Let
Fy=[Ca, =11 C M,

then the F,’s are compact and decreasing and therefore have non-empty
intersection. But this intersection is contained in [|¢| = 1], which shows that
¢ #= ¢ on [|¢| = 1]. This completes the proof of Lemma 3.3.

Let us examine (1). If we can find a g in E which coincides with f, on its
maximum set and which is also such that g = i’ on [|f//| = 1], then our
proof will be complete. By Lemma 3.3, g has to have the property that for
every € > 0, there exists a § > 0 such that

[fe’ — ¢'| < e ae.on [[f/|>1—34].

If we can construct such a g on each of the disjoint intervals comprising the
complement of M, then the proof will be complete. We should note that
¢ = fo on M, ensures that g’ = f,' a.e. on My,. This is because M, can be
written as the union of a perfect set Xy, and a countable set X,: as g and fj are
Lipschitz functions, their derivatives will exist and agree a.e. on X;, and
therefore a.e. on M, since m(X,:) = 0. Therefore the problem is reduced to
proving the following lemma.

LeMmMAa 3.4, Given an interval [a, b] C [0, 1] and a (complex-valued) Lipschitz
function fo defined on it which is such that |fo(a)| = |fo(D)| = 1, [fo(x)] < 1 for
all x in (a,b), |fo'| £ 1 a.e. on [a, b], we can construct another Lipschitz function
g with the following properties:

(i) gla) = fo(a), g(d) = fo(b),
(ii) Jel < 1on [a, ],
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(iii) |¢g’l = 1 a.e. on [a, b], and
(iv) for every € > 0, there exists a & such that

lfd — ¢ <e ae onl|fi'| >1—5].

Proof. Take any subinterval [a4, b1] C [a, 8], @ % a1, b # by. The image of
this subinterval under fy is a compact subset of the unit disc which does not
meet the boundary of the disc. Therefore, this compact set has positive
distance, say 7, from the boundary of the disc. Subdivide [a4, b1] into intervals
of length smaller than 7. Let [a, 8] be a typical interval. Define the function
6(x) on [a, B] as follows:

When fy' (x) # 0 there is a unique chord of the unit circle perpendicular to
(and having as midpoint) fy' (x). Let 8(x) be one of the vectors defining half
this chord, so that

0(x) - fo'(x) =0 and [fy/(x) &+ 6(x)] = 1
(hence |02 + |fo'|* = 1). When f¢'(x) = 0, let 6(x) = 1. Now define
g =f+h on [« gl

where & is a real-valued, measurable function assuming only the values =1
and satisfying

]
J hdx = 0.
(We shall presently indicate how % can be constructed.) It is clear that
lg'| = 1 a.e. on [, B] and that it is a measurable function. Let

(@ =) + [ g@d  ve sl
Then

€)= foe) + | 100) ds = 1o(d).
Moreover,
lg(x) — fol@)| S |x —af <7
which means that |g(x)| < 1 for all x in [e, 8]. Also,
lg" = f'l =10 = vVQ = [f'DV A+ [f]) =2/ = [fd]),
whence

|g’ "‘fo/| < ea.e. on ['foll >1-— 5]

if 8§ < €2/4. Performing a similar construction on the other intervals of [y, b1],
we can define a g on [a1, b;] which has all the properties (i)—(iv) of Lemma 3.4.
Now take an increasing sequence of intervals [a,, b,], ¢ < @, and b, < b,

lim, a, = a, lim,b, = b n=1,2,3,...)
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and by the method explained above, define functions g, on [a,, b,] which have
all the properties listed in Lemma 3.4. Evidently,

&nt1 = £ ON [anv bn]
Define g on [a, b] by

gx) = g(x),  x € [ay b,
g(a) = lim, g,(a,) = lim, f(a,) = f(a),
g(b) = lim, g,(b,) = lim, f(b,) = f(b).
It is clear that g has all the required properties. Thus the lemma is proved.

We now show how % can be chosen so that

B
f ho dx = 0.

For this, we appeal to a theorem due to Liapunov (see 5) in which it is
stated that the range of a finite non-atomic, countably additive vector-valued
set function (assuming values in R"), is a closed convex set. Let

v(E) = fE 0 dm,

where m denotes Lebesgue measure and E runs through all the Lebesgue
measurable sets in [a, 8]. Clearly, » is a non-atomic complex measure. Since
the range of » contains the complex numbers 0 and fﬁ 6 dm, it also contains
%fﬁ@dm by Liapounoff’s theorem. Therefore there is a measurable set

E C |a, 8] such that
B
f 0dm = %J‘ 0 dm.
E ~ a

h=1 onkE,
= —1 on [o B] ~E,

8
f hedm = 0.

Finally, the referee has kindly pointed out that a much more general result
than Theorem 2.1 is valid:

Define

Then

Lip(X, d) s a dual space for any compact X and d

Proof. By Ascoli’s theorem, the unit ball B of Lip(X,d) is uniformly,
hence pointwise, compact. If E denotes Lip(X, d) in the pointwise topology,
F its dual, then B is w(E, F) compact. By Smulian’s theorem (3, p. 142) the
polar B® C Fisradial at 0, and if L is a linear functional on F which is bounded
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on B° then there is an f € E such that L(u) = (u,f), u € F. If G denotes
the space F with the norm defined by B°, then it may be readily verified that
Lip(X, d) is isometric with G*. [Define T": Lip(X, d) — G* by (Tf)(u) = {f, u),
u € F; T is an isometry.]
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