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1. Introduction

Consider a Markov process defined in discrete time ¢=1,2,3,---
-on a state space S. The state of the process at time # will be specified by a
random variable V,, taking values in S. This paper presents some results
-concerning the behaviour of the sequence V,, V,, V3, - - -, considered as a
time series. In general, S will be assumed to be a Borel subset of an A-
-dimensional Euclidean space, where & is finite. The results apply, in partic-
ular, to a continuous state space, taking S to be an interval of the real line,
or to a discrete process having finitely or enumerably many states. Certain
results, which are indicated in what follows, apply also to more general
(infinite-dimensional) state spaces.

The Markov process may be partially described by the probability
distribution functions (p.d.f.) of V,, for each value of t=1,2,3,---,
namely

(1) (@) = F{" (mo) = Pr(V, = ).

Here, if S is h-dimensional, and V, and «, are A-vectors with components
Xty Vo 6 =1,2,--+, k), then V, <z, means V, = 2y, for each 7.

More information about the process is given by the joint p.d.f. of 41
-consecutive variables ¥,, namely

(2) Fﬁ’)(mo» Ty, L) =PV, 2, Vg <2y, 000, Vi S 2,).

For various Markov processes — e.g. Markov chains imbedded into
-queueing systems — the p.d.f. of V, has been calculated both (a) for the
stationary state

lim F(z,),

t—00
assuming that this exists, and (b) for the transient distribution, i.e. obtaining
F{®(z) as a function of ¢, for given F® (z). If, however, V,, or some variable
correlated with V,, forms the input to a second stochastic process, then the
behaviour of the second process, to the extent that the sequence {V}
determines it, depends not only on F{”(z), but on F{®(z,,: -, x,), the
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joint p.d.f. of p}1 consecutive state variables V,, for some appropriate
value of p, possibly infinite. This joint distribution has only rarely been
calculated. Benes [1], in discussing the virtual waiting time for a queue
with Poisson arrivals, obtained its covariance function (in continuous time);
this amounts to a partial specification of (2). There appear to be no similar
results for such a process considered in discrete time. The study of the joint
distribution (2) is equivalent to analyzing the stochastic sequence {V,}
as a time series.

This paper investigates the relation between the joint p.d.f. (2) and the
p.d.f. (1). A general expression is given for (2). If (1) is known explicitly,
both (a) for the stationary case, and (b) for the transient case, then any
moment of the joint stationary distribution (2) is shown to be explicitly
determined by a finite recursion; the number of steps depends on the order
of the moment, but not on the time ¢. In particular, the quadratic moment
E(V.V,_,) (this is an kX h matrix if S is A-dimensional), is, apart from a
constant multiplicative factor, equal to the expectation of the transient
p.d.f. (1) at ¢ = 7, given that the stochastic process begins at ¢ = 0 with a
particular initial p.d.f.

Two applications are discussed — to waiting times for successive custom-
ers in the M/M/1 queue, and to a class of queues, or storage systems, with
periodic input.

2. Basic résults for a Markov process

Let the process be specified by a transition function G, (z, #), which may
or may not depend on £, so that ‘

(3) FP)(ay) = [ Gelao, 0)aF P () E=1,2,-.
Construct from the process {V,} a vector stochastic process whose state
variable is
= (W, Wi, -, WD),
where
Wi=V,, (f=0,1,-",9)
Then

Pr{W}, <=y, -+, Wi, <x,)
=Pr{Vin 2. ViSo, Vi S,
=Pr{(Wl, Sz, Wy <y, -, Wit <z}

Now, by (3), Pr{W?JF1 < xo} depends only on G,(%,, #) and on Pr{W? < u}.
Therefore Pr{W},; =< a,, - - -, W¥,; < x,} depends only on G,(x,, #) and on
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3 Serial dependence of a Markov process 301

F® (g, -+, 2,) = Pr{iW? <, -+, WP < z,}.

Thus the sequence {W,} forms a Markov process. For this process, (3) shows
that
Pr{Vin =a, Vi=ay, 0, Vipn =25}

4
) _f (g o)AEP (g, 4y, + + +, t4,),

integrated over the subset S’ of the product space S*+! defined by %, =< z,,
Uy Sy, Uy S 2,, %, = 00; here {V,:V,< oo} denotes the whole
space S. Then, performing explicitly the integrations with respect to

Uy, 0, u, in (4),
(6) Fi(wg, -, 2,) = fuosle’(x"’ ug)dFP (1tg, Ty, %5, " * +, T,, ©).
Since

FP (ug, Ty, * * +, @,, 00) = FP VN (ug, 2, * - -, 2,),

(5) may be written as
(6) ng)l(xo» T, T,) = J‘u <= Gz(xo: o) AF P (utg, T, @, + * +, ).

Equation (6) specifies Fﬁi’l in terms of F®V; hence, if F{”(x,) and
G (g, #,) are given as fuctions of ¢, then the ]omt p.df. FP(zy, -, x,)
is obtained by a ¢p-step recursion.

For the stationary state of the process, the recurrence relations (6),
for p = 1, 2,3, - - - may be combined into a single integral equation. Define
the generating function

o0
(7 Y(@y, 2y, -5 4) = 3 FPz, ay, -+ *)A%.

p=0
The suffixes ¢ are dropped, since the stationary state (¢ — o0} is considered.
The expression (7) is well defined for |A] < 1. It is sufficient, in fact, to
consider only functions of finitely many arguments; if z; = co for all > N,
where N is an arbitrarily large constant integer, then

FP (gg, 2, -, &y, ) = F¥(zx,, 2y, -+, 2y) for p = N.
Then from (6)
®) A Glao wip( zy, 2,31
usz,
=1 }.”J‘ G(xy, u)dF P (u, x,, x5, - * )
=0 -

=2 z ipF(pH’(xo:xl»xzn .o )

7=0

= (%o, Xy, * * 5 A) —F O (%)
= 9%, 21, * 3 4)—p(xg, 5 0).
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This integral equation for ¢ has a recursive solution given by (6), but
there appears to be no general approach to solving (8), other than by a
recursion in p. A direct solution may be possible for particular transition
functions G.

The joint moment generating function (m.g.f.)of V,, V, ,---, V,,is

E{exp(—soVi— -+ =8,V )}

in which, if each V, is a A-vector, then so is each s;, and the expressions
s;V,_, are interpreted as inner products. The joint m.g.f. may be calculated
in terms of an unnormalized joint conditional m.g.f., defined by

(9) i (®581,58, ", 5,) = E{exp(—8;V 1~V o— - =5,V ) [V Sz}
Then
P (s 51,85, 00,8
(10) Qt ( 1292 m)
- f o J‘exp('—slxl_ to _spxy)dz,---z,F:p) (x» Ty, Ty)
Herexz, z,, - - -, &, are h-vectors, and each s,z,is an inner product. (Terminals

of integration are omitted, here and in later equations, when the range of
integration is the whole of S.) It is assumed that the stochastic process is
such that (9) is finite, for a suitable domain of (s, - - -, s,), which includes

the origin.
The (unconditional) joint m.g.f. is then given by
E{exp(—SOVt_ e _'sth—p)} = fe_‘ozdzogﬂ(x; S T s»)‘

Now, substituting (6) in (10),
Q7 (@; 51, 52,7+, 5,)
) = [ femmmrmng L [ Gl wd FE w2, 3,)
= [ennG L (m, w)d,, [+ [eronmmnd, L FE (3,0, 7,)
on integrating with respect to #, and rearranging
= (€6, 2)AQET @15 53055, - 5,)
on substituting Q{";" from (10).

Thus the conditional m.g.f. Q}” is determined, by (11), recursively in terms
of Q{?;", in a similar manner to the recursive determination of the joint
p.d.f. F® by (6).

Equation (6) applies also to a state space S more general than a finite-
dimensional Euclidean space. It applies, in fact, to any space with a vector
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ordering =, such that {V,:V, <z} is always defined, and possessing a
measure for which the integral in (3) is defined. Similarly, (7) to (11) remain
valid if S is a Hilbert space of sequences (2, &y, * * ), With 2 = y defined

by z) = yu-
3. Moments of the joint distribution
If the Markov process begins with V, = £, a constant, then
FO@) = He—8) =TT Hlwo—k)

where H(:) denotes Heaviside’s unit function, and S is A-dimensional.
Denote the consequent F®(z), determined using (3) for £ = 2, 3,4, -- -, by
é.(z, &); thus

$i(z, &) = Pr(V, s 2|V, = §).

If, instead, the initial distribution F{®(x) is any arbitrary p.d.f., then
(12) FO @) = [ e, HAFO (&),

Consider now the stationary state. Let ¢(z) denote the stationary p.d.f.
$() = lim F?(z).

- 00

For 1 < k < p, define the function C(%; x), whose values are k-vectors, by

2
(13) Ck; z) = [— EQ“”(:::; sl,sz,---,s,)]

8= =9,=0

Then, substituting for Q® from (10),

(14) C(k; z) = f J'a:,, o F O, 2y, - 00, 7).

In this integral, and in various subsequent expressions, x; is an A-vector;
likewise 0Q)/ds, is a A-vector. From (14), C (k; z) is independent of p, provided
? gI’;cl.ow for & = 2, substituting in (14) for F'®, and using (6), gives

Clhsz) = [+ [22dy,...s, LSZIG(:::, u)d FoD(u, 25, -+, ,)

(15) = G(z, u)d, J' .. J‘xkdm,...z,F(’_”(u, gy ) T,)
since 2k p
=[Gz, 2)aC(k—1; z,) again using (14).
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Also, for k=1, (14) and (6) give
CQl;z) = J.:z:ldF‘“(x, z;)
(16) =f%dLgﬁ@mmem
= [2,G(z, 2,)dd(=),

since F®(x,) = ¢(x;) for the stationary state.
In (3), if k is written for ¢4-1, and x, for », then

(17) FP @) = [ Gz, 2,)dF, (@,);
and this implies (12), i.e.
FO() = [$ula, §)AFL (&),

where ¢, does not depend on F{”. Comparing (17) with (15), it is seen that
the recurrence relation which connects C(k; x) with C(k—1; z) is identical
with that connecting F(x) with F?,(2). So from (12),

(18) CW@=I%@H%Qﬁ)brk=Z&Hn

It does not follow that C(k; z) is a p.d.f. However, the substitution
FQ), (x) = H(x,—&) into (17) shows that G(z, ;) is a p.d.f. of = for each
fixed z,. So C(1; =), which, by (16), is obtained from G(z, z,) by integration
over z,, can differ from a p.d.f. only by a constant multiplier. Therefore
C(1;z)/C(1; o) is a p.d.f.

Let

C*(k; ) = C(k; %)/C(k; o0) k=1,23---
By setting = oo in (18) and in (16), it follows that, for £ > 1,

C(k; ) = C(1; ) = E(V,).

So equations (15) and (18) remain valid with C*(k; z) substituted for
C(k; z). Now in (17), if F®, (z) is any p.d.f., then F{®(z) is also a p.d.f.
Consequently, from (15), if C*(k—1;x) is a p.d.f., then so is C*(k; ).
But C*(1;xz) was shown above to be a p.d.f. From this result and (15},
therefore, the functions C*(k; z) are the transient probability distribution

functions F{?(z) of a Markov process, with the same transition function
G(z, ) as the given process, and commencing with the particular p.d.f.

F{ (@) = C*(1; 2),
calculable from (16).
Considering still the stationary state, let V', denote component «
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of the h-vector V,, raised to the power m. For given integers ¢,4, -, k;
a, B, v, y; mn, -, q, define the product moment

Mr(l'm’ 7‘91’ RN k'l) = E(V;’:‘,a ?—j,ﬂ e Vg—k,y)'
The indices «, 8, - - -, y will be considered fixed throughout the calculation,
and are, for brevity, omitted from the symbol M7(-). The superscript

r = m-+n+ - - +g will be omitted whenever no ambiguity can result.
Then in particular, from (14), the moments of order two are given by

(19) M(0, k) = [«dC(k; ).

(The values of (19), for all possible «, #, form an A x4 matrix.) It follows
from (19) that M (0, k)/C(k, o0) = E(V,V . .)/E(V,) equals the expectation
of the Markov random variable whose p.d.f. is C*(k; z).

Now from (18),

lim C(k; z)/C(k; o0) = | lim ¢, (x; £)dC(1; &)/C(1; o0)
(20) k— oo kwoo
= ¢(z);

by Lebesgue’s theorem on limits of integrals, assuming that the stationary
p.d.f. ¢(x) is unique. Therefore

(21) lim {M (0, k)—[E(V)]*} = 0;

i.e. the covariance of ¥, with V,_, tends to zero as 2 — o0, as would be
expected.

Equation (19) may be compared with Benes’ expression [1] for the
covariance function R(¢) for virtual waiting time for a queue with Poisson
arrivals;

(22)  R@)=[w- E(IW(0) = w}dd ()~ [E(W ()]

where 4 (w) is the stationary distribution of virtual waiting time W (¢),
and ¢ is continuous time. This comparison shows that a result similar to (19)
holds for some Markov processes in continuous time.

To determine moments of higher order than two, let

I<i<y< - <u<A=p;and r =g+m+ --- +utr.

Then from (8), assuming the stationary state, define the *‘conditional
product moment”

Kr(ln’ t'm, jn, RN K“, 2", Z) ‘

o
== [(__l)f M Q(P)(x; DVRERN SP)]‘=

= s =gy =0

(23)
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Substituting for Q® from (11), and performing the differentiation with
respect to s;,

Kr(1s,im, %, -+, xt, 2, )

(24) —ff"G(x &)d [( 1)'—9

r—g

e Q-1 (&;s, - - .,sp)jl

=m0
=f5"G(x, E)AK™((i—-1)™, - - -, (A—1)"; &),

using (23) again.
A similar calculation, using (11), shows that
Kr(im’ y‘n, oo, lv; x)

(25)
=[G, pakr(G—1)m, G—1) -, (A—1)%; §).

This equation is of the same form as (15), if m, n, - - -, », 7 are held constant,
and (7,7,---, ) is considered as a multiple index, in place of %2 in (15).
The argument leading from (15) to (18) shows, therefore, that

(26) Kr(im, 7o, 25 2) = [$ofe, KA, (—i+1)% oo, (A—it1)% §).

Equations (24) and (26) thus enable K7 (1, 5™, - - -, 4”; z) to be expressed
in terms of similar functions with smaller values of 7, 7, - - -, A. This may be
done systematically as follows. Define the linear operators 2, and A, by

Q@) = [ &6, £)af(e) €=12""")

Af@) = [ bi(w, £)3f(E) (i=23""").
Then
Kr(1e,4m, 4%, -, 2% 2) = QK™ ((—1)", - - -, (A—1)*; z) by (24)
= Q,0,Kr-o-m((j—1)", -+, (A—i); 2)
if 1—1 =1, using (24), again,

or
= 0,4, 12, K—9"(({—5)", -, (A—1)"; %)

if ¢ > 2, using (26), then (24).

These last two expressions coincide if 4, is defined as the identity operator.
Then successive application of these reduction formulae results in

(27) KT(1%,4m, 4% -, ket M5 x) = Q,4,,9, 4, ;- 2,4 K (1", x);

where, from (23),
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av
Kv(lv; x) — [(_l)v _3?: Q(P)(x; RN S’,)]

=" =,=0
=J’£"G(x, E)d[Q(’-l)(E; Sg, "0, sp)]’s“""“"»"o
(28) substituting for Q‘® from (11)

- J &Gz, £)AFO(£) by (10)
- f PG, £)d(&)

for the stationary state.
Therefore any product moment of the Markov process may be deter-
mined as
Mr(00, 4™, g%, v o, kB, ) = E(VIVE, -+ - Vi)
with the previous convention regarding «, 8, -- -, y,
(29) = K"(*, ¢+1)", (G+1)" -+, (A+1)"; )
assuming the stationary state
= Q,4,2,4, ;- Qu My [ #d$(¢) from (27) and (28).
If ¢,(x, &) is known explicitly, then the number of steps involved in
applying (29) depends on 7, the order of the moment, but not on the ““lags”
i, e, Kk A

Some special cases arise when the ‘“exponents” g, m, ---,» all equal 1.
For example, if r = 3, then for 0 << § < %, (29) reduces to

(30) M0, 1, k) = [ [[ indr,(a, )8 G (&, n)d,C (k—j; )
where C(k—7f;7) is obtainable from (18). If § = 1, then
M@, 1,k) = ” EndyG (&, n)d, C(k—1; 7).
If § =k, then
MO, 1) = M(0, k, k) = [ [ [ P dady 0, €)G (¢, m)dy$(m)-

The last expression may be regarded as a special case of (30), if ydd(y) is
formally substituted for the undefined quantity 4C(0; 5).
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4. Waiting time in the M/M/1 queue

The waiting times V, (t=1,2,--) of successive customers in an
M /M|l queue, with traffic intensity p, form a Markov process with transition

function
Glx,u) =0 for 2 <0
= J(xz—u) for =0
where
=1— 1 —£ =
31) J(é) lp/(1+p)let for £=0

= [1/(14p)le* for &<0.

The stationary distribution is

$(x) = 1—pe~1~P= for x =0

(32)
= 0 for z < 0.

Some results for this process are as follows.
From (6), setting F© (x) = ¢(x) for the stationary state, are obtained:

FOYz,y) =0 for x << 0 or for y < 0
1—
(33) = 1—pe-(-P12_ p—p) ere—y for0 =2y
1+p
1—
= 1—pe-U-plv_ PA—P)  oion for 0 <y <.
1+p

p(1—p)
F@(z y, 2) = 1— —— " gpt—v_j0—1-p)2
(=, 9, 2) 15p p
p(1—p) [1+2p

e ] R

P—p)(1+2) .,
1+p
forz<y<z

(34)

Expressions of similar form are obtainable for the other orders of z, ¥, 2.

This calculation may be continued to F® for p > 2, but the expressions
become complicated. The moments of the joint distributions are, however,
more readily obtained using equations (16), (18), and (19) for bivariate
moments, and equation (29) for moments of higher order. For the M/M/1
queue, elementary but somewhat lengthy calculations show that
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(35)  ¢y(x, &) = H(x—&) where H() is Heaviside’s unit function
$o(, £) = G(z, &)

P e

(e (1+p)?
for0<é<e

11-3p p(5~x)] Pk

SR

for 0 < <&

14-3p pz(x—é)] I

P
(158

e~ Pt L [

1—
(36) C(1;2)= l_p— — [_p_ —(1 -—p)] e-a-pz_ P e~%—pre—1-P)%
P

— 1— s
ey P (1—p)(2+5p+2p?) . o o
C(2f z) = 1—p (14p)3 e— [1_ 2(1 p)] o~ (1-p)
—pre—1-p)z_ P((Tl_g_p)“) -
P
RS [ 1+p (L) ] ’
2 (] —
. ;(g-i-p,;g); 328—3_. [:i—f._P ——3(1—p)] e—1-p)z
. —pa:kﬂ—pn_ 2p(1—p) (1+3p+p?) o,

(1+p)*

Now, for the M/M]1 queue, (19) gives

M(0, k) ='f°° 2dC (k; )

b
=lim | =zdC(%;x).

dro0v 0—

Therefore, integrating by parts

M(0, k) = lim [6C (k; b) ~ [ C (k; z)dz]

(37) = lim {6(C(k; b)—C (k; 00)1+ [ [C(k; 0)—C (k; 2)Jdz}

= jo‘” [C(k, 00)—C (; x)]dz.

https://doi.org/10.1017/51446788700027737 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700027737

310 B. D. Craven (12]

The correlation coefficient of lag % for the time series {V,} is then

_ MO R)—[E{V)] _ (L—p)*M(0, k)—p®
(38) Ry = var (V) o 20— p? )

Hence, using (36) and (37), after some reduction,
R, = {[(1—p)*/(1-+p)]—2(1—p)*+1}/{2p—p%}
(39) = 5p/2+0(p?) for pk 1
=1—(1—p)?+0((1—p)}) for 0<l—p<k 1.

Similarly
(20) R, = 7p2+0(p%) for p 1
=1—-2(1—p)2+0((1—p)?) for 0<1—p<k 1
Ry = 21p34-0(p%) f 1
(41) 3 POt for p<

= 1-3(1—p)2—0((1—p)®) for 0 <1—p<k 1.

For a near-saturated queue (p close to 1) these results illustrate the slow
decay of R, from 1 as k increases. They also put in question the usefulness
of a Monte Carlo investigation of a queue in this range, as is sometimes
undertaken to estimate properties of the stationary distribution, unless
the sample size is extremely large. It is conjectured (but remains unproved)
that

(42) Ry = 1—k(1—p)*+-O((L—p)3) for k=4,5,--.

5. Queue with periodic input

In Lindley’s queue model [2], successive waiting times w, are given by

w, = 0 and

(3) Wy =w+u, f wtu >0
=0 if w,4u <0;

where

u, == service interval of rth customer
— time interval between rth and (r+1)th arrival;

and the #, are assumed to be independently and identically distributed.
Suppose now that the #, remain independent, but that their distributions

T,() = P,(u, <)

are no longer identical. From (43), if
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F,(z) = P, (o, < x),
then

(44) Fru(@) = [, _ T.w)dF (z—u,),
so that
Fo(@) = [, _ dTy(w) = P,(, < 2),

NOR W Y SCALLACN
= Pru,+u, <z, u, =< x);
and generally, by induction,
45) F (@) =Priu+ - +u, <z, 434 +tu, <z, -, 4, = ).

If, in particular, the u, are identically distributed, then (45) is unaltered
by renumbering the #,, so as to replace #, by #,,, , for 1 < s <r. Thus

(46) F, . (x) =Pr{u+ -« Fu, <z, 0+ - tu,_, Zx,000, 4 = ).

From (46), Lindley [2] deduces the existence of a stationary waiting time
distribution when, and only when, E(x) < 0.

Lindley’s argument can, however, be extended to certain cases when the
u, are not identically distributed, and in particular to a queue with *“periodic
input”. Suppose that the #, are independent, but that, for a fixed integer
“period” m > 1,
) Pl S2) = Jie) 5 e

1=123,--+

where the distributions J;(z), for 1 =0, 1, -+ -, m—1, are not identical.
This represents, e.g., the case where every mth customer has the same
service-time distribution, but the distributions for consecutive custorners
differ. Or if, instead, w, denotes the storage level for a reservoir, and w,
denotes (inflow — required outflow) during the 7th period of time, then (47)
means that the distribution of (inflow — required outflow) is a periodic func-
tion of discrete time 7, representing perhaps a seasonal effect. For this model,
neither Lindley’s theorem, nor the results of Loynes [8], who assumes that
the {u,} form a strictly stationary sequence, are applicable.
From (44) and (47)

Fimpin(®) = J:o Gz, )AF ;s ,(u)

where
Gi{x,u) =0 for x < 0

= J.(x—u) for x =0.
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Since this is a special case of the Markov process (3), equation (6) for the
joint distribution applies. Applying (6) repeatedly,

Pr@mimi1 = Tmi1) Uimim = Tm» * s Uimaz = &)

(48) ©
= Io—-L(‘”z» Tyt Ty §)dyy(E)
where
v;i(€) = Pr(w;,,,1 = §);
and
(49) L(xzr L3, "y Typas E)

= [ Go@mirs V) [ G (O, 0} [ d [ 2 G0, &)

and G, (x, m) = Gy(x, u). (Denote also J,(x) = Jo(x).)

Given (47), the process cannot possess a stationary state in the ordinary
sense. However, from (48), if y,(£) tends to a stationary state (&) as§ — oo,
then the joint distribution (48) of # consecutive waiting times tends to a
joint stationary distribution, since it depends on § only through y,(£).

The following proof shows that if

m—1

(50) b= 3 b, <0,
0

where b, is the expectation of the distribution J,(z), then p;(¢) tends to a
stationary distribution as § — co. The probability (45), with r = jm, depends
on the distribution of the #,, but not on their ordering. It is therefore un-
altered by the relabelling

(51) u‘ = vim+1—s (S = 17 2’ "ty im)r
provided that the same distributions are retained, i.e. that v,, , has the
distribution J,,,_(x) for 1=0,1,-+, m—1; k= 0,1,2,---. Then

¥;(®) = Fimn(@) =Priv;t+ - 40, <2, 00+ A0y S, 0,1 S0

= Pr{E;}
where E; denotes the joint event
n=e,ntv, <z, 0+ 4, Sz
For 2=10,1,2,--- consider (Vimy1> Vimsas * s Vkmem) @S & point in an
m-space Sy, in which a probability measure is defined by the product of the
distributions J,,., (), for 1 =1,2,-+-,m. Then in the product space
SoX Sy X SpX -« -, thesequence of events {E; : § = 1, 2, 3, - - -} is contracting,
and tends as § — oo to the limit event
E={Z‘§$Z$=l,2,3,"'}

where Z, = v;4-v,+ - - - +v,.
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Now the probability measure is the same in each subspace S;; so, by a
property of probability measures,

(52) lim y;(z) = lim Pr{E,} = Pr{E}
j+00 j 00

exists. Denote this limit by y(x).

If y(x) is an “honest” probability distribution, i.e. if p(z) -1 as
Z —> o0, then y,(z) tends to a stationary state, and consequently, so does the
joint distribution (48). This is established, given (50), by the following argu-
ment. For each integer 7in {1, 2, - - -, m}, Z,,,,, equals the sum of s partial
sums Ry, (s =1, 2, -- -, m), where R,, is the sum of those v, in Z,,,,, which
are distributed as J,(x). The number of terms in Ry, is 2 (if s > ) or
k-1 (if s < 7). Since the v, are independent, the strong law of large numbers
shows that R, [k — b,, with probability 1, as # — co. Therefore, with prob-
ability 1,

(53) SR /(R) >Db,=b as k— o,
=1 =1
where b is negative, by hypothesis (50). Choose any é in 0 < é < 1. Then

since b is negative, there is an integer k, such that, for all 2> %, and all ¢ in
{1’ 2: ctc, m}r

(54) Pr{v,4 < -+ F0ppmys = 0} > 134,

Now, considering the joint distribution of v,, v,,* -+, v,, where { = kym,
there exists a positive x for which

(55) Priv, Sz, 0,40, <z, -, 04 - - - v, S 2} > 134
So, combining (53) and (54),

Pr{v,+ -+ - 49, <z for all r = 1} > 14, for z = z(9).
Since also y(z) = 1, and § is arbitrary, this shows that
(56) lim p(z) = 1.

&~ 00

In terms of the queue model, (50) does not preclude some b, from being
positive; i.e. the queue may be “‘over-saturated” for some values of 7, but
provided that it is sufficiently “under-saturated” for other values of 7 so
that (50) holds, then the stationary joint distribution of m consecutive
waiting times 1w, still exists.

It can also be shown that y(z), and therefore also the joint stationary
distribution, does not depend on the waiting time of the first customer.
If w;, = y > 0, instead of w, = 0 as previously assumed, then a calculation
similar to the proof of (45) shows that
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(57) Fop(2ly) = Pr{w,, < zjw, =y}
=Pr{u, + - +u, Sx—y, 4p+ - +u, <, 4, <z}
If » = jm, and the variables are relabelled as in (51), then
Finn@ly) =Priv, Sz, vtv, Sz, o0, 0+ -0 gy

sz, 0+ oy, Sz—y}
therefore

Fna(®@]0) = Fpy(@ly) = Fipia (2[0)—Priv,+ - - - +v,,, > z—y}.
Since, for & < 0, the last term on the right tends to zero as j — oo, by (53),

(58) lim Fy,, 4 (zly) = ilim Fpnia(z]0) = p(=),

Fro0
which proves the stated result.
Acknowledgement
I am indebted to the referee for pointing out several errors, particu-

larly in section 5, and for various details of presentation.

References
{1] Benes, V. E., Ann. Math. Statist. 28 (1957), 670—677.

[2] Lindley, D. V., Proc. Cambridge Phil. Soc. 48 (1952), 277—289.
{3] Loynes, R. M., Proc. Cambridge Phil. Soc. 58 (1962), 497 —520.

Department of Mathematics
University of Melbourne

https://doi.org/10.1017/51446788700027737 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700027737

