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Abstract
Steady water infiltration in homogeneous soils is governed by the Richards equation.
This equation can be studied more conveniently by transforming to a type of Helmholtz
equation. In this study, a dual-reciprocity boundary element method (DRBEM) is
employed to solve the Helmholtz equation numerically. Using the solutions obtained,
numerical values of the suction potential are then computed. The proposed method is
tested on problems involving infiltration from different types of periodic channels in
a homogeneous soil. Moreover, the method is also examined using infiltration from
periodic trapezoidal channels in three different types of homogeneous soil.
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1. Introduction

Raising crops on farms or plantations where rainfall is low often requires irrigation
systems. Crops are usually planted or grown in rows with shallow furrows between
these rows. Water supplied to the crops through these furrows should be in sufficient
quantity and the soil should be sufficiently moist. In addition, it should be ensured that
the plants can easily absorb the water from the soil.

In any irrigation system, it is always desirable to maintain a sufficiently high level of
moisture content in the soil so that plant roots are able to extract water or moisture from
the soil efficiently. Moisture content in the soil is governed by its moisture potential,
which is defined as the potential of forces arising from local interaction between solid
and water [10] and often denoted by ψ. Many studies of water infiltration problems in
irrigation channels involve investigation of the behaviour, characteristics or variation
of ψ in various physical situations and contexts.
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Infiltration problems from single or periodic channels have been examined by
researchers including Azis et al. [4], Batu [5], Clements et al. [8] and Lobo et al. [9].
However, these problems were solved analytically only for very simple cases, such as
those considered by Batu. For more realistic, and hence more complicated cases,
numerical methods may be needed. Moreover, although analytical methods may
be regarded as successful to a certain extent, it is still useful to develop alternative
numerical approaches. One approach worth considering is the dual-reciprocity
boundary element method (DRBEM), which is known for its flexibility and accuracy
in dealing with boundary conditions in many problems.

In this paper, a DRBEM is proposed for obtaining the numerical values of ψ from
the steady infiltration from periodic identical irrigation channels. The method is
applied to examine infiltration from periodic flat and nonflat channels. The periodic
nonflat channels considered here are rectangular, semi-circular, and trapezoidal.
Moreover, problems involving infiltration from periodic trapezoidal channels in three
different varieties of soils are also examined.

2. Problem formulation

We consider an array of equally spaced identical irrigation channels. For every
unit length, the surface area of the channels is 2L square units. The distance between
the centres of two consecutive channels is 2(L + D). We assume that the channels
are sufficiently long and that there is a large number of such channels. Hence the flow
pattern is two dimensional and the influence of outer channels is negligible. The fluxes
on the channels and on the soil surface outside the channels are v0 and 0 respectively.
The geometries described are as shown in Figure 1.

In view of the symmetry of the problem, it is sufficient to consider the semi-infinite
region defined by 0 ≤ X ≤ L + D and 0 ≤ Z ≤∞. This region is denoted by R with
boundary C. The usual assumption that there is no flux across X = 0 and X = L + D is
made.

3. Basic equations

In the study of steady infiltration problems, a mathematical model that is often
employed is the nonlinear partial differential equation

∂

∂X

(
K
∂ψ

∂X

)
+

∂

∂X

(
K
∂ψ

∂Z

)
=
∂K
∂Z

, (3.1)

where K is the hydraulic conductivity and Z is the vertical physical space coordinate,
pointing positively downward [11–13].

Equation (3.1) can be studied more easily by transforming it to a linear partial
differential equation. The Kirchhoff transformation

Θ =

∫ ψ

−∞

K dψ, (3.2)
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F 1. Geometries of four different periodic channels.

where Θ is the matric flux potential, and the exponential relation

K(ψ) = Kse
αψ, α > 0, ψ ≤ 0, (3.3)

where Ks is the saturated hydraulic conductivity and α is an empirical parameter [5,
11–13], yield

αΘ = Kse
αψ.

Using equations (3.2) and (3.3), equation (3.1) may be transformed to the linear
equation

∂2Θ

∂X2
+
∂2Θ

∂Z2
= α

∂Θ

∂Z
. (3.4)

The horizontal and vertical components of the flux, which are functions of the matric
flux potential, are

U = −
∂Θ

∂X
and V = αΘ −

∂Θ

∂Z
,

respectively [5]. The flux normal to the surface with outward pointing normal
n = (n1, n2) is given by

F = −
∂Θ

∂X
n1 +

(
αΘ −

∂Θ

∂Z

)
n2.
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Using the dimensionless variables

x =
α

2
X, z =

α

2
Z, Φ =

πΘ

v0L
, u =

2π
v0αL

U, v =
2π

v0αL
V, f =

2π
v0αL

F

and the substitution
Φ = φez

in equation (3.4), we obtain a more convenient equation,

∂2φ

∂x2
+
∂2φ

∂z2
= φ, (3.5)

which is a type of Helmholtz equation. The dimensionless flux is

f = −ez

(
∂φ

∂n
− φ n2

)
,

which yields
∂φ

∂n
= φn2 − e−z f . (3.6)

Fluxes at the surfaces of the channels are v0, and therefore dimensionless fluxes are
2π/αL. This implies that on the surfaces of the channels,

∂φ

∂n
=

2π
αL

e−z + φn2. (3.7)

The condition of zero flux across the soil surface outside the channels, and along X = 0
and X = L + D, implies

∂φ

∂n
= −φ (3.8)

on the surface of the soil outside the channels,

∂φ

∂n
= 0, x = 0 and z ≥ 0, (3.9)

and
∂φ

∂n
= 0, x =

α

2
(L + D) and z ≥ 0. (3.10)

It is assumed that as X2 + Z2→∞, ∂Θ/∂X = 0 and ∂Θ/∂Z = 0 (see the article by
Batu [5]). Thus

f = 2φez.

Hence, using equation (3.6),

∂φ

∂n
= −φ, 0 ≤ x ≤

α

2
(L + D) and z =∞. (3.11)

A DRBEM is employed to obtain numerical solutions to equation (3.5) subject to
the boundary conditions (3.7)–(3.11). The DRBEM was initially proposed by Brebbia
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and Nardini [6]. This method has now been used by other researchers, including Ang
and Ang [2, 3] and Zhu et al. [14], for various boundary value problems. An integral
equation for solving equation (3.5) is

λ(ξ, η)φ(ξ, η) =

∫∫
R
ϕ(x, z; ξ, η)φ(x, z) dx dz

+

∫
C

[
φ(x, z)

∂

∂n
(ϕ(x, z; ξ, η)) − ϕ(x, z; ξ, η)

∂

∂n
(φ(x, z))

]
ds(x, z),

(3.12)

where

ϕ(x, y; ξ, η) =
1

4π
ln[(x − ξ)2 + (y − η)2]

is the fundamental solution of the two-dimensional Laplace equation and

λ(ξ, η) =

 1
2 if (ξ, η) lies on the smooth part of C

1 if (ξ, η) ∈ R.

The integral equation (3.12) may be solved numerically. The boundary C is
discretized by a number of line segments joined end to end, and a number of
interior points are chosen as collocation points. The midpoints of all segments
are chosen as collocation points on the boundary. Let N and M be the numbers
of the line segments and the interior points, respectively. Let C(1),C(2), . . . ,C(N)

denote the line segments, and (a(i), b(i)) the midpoint of C(i), i = 1, 2, . . . , N. Let
(a(N+1), b(N+1)), (a(N+2), b(N+2)), . . . , (a(N+M), b(N+M)) denote the interior points. The
value of φ at (a(n), b(n)), n = 1, 2, . . . , N + M, which is denoted by φ(n), may be
approximated by

λ(a(n), b(n))φ(n) =

N+M∑
k=1

ν(nk)φ(k) +

N∑
m=1

[φ(k)F(m)
1 (a(n), b(n)) − p(k)F(m)

2 (a(n), b(n))],

n = 1, 2, . . . , N + M, where

ν(nk) =

N+M∑
i=1

Υ(a(n), b(n); a(i), b(i))ω(ik),

F(m)
1 (a(n), b(n)) =

∫
C(m)

ϕ(x, z; a(n), b(n)) ds(x, z),

F(m)
2 (a(n), b(n)) =

∫
C(m)

∂

∂n
(ϕ(x, z; a(n), b(n))) ds(x, z).
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The quantities Υ(a(n), b(n); a(i), b(i)) and ω(ik) are defined as

Υ(a(n), b(n); a(i), b(i)) = λ(a(n), b(n))χ(a(n), b(n); a(i), b(i))

+

N∑
j=1

∂

∂n
(χ(x, z; a(i), b(i)))

∣∣∣∣(x,z)=(a( j),b( j))F
( j)
1 (a(n), b(n))

+

N∑
j=1

χ(a( j), b( j); a(i), b(i))F( j)
2 (a(n), b(n)),

[ω(ik)] = [ρ(a(k), b(k); a(i), b(i))]−1,

where

ρ(x, z; a(i), b(i)) = 1 + (r(x, z; a(i), b(i)))2 + (r(x, z; a(i), b(i)))3,

χ(x, z; a(i), b(i)) = 1
4 (r(x, z; a(i), b(i)))2 + 1

16 (r(x, z; a(i), b(i)))4 + 1
25 (r(x, z; a(i), b(i)))5,

r(x, z; a(i), b(i)) =
√

(x − a(i))2 + (z − b(i))2.

From the numerical values of φ obtained, the suction potential ψ is computed using

ψ =
1
α

ln
(
αv0Lφez

πKs

)
. (3.13)

4. Results and discussion

The method described above is tested on problems involving infiltration from four
different types of periodic identical irrigation channels in Pima clay loam (PCL). The
values of both L and D are set to be 50 cm. For PCL, the values of α and Ks are
0.014 cm−1 and 9.9 cm d−1, respectively [1, 7].

The channels with depth are created in such a way that their width is the same, as
well as their surface area in contact with water. Using the value of L stated above,
the width of the channels is 200/π cm, and the depths of the semi-circular and the
rectangular channels are 100/π cm and (50 − 100/π) cm, respectively. For trapezoidal
channels, the depth is set to be 75/π cm.

The DRBEM described in the preceding section is used to obtain numerical values
of φ, and then, using equation (3.13), ψ is obtained. Implementing the DRBEM
requires the solution domain to be bounded by a simple closed curve. In this case, we
fix it to be between z = 0 and z = c, where c is a positive real number. Following several
computational experiments, it was found that setting c = 4 is sufficient for conditions
to be applied at this boundary without any significant impact on the values of ψ in the
domain.

For flat channels, we set N = 200 and M = 625, and for rectangular channels,
N = 203 and M = 625. The values of N and M for semi-circular channels are N = 201
and M = 620, and for trapezoidal channels, N = 202 and M = 619. The variation of ψ
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F 2. Suction potential from four different types of channels at selected values of X.

with depth (Z) at different positions (X) from the centres of the channels is presented
graphically in Figure 2.

From Figures 2(a) and (b), it is seen that at X = 10 cm and X = 30 cm, locations
under the channel, the values of ψ decrease with Z. This indicates that the water
content at the shallow level of soil is higher than that at the deeper part. This
observation is expected. There are no significant differences in the values of ψ for
the three different types of nonflat channels. However, there are differences in ψ when
comparing flat channels with the other types of channels, especially at the shallow
level of soil. The value of ψ from flat channels is lower than from the other three
channels. This may be caused by the positions of the channels. For flat channels, the
surface of the channels is on the surface of the soil, that is, at Z = 0 cm. The surfaces
of the other three channels are from Z = 0 cm to a certain level of soil depth.

Away from the channels, at X = 70 cm and X = 90 cm, the values of ψ are increasing
with Z (Figures 2(c) and (d)). This means that the water content at the surface of the
soil is the lowest among all levels of soil depth. This is because we have assumed
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F 3. Suction potential from trapezoidal channels in different types of homogeneous soil at selected
values of X.

that outside the channels, water does not flow into the soil. As before, there is no
significant difference in ψ among the three types of nonflat channels, but there are
remarkable differences in ψ between flat channels and other channels, particularly at
the surface of the soil.

In practice, we are interested in values of ψ from irrigation channels which are not
flat. From the results, regardless of the geometrical shapes of the irrigation channels, it
appears that the value of ψ is mostly affected by the width and the surface area of
the channels. Since trapezoidal channels are commonly used more than the other
type of channels, we specifically discuss infiltration from trapezoidal channels in
different types of homogeneous soils. Touchet silt loam (TSL) and Guelph loam (GL)
are considered besides PCL. For TSL, the values of α and Ks are 0.0156 cm−1 and
41.99 cm d−1, respectively. For GL, α = 0.034 cm−1 and Ks = 31.71 cm d−1. The
values of ψ at various values of X are presented in Figure 3.

Figure 3 shows that soil with a higher value of α gives a higher value of ψ. This
means that the water content in a coarser soil type is higher than in a finer type.
This result is physically expected, as water infiltrates more rapidly in coarser soil.

https://doi.org/10.1017/S1446181113000187 Published online by Cambridge University Press

https://doi.org/10.1017/S1446181113000187


[9] A dual-reciprocity boundary element method for steady infiltration problems 179

As before, ψ decreases with Z at X = 10 cm and X = 30 cm, as seen in Figures 3(a)
and (b). In contrast, ψ increases with Z at X = 70 cm and X = 90 cm (Figures 3(c)
and (d)). It can also be seen that for different types of soil, the shapes of the graphs are
preserved at the same value of X. This means that the difference in ψ remains roughly
a constant throughout the whole region.

5. Concluding remarks

A DRBEM has been formulated and successfully implemented for solving steady-
state problems involving infiltration from four types of periodic channels. The method
is applied to solve a type of Helmholtz equation numerically. Using the solutions
obtained, numerical values of the suction potential are then computed. Moreover,
infiltration from trapezoidal channels in three different types of homogeneous soil are
also studied.

The results indicate that there is no significant difference in the suction potential for
different types of nonflat periodic channels. However, the differences in the suction
potential between the flat channel and the other types of channels are remarkable.
For infiltration in different types of soil, the results imply that the suction potential in
coarser soil is higher than in finer types.

Thus, for nonflat irrigation channels, the width and the surface area of the channels
are the most important things to obtain desirable water content in the soil. In addition,
if water availability in the soil is the most important factor in raising crops, then a
coarser soil type is better than finer types.
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