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Abstract

The purpose of this paper is to investigate the properties of spectral and tiling subsets of cyclic groups, with an eye
towards the spectral set conjecture [9] in one dimension, which states that a bounded measurable subset of R accepts
an orthogonal basis of exponentials if and only if it tiles R by translations. This conjecture is strongly connected to
its discrete counterpart, namely that, in every finite cyclic group, a subset is spectral if and only if it is a tile. The
tools presented herein are refinements of recent ones used in the setting of cyclic groups; the structure of vanishing
sums of roots of unity [20] is a prevalent notion throughout the text, as well as the structure of tiling subsets of
integers [1]. We manage to prove the conjecture for cyclic groups of order p™ g™, when one of the exponents is < 6
or when pm_2 < q4, and also prove that a tiling subset of a cyclic group of order pq” P2 -+ pn is spectral.
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1. Introduction

A basic fact in Fourier analysis is the decomposition of a periodic function into a series of orthogonal
exponential functions. A natural question that arises is whether this concept can be generalized for
functions defined not necessarily on intervals [0, 7], where T is the period, but on more general domains
with some weaker conditions (for example, measurability or boundedness). This is the definition of a
spectral set. This, of course, can be generalized to higher dimensions as well, where periodic functions
have a similar decomposition.
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Definition 1.1. Let i denote the Lebesgue measure on R. A bounded, measurable set Q C R¢ with
u(Q) > 0 is called spectral if there is a discrete set A € R? such that the set of exponential functions
{ea(x)} 1ep, Where e(x) = €274 is a complete orthogonal set, that is,

(er,ex)ag = / ey (x)dx = 50 u(Q),
Q

and every f € L?(Q) can be expressed as a Fourier series,

FOx) =) area(),

AeA
for some a, € C (Fourier coefficients).

Usually, we restrict periodic functions on a fundamental domain with respect to the period lattice, so
[0,1] 4 is the standard case, when the period lattice is 79 In general, functions defined on fundamental
parallelepipeds of a lattice A C R have the same property; the exponentials then correspond to e (x),
where A ranges through the dual lattice A*. We note that fundamental parallelepipeds are tiles of R¢
with respect to the period lattice, say A.

Definition 1.2. A subset A C R¥ tiles R by translations if there is a translation set T C R such that
almost all elements of R? have a unique representation as a sum a + ¢, where a € A, t € T. We will
denote this by A @ T = RY. T is called the tiling complement of A, and (A, T) is called a tiling pair.

Given the premise in the standard periodic case, i.e., functions defined on [0, l]d, it might be
tempting to generalize this situation. This was first attempted in 1974 when Fuglede [9] stated the
following conjecture, connecting spectral subsets and tiles of R?.

Conjecture 1.3. Let Q C R? be a bounded measurable set. Q accepts a complete orthonormal basis of
exponentials if and only if Q tiles R by translations.

Fuglede proved this conjecture when either a spectrum or a tiling complement of Q is a lattice. All
results proven in the next 30 years were in the positive direction until Tao [35] disproved this conjecture
by constructing spectral subsets of R’ that do not tile the space. Shortly thereafter, tiles with no spectra
in R were found by Kolountzakis and Matolcsi [15]. The current state of art on Euclidean spaces is
the failure of Fuglede’s conjecture on dimensions 3 and above in both directions [6, 7, 14, 24]. The
noteworthy aspect of the construction of counterexamples is the passage to the setting of finite abelian
groups, which is also the setting of the present article. To be more precise, an example of a spectral
subset of Zg that does not tile is lifted to a counterexample in R® [14], and similarly, an example of a
tile with no spectra in ZS 4 18 lifted to a counterexample in R3 [6]. The conjecture is still open in R and
R2. In the one-dimensional case, this is best summarized as follows ([3] and the references therein):

T-S(R) & T-S(Z) <= VNT-S(Zy)
and
S-T(R) = S-T(Z) = VNS-T(Zy),

where S-T(G) denotes the fact that the Spectral =Tiling direction holds in G, while T-S(G) denotes
that fact that the reverse implication is true.

We emphasize that the equivalence of the Spectral =Tiling direction between the ‘continuous’ and
the ‘discrete’ settings depends on rationality of spectrum: the claim that every spectral subset of R
of measure 1 has a spectrum in Q, which is a difficult problem in its own right. Another important
ingredient for this yet unproved equivalence is the periodicity of spectrum [10].
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This conjecture has a renewed interest in the setting of finite abelian groups during the last few years,
mostly due to the counterexamples mentioned above. In the cyclic case, Laba first connected [17] the
work of Coven and Meyerowitz [1] on tiling subsets of integers to Fuglede’s conjecture and proved
subsequently that tiles of Z of cardinality p’™ or p""¢", where p, q primes, are also spectral; the reverse
direction holds when the cardinality is p”. These arguments can be adapted to the finite cyclic group
setting, proving that the Tiling = Spectral direction is true for finite cyclic groups of order p™¢". For a
self-contained account, we refer the reader to [23]. Moreover, both directions of Fuglede’s conjecture
hold for cyclic groups of order p™; again, self-contained proofs can be found in [5] and [23].

We mention in passing two another recent breakthroughs in Fuglede’s conjecture. This conjecture
has also been confirmed for the field of p-adic rational numbers Q,, [4, 5] and for convex bodies in
R4 [21]. We return to the setting of this paper, namely finite abelian groups. For finite abelian groups
with two generators, it has been shown that Fuglede’s conjecture holds in Z,, X Z,, [11], a result later
extended to Z,, X Z p? [32] and very recently to Z,, X Z,» [37]. When the generators are at least four, the
Spectral =Tiling direction fails when the cardinality of the group is odd [8].

The goal of the present article is to develop tools and prove facts about spectral subsets of Zy,
especially when N has at most two distinct prime factors. We note that the conjecture is known to be
true when N = p"q [23] or N = p”q2 [13], i.e., when one of the exponents is < 2. The methods and
techniques developed herein extend these results, thus ‘raising’ the exponent of g:

Theorem 1.4. Let A C Zy be a spectral set, where N = p™q", with p, q distinct primes. Then A tiles
ZnN if one of the following holds:

1. p<gandm <9orn <6.
2. p"? < gt
Fuglede’s conjecture in Zy when N = p"¢" seems within reach. It is the hope of the author that the
methods developed here to ‘raise’ the exponent, combined with the recent proofs of Fuglede’s conjecture
in the groups Z,,4, [31], Zqur [33],and Z,, [12], where the number of primes dividing N is increased,
will provide the groundwork towards a more effective attack on the one-dimensional Fuglede conjecture.
Regarding the Tiling =Spectral direction, we will provide a proof in cyclic groups of order
p'{p2- - pi; this direction was previously known for groups of order p™q" [17] (see also [23]) or of
square-free order (proven in Terence Tao’s blog! by Laba and Meyerowitz; see also [31]). Very recently,
it was also proved for groups of order (pgr)? [18, 19].
Theorem 1.5. Let N = p'ps - px, where p,. .., pi are distinct primes. If A C Zy tiles, then A is
spectral.

Even if Fuglede’s conjecture is proven for Z,m ¢, one should be cautious before conjecturing further
that this might be true in all cyclic groups. For example, several strengthened versions of the Tiling
= Spectral directions, such as the conjectures of Sands [28] and Tijdeman [36], are known to hold when
N has the form p™g", but they break down when N has at least three distinct prime factors due to
counterexamples given by Szabo [34]. Furthermore, the main tools used here, such as the structure of
vanishing sums of Nth roots of unity [20] and primitive subsets of Zy , are much stronger when N has
at most two distinct prime factors.

The different tools needed for the proofs of the above theorems are laid out in Sections 2 and 3. In
Section 4, we prove 1.5, which is based on an inductive approach and is relatively easy to follow. The
remaining sections are exclusively devoted to the two-prime case, N = p¢", and they are much more
technical and demanding. Theorem 1.4 is eventually proven in Section 11.

2. Multisets and mask polynomials

We denote by Z the cyclic additive group of N elements. A multiset A in Z; is a collection of elements
of Zx along with some multiplicities: Any element a € A appears m,, € N times in A. The characteristic

Thttps://terrytao.wordpress.com/2011/11/19/some-notes-on-the-coven-meyerowitz-conjecture/
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function of A is denoted by 14, and is defined by 14(a) = m,. It is understood that, if A is a proper set,
this function takes only the values 0 and 1. The support of the multiset A, denoted by supp A, is simply
the subset of Zy of elements that appear at least once in A; in other words, supp A = supp(14).

Definition 2.1. Let A be a multiset of elements in Zy. The mask polynomial of A is defined by
A(X) = Y e4 ma X and is considered as an element in Z[ X] /(X" — 1). As such, the values of A(X)
on the Nth roots of unity {¢, 1 < d < N, (here {y = ¢**"/V) are well-defined, i.e., independent of
the representative of their class mod(X”" — 1). Also, for every d € Z define the multiset d - A whose
characteristic function is

1g.a(x) = Z 14(a).

a€zZn ,da=x

The support of d - A will simply be denoted by dA. Finally, the multiset of elements of A that are
congruent to j mod m for m | N will be denoted as A mod m-

Example. If A = {0,3} C Z, then 2A = {0}, while 2 - A = {0,0}; moreover, A(X) = | + X?
mod (X6 - 1), 2A)(X) =1, (2- A)(X) = 2. Also, Agmod 3 = A, While A| mod3 = A2 mod 3 = @.

In general, the following holds for the mask polynomial of m - A:

Proposition 2.2. Let A be a multiset with elements from Zy . Then A(X™) = (m - A)(X) mod (XN —1)
foreverym € N. If m | N, then

N/m-1 .
A(X™) = Z 1A mod N /m|X?™ mod (XN = 1).
=0

Proof. We have

A(X™) = Z x/m = Z X¢ mod (XN - 1),
jEA JEA
jm=g mod N

and the last one is precisely the definition of the mask polynomial of the multiset m - A. If m | N, then

N /m-1
Z X8 = Z X8 = Z 1A} mod N /m| X/ mod (XN - 1),
jeA JjeA Jj=0
Jjm=g mod N j=gm~' mod N /m
as desired. O

The Fourier transform of functions on Zy is defined as

fy=>" fld™.

dezZn

The values of mask polynomials A(X) on Nth roots of unity have the following relation with those of
the Fourier transform of 14:

1a(d) = AL,

The reduced residues modN will be denoted as usual by Z},. The group Zy is partitioned into the
subsets

dZy ={x € Zy : ged(x,N) = d} = {x € Zy : ord(x) = N/d}, 2.1
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called divisor classes, where d runs through the divisors of N. Since we will evaluate polynomials on
Nth roots of unity, we unavoidably have to use the cyclotomic polynomials ®,4(X) for d | N, which is
the irreducible polynomial of {; over Q, and is factored as

o (X) = [ [ (x-25).

8EZy

Therefore, divisibility of A(X) mod (X" — 1) by cyclotomic polynomials of degree d | N, denoted by
®,(X), also makes sense as XV — 1 = [Tany @a(X). @a(X) | A(X) would then hold precisely when
A(¢y) = 0, which would also imply that A({ﬁ) =0 forevery g € Zy with gcd(d, g) = 1. From this, we
readily deduce that the zero set

Z(A) = Z(1a) = {x € Zn : A(LY) = 0}

is a union of divisor classes.

3. Tiles and spectral subsets
These notions are similarly defined when we work on a finite cyclic group.

Definition 3.1. Let A C Zy. We say that A tiles Zx by translations if there is some 7' C Zy such that
any element of Z can be written uniquely as a sum of an element of A and an element of 7. T is called
the tiling complement of A, and we write A @ T = Zy; we will also call (A,T) a tiling pair. We call A
spectral if there is some B C Zy with |A| = |B| and the exponential functions

ep(x) = {3
are pairwise orthogonal on A, that is,
(eprepda= D ™" =0, 3.1)
acA

for every b, b’ € B, b # b’, or equivalently, the matrix

1 ( ab
N
|A]

)aeA,beB
is unitary. In this case, B is called a spectrum of A, and (A, B) a spectral pair of Zy .

Using mask polynomials is very useful when describing tiling properties. The following was proven
in [1] (Lemmata 1.3 and 3.1).

Lemma 3.2. Let A, T be multisets in Zy. Then A and T are proper sets and form a tiling pair if and
only if

AXTX)=1+X+---+ XV T mod (XN -1).
Furthermore, if m is prime to |A|, the above equation also implies
AX™MT(X)=1+X+---+ XY T mod (XN - 1),

i.e., m - A is also a tiling complement of T.

Remark. Lemma 3.1 in [1] actually proves the second part when m = p a prime; however, one could
use this repetitively for all primes dividing m and obtain the above result.
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Spectrality and the tiling property impose some structural properties on the difference set A — A.
Theorem 3.3. Let A C Zy.
(i) B C Zy is a spectrum of A if and only if |A| = |B| and B— B € {0} U Z(A).
(ii) A tilesZny by T C Zy, ifand only if N = |A||T| and (A — A) N (T - T) = {0}.
(iii) If (A, B) is a spectral pair of Zn and m € Zy,, then (A, mB) is also a spectral pair.
Proof.

(i) This almost follows by definition. The space of functions f : A — C has dimension |A|; therefore, a
spectrum must have the same cardinality. Furthermore, by equation (3.1), we get that any b, b’ € B
with b # b’ must satisfy b — b’ € Z(A).

(ii) Since every element of Zy can be expressed uniquely as @ +¢ witha € A, ¢ € T, we get a bijection
between Zy and A X T, proving N = |A||T|. Furthermore, suppose that a,a’ € A and t,t’ € T
satisfya—a’ =t—t'. Then a+1t’ = a’ +1t, so by uniqueness of representation of a +¢” as an element
of A and an element of 7, we must have @« = a’ and ¢ = ¢, proving the desired fact.

(iii) We will show that m(b — b’) € Z(A) for every m € Z}, and b, b’ € B with b # b’. Assume that
b — b’ € dZj},; hence, by equation (3.1), we get A({I‘f,g) = 0, where b — b’ = dg mod N, with
g € Zy,. Then @y /4(X) | A(X); thus,

0= A(LE™) = A(LR®™D),

completing the proof.

Another way to express Theorem 3.3(i) is the following.
Corollary 3.4. Let (A, B) be a spectral pair in Zy . Then A({ora(p-1y) = 0, forall b, b” € Bwithb # b’.

Proof. This follows from Theorem 3.3(i) as Z(A) contains all divisor classes dZ%, for which there are
b,b’ € B satisfying b — b’ € dZ},, so by equation (2.1) ord(b — b’) = N/d, or equivalently, /57" is a
primitive N /d-th root of unity, yielding

A(dnya) = Aldorap-1r)) =0,
as desired. O

Denote by S™ be the set of prime powers dividing N, and let S = {s € SV : A({;) = 0}. We define
the following properties:

(T1) A(1) = [T gy (1)
(T2) Let sy, s2,...,5¢ € Sg be powers of different primes. Then @, (X) | A(X), where s = s1 - - - 5.

These properties implicitly assume that the cyclic group under question has order N (see also [16]).
Sometimes, a set A C Zp might be reduced modM, for some M | N, M < N, when no two elements
of A are congruent modM. In this case, we will explicitly mention the underlying group and say, for
example, that ‘A satisfies (T1) and (T2) in Z,,’. For subsets of Z, these properties were first defined
by Coven and Meyerowitz [1] to study tiling subsets of integers. They proved that (T1) and (T2) (for
integers) imply that A tiles Z; furthermore, if |A| is divided by at most two distinct primes, then (T1) and
(T2) are equivalent to tiling. On the other hand, Laba [17] proved that it also implies that A is spectral.
Here, we will show that the same situation carries to the finite cyclic case.?

2Although (I) and (II) can easily be proven using the arguments for subsets of integers, we provide a self-contained proof here.
In particular, the spectrum constructed in equation (3.2) is very similar to the one constructed in the proof of Theorem 1.5 in [17].
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Theorem 3.5. Let A C Zy.

(D If A satisfies (T1) and (T2), then it tiles Zy .
(1) If A satisfies (T1) and (T2), then it has a spectrum.
(II) If Nis divisible by at most two distinct primes, then A tiles Zy if and only if it satisfies (T1) and (T2).

Proof. Suppose that A C Zy satisfies (T1) and (T2). Denote by N the maximal divisor of N that is
prime to s. For example, if

N=P7]sz”'[7,(:k,
then
Nom =p& ... p%  Vmwithl <m <
pin =D, P s m wi <m<aj.

Consider the polynomial

T(X) = 1_[ D, (XN).

seSN\SY

By construction, S = SV \ S and |A||T| = N. Next, we will show that A(X)T(X) vanishes on any
Nth root of unity. Let X = {4, d | N. We write

d=p.. ph,

with0 < B; <a;,1 <j<k.Ifs= pf’ € SY for some j so that d = s - dy, then ®4(XN+) divides
T(X) and dy divides Ny; therefore,

(L") = 05(45) =0,

for g = N, /d,, which is prime to s, yielding T(Z4) = 0. Otherwise, every p’f’ e S, and since A satisfies

(T2), we get Dy(X) | A(X) or, equivalently A({y) = 0. Combined with |A||T| = N, this implies
AXTX)=1+X+--+ X" " mod (XN -1);

thus, 7'(X) is the mask polynomial of a set T C Zp, which is a tiling complement of A, proving (I).
For (I1), we define the set B C Zy consisting of all elements of the form

N
2 ks (3.2)
SESQJ
where for each s € S%, ks ranges through the set {0,1,...,p — 1}, where p = ®,(1) is the prime

dividing s. Different choices of kg, s € SZ give different elements, yielding |A| = |B| since A satisfies
(T1). Moreover, an element in B — B has the form (3.2), with the difference that |kg| < ®@4(1) holds
instead of 0 < kg < ®;(1) — 1. The order of ks% with |kg| < @4 (1) is exactly s. Based on this simple
fact, the order of a nonzero element of B — B is sys3 - - - s¢, Where s1,...,5¢ € SQ powers of distinct
primes. Since A satisfies (T2), we will then have A({ora(p-p)) = 0 for every b, b’ € B, b # b’, so B is
the spectrum of A by Theorem 3.3(i) and Corollary 3.4.

A proof for part (III) is in [23]. O

Using (IT) and (IIT) we can easily deduce:

Theorem 3.6. If A tiles Zy, where N is divisible by at most two distinct primes, then A has a spectrum.
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4. Proof of Theorem 1.5

Here, we will test the tools of the previous section to prove the Tiling = Spectral direction in Zx, where
N = p{'p2p3--- pn, where py, ..., py are distinct primes and m, n > 2 are integers. We will do so by
proving that (T1) and (T2) always hold for a tiling subset of Zy .

Suppose that A C Zy tiles Zy by translations so that A@ T = Zy . If gcd(|A|, |T|) = 1, then Lemma
3.2 implies that

AXTXM)Y=1+X+---+ XV T mod (XN - 1), 4.1

where M = |A|. Therefore, M - T is a proper set; moreover, |M - T| = |T|=N/Mand M -T C MZy,
whichyield M - T = MZy, i.e., A tiles by the subgroup MZy or, equivalently,

AX)=1+X+---+ XM = 1_[ ®4(X) mod (XM —1).
1<d|M

From the last representation of A(X) as a product of cyclotomic polynomials mod (X* —1), it is evident
that A satisfies (T1) and (T2) in Zx and hence is a spectral subset of Zx . We remark that the direction
Tiling =Spectral holds for every tiling subset A C Zy satisfying gcd(|A|, N/|A]) = 1, regardless of
the primes dividing N, using the same argument.

We proceed to the difficult case, where gcd(|A|, |T|) > 1, and hence, gcd(]A], |T|) is a power of p;.
Let M be the maximal divisor of |A| that is prime to p;; in particular, gcd(M, |T|) = 1. Hence, as before,
M - T is a proper set and also a tiling complement of A by Lemma 3.2 so that equation (4.1) holds. Next,
suppose that

¢ ¢,
st = {pl‘,.--,pl ,pz,..-,pk}
so that
Sy =SNASY = {p™, ™ prets )
where the sets of exponents {1, ... ¢} and {m, ..., m } form a partition of {1,2, ..., m} by equation

(4.1). It is clear that A satisfies (T1) as
[Al-|IT[ =N, pip2---px | A, pipks1---pa | IT]

imply that [A| = p{p2---pi (besides, it is already known that tiling always implies (T1) in every
Zn or in Z [1]). For the property (T2), consider first d to be a composite divisor of p, --- px = M.
Then T(gé”) =T(1) # 0; hence, A({y) = 0 by (4.1), verifying (T2) when we consider primes among

P2, - - ., Pk- Next, consider a root of unity of order p? d (d | M as before); we get

T(M, ) =T = (T 1)) #0,
prd 12 Py

for some o € Gal(Q(g’pq,-)/Q), since p; ¢ %, whence
1
@ 1, () | ACX).

confirming (T2) completely for A. By Theorem 3.5(II), A is spectral, completing the proof of
Theorem 1.5.
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5. Vanishing sums of roots of unity

Let G = ({n), the cyclic group generated by the standard Nth root of unity. Consider the group
ring Z[G], the ring of all formal integer linear combinations of Nth roots of unity. It is known that
Z[G] = Z[X]/(XN 1), so we may represent an element of Z[G] by a polynomial with integer
coefficients modulo XV — 1. Z[G] is equipped with a natural evaluation map, say v, which simply
evaluates the given sum. Considered as an element of Z[X]/(X™ - 1), say F(X), the effect of the
evaluation map is v(F) = F({n), as expected.

When this sum vanishes, we obtain some information on the structure of F(X). We note that
®,(¢p) = 0 for p prime implies that

1+§p+~~~+§,’,’_1

is a vanishing sum of roots of unity. The same holds true for any integer linear combination of sums of
this form, multiplied by roots of unity. The following theorem, attributed to Rédei [26, 27], de Bruijn [2]
and Schoenberg [30], shows that the converse is true as well. We will express it in polynomial notation.

Theorem 5.1. Let F(X) € Z[X] with F({n) = 0. Then

F(X) = Z Fp(X)®,(XN/P) mod (XN - 1),
PIN, p prime
where Fj,(X) € Z[X].

When N is divisible by at most two primes and F(X) has nonnegative coefficients, we obtain
something stronger. This is due to Lam and Leung [20].

Theorem 5.2. Let F(X) € Zso[X]. Then F({n) =0, where N = p™q"™ and p, q primes if and only if

F(X) = P(X)®,(XN'P) + Q(X)®,(XN/9) mod (XN - 1)

for some P(X),0(X) € Zso[X]. IfF(gl{’,k) # 0 (respectively, F(§]‘f][) # 0) for some 1 < k < m (resp.,
1 < ¢ < n), then we cannot have P(X) = 0 mod (XN — 1) (resp., Q(X) = 0 mod (XN —1)).

This is no longer true if N has at least three distinct prime factors, say p, g, r, as the polynomial
F(X) = (@, (XM/P) = 1)(@q (XN/9) = 1) + (@, (XV/") = 1)

satisfies F'({n) = 0 but has no such representation.
We observe that

q)p(XN/P) =14+ XxN/P L x2N/p ...+ x(p-DN/p

is the mask polynomial of the subgroup of Zy of order p. In general, for d | N, the cosets of the subgroup
of order d, X7y, will be called d-cycles. So, Theorem 5.2 asserts that a vanishing sum of roots of
unity of order N = p"¢" can be expressed as a disjoint union (i.e., as multisets, counting multiplicities)
of p- and g-cycles. This is very important when we consider the difference set A — A of a spectral set
A C Zy with A({nx) = 0 as it yields both %ZN, %ZN € A — A under certain mild conditions, which
in turn gives roots for the mask polynomial of the spectrum B due to Theorem 3.3(i).

The condition A({n) = O is satisfied when a spectrum B is primitive. We will subsequently focus
on spectral pairs (A, B) of primitive sets. Otherwise, we may consider A and B (after an appropriate
translation) as subsets of a proper subgroup.

Definition 5.3. Let G be a finite abelian group and 7" a subset. We call T primitive if it is not contained
in a coset of a proper subgroup of G.
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Lemma 5.4. Let G = Zy with N = p™q". A subset T C G is primitive if and only if (T —=T) NZ}, # @.

Proof. Since T is primitive, for a givent € T it would hold t =T € pZy and t — T € gqZy, yielding
t',t" e Tsuchthatt —t' ¢ pZn,t—t" & qZy. If eithert —t' ¢ qZy ort —t” ¢ pZy, then we
gett—t" € Zy, ort —t"” € Z},, respectively. Otherwise, t —t" € gZy and t —t"" € pZy; therefore,
t'—t" ¢ pZy UqZy, givingt' —t" € Z},, thus (T —T) N Z}, # @. The converse is trivial. O

Proposition 5.5. Let A C Zy. Suppose that there is j such that A N (j + %ZN) =A is not

i N
Jj mod P

supported on a p- or g-cycle. Then (A — A) N %ZX, + @.

Proof. Let j be as in the hypothesis, and without loss of generality assume that A C j + %ZN or,
equivalently, A = A j mod V- Translating A does not affect the conclusion, so we may further assume
r4q

that j = 0. This confines A in the subgroup of order pq. Dividing every element by %, we can assume
that N = pq. The problem has thus been reduced to the following: Assume that A C Z,,, is not a subset
of a p- or a g-cycle, then (A — A) N Z;q # @. Indeed, this is the case, since A is primitive, so the
conlcusion of the reduced problem follows from Lemma 5.4 withm =n = 1. O

Lemma 5.6. Let A C Zy with N = p™q". Suppose that there is d | % such that (qd) - A is a union of
p-cycles, but A({I‘\i,) # 0. Then

N
(A—A)ﬁ@ZE;b@.

If, in addition, A is spectral, then B({pqaq) = 0 for any spectrum B of A.

Proof. By hypothesis and Proposition 2.2, we have
A(X94) = P(X)®,(X"/P) mod (XN - 1).
Consider the intersections of dA with the cosets of the subgroup of index pg, namely

1 N,
J mod pa

dAn G+ Zy) = (dA)
Pq

where 0 < j < I’j—q—l.lf (dA)

contained in j + I])V—qZN. Indeed, if da € (dA)

jmod L # @, then it intersects every coset of the subgroup %ZN
r4q

: ~ , then
Jj mod g’

N
gda+i— € qdA
p

for 0 < i < p — 1 by hypothesis, so, for each i, there is a’ € A such that gda’ = gda + i% mod N;
therefore,

N N
da’ =da+i— + k— mod N
Pq q

for some k. Each element of the form da + i}’)v—q + k% belongs to a different g-cycle of j + ;V—qZN, and
since there are exactly p of them, dA intersects them all. If every pair of elements da, da’ € (dA) ; ;04 &

lying on two different g-cycles belongs to the same p-cycle, then it is evident that (dA) jmod I IS @
rq
single p-cycle. By hypothesis, the multiset (¢d) - A contains the entire p-cycle gj + %ZN with some
multiplicity (i.e., every element in this p-cycle appears with the same positive multiplicity in (gd) - A),
since (dA) jmod & F@. We have proven that the elements d - A restricted to j + %ZN (i.e. the inverse
rq
image of qj + %ZN under the multiplication by ¢ map) are supported on a single p-cycle; therefore,
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this p-cycle must appear with the same multiplicity in d - A as gj + %ZN appears in (gd) - A. Thus,
if every (dA) is supported on a p-cycle, we conlcude that d - A is also a union of p-cycles as a

multiset, giving A(¢ ,‘\1]) = 0, a contradiction.
This proves the existence of da, da’ € (dA) mod 2L lying on two different g-cycles, and two different
ra

J mod N
ra

p-cycles as well, for some j. Then (dA) j mod L is not supported on a p- or g-cycle, so by Proposition 5.5
rq

(dA — dA) N EZI*\, + 0,
pq

gl—qZ}‘v, which shows that ord(a — a’) = pqd,
indeed, as pgd(a — a’) = 0 mod N, while pd(a —a’) € %ZX] and gd(a —a’) € %Z;,. This implies
that (A — A) N %ZXJ # @, hence B({pqq) = 0 for any spectrum B of A by Corollary 3.4, completing

the proof. O

or equivalently, there are a,a’ € A such that d(a — a’) €

6. Some special cases

For the rest of this article, we restrict to N = p™q", where p, g are distinct primes. There are some
special cases that yield somewhat easily the Spectral =Tile direction and serve as building blocks in
more general cases.

Consider the natural map Z[X] - F,[X], which is just reduction of the coefficients modg. The
image of a polynomial P(X) € Z[X] will be denoted simply by P(X). Reducing the coefficients modulo
a prime dividing N seems very advantageous when a small power of said prime appears in the prime
decomposition of N.

Theorem 6.1. Let p, g be distinct primes and N = p""q", where m, n are positive integers. Suppose that
A C Zy is spectral such that pq 1 |A|. Then A tiles Zy by translations.

Proof. Without loss of generality, we may assume that g { |A[. It holds A(Z) # 0 when 9" = 1;
otherwise, A(X) would be divided by some cyclotomic polynomial @« (X) for some 1 < k < n, and
as a consequence, g = @« (1) would divide A(1) = |A], a contradiction. Next, consider the set

R={re[l,m]:A({prl,) =0, forsome k,0 < k < n}.

Define the following polynomial

F(X) = A(X) ]—[ @, (X), (6.1)

I<r<m
réR

which has nonnegative integer coefficients. We will show that F(1) < p™ or, equivalently, A(1) < p!R!.
To this end, consider the spectrum B of A, which satisfies |A| = |B| and B— B C {0} UZ(A) by Theorem
3.3(i). Since A(¢) # 0 when 9" = 1, we obtain (B — B) N p"Zx = {0}; therefore, any two distinct
elements of B are not congruent modulo p" (giving a first estimate of |A| < p™). So, we may write for
every b € B

b=bo+bip+-+by1p" ' 'modp™, 0<b;<p-1,0<j<m-1

and observe that no two elements of B correspond to the same m-tuple (b, ..., b,,—1). Moreover, no
two elements of B can agree on all p-adic digits b, for m — r € R. If such elements existed, say b # b’,
then p” | b—b’ for some m—r ¢ R, and since (A, B) is a spectral pair, we should have A({pm-r{x) =0
for some k by Corollary 3.4, contradicting the fact m — r ¢ R. This clearly shows that |A| < p!Rl and
thus F (1) < p™.
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Next, we will show that Epr (X) | F(X) in Fy[X] for1 <r <m.If r ¢ R, this follows immediately
from equation (6.1). If r € R, then by definition @, .« (X) | A(X) for some &, hence @, .« (X) | F(X),
where p” ¢* | N. Using standard properties of cyclotomic polynomials, we get

r=1_k

. @, (xP
D g (X) = @pg(XP14 )y = Lo
P qk( ) pq( ) q)p(Xpr—lqk—])

Reducing coeflicients modg, we obtain

- pr—l k
_d>,,(X )‘1 _ ap (Xpr—l)qk—l(q_l) _ apr (X)qk—l (q—l).
()

Therefore,

in F, [X], say
F(X)=(XP""+.--+ DG(X).
Now, we reduce mod (X?" — 1). Since
XxP" e+ D) =XxP" 4o+ T mod (XPT - 1)
for every £, we get

m_1

F(X)=G(D)(XP"'+...+1) mod (XP" - 1), (6.2)

where G(1) # 0 (in F;) by assumption. Consider the remainder of the Euclidean division F(X) :
XP" — 1in Z[X], say R(X). It is not hard to show that R has also nonnegative coefficients; indeed, if

F(X) = 3287 £ X € Zoo[X], then

"]
R(X) =p2 D, Je|xtezZuolxl.

k=0 \¢=k mod (p™-1)

All coefficients of R(X) must be congruent to ¢ = G(1) mod ¢ due to equation (6.2). Without loss of
generality, we may assume O < ¢ < g; hence, positivity of the coefficients of R implies

R(X)=c(XP" "+ +1) +40(X),
where Q(X) € Z>o[X]. Therefore,
F(1) =R(1) = cp™ +4qQ(1) = p",
implying F(1) = p™ and Q(X) = 0. From this we obtain
F(X)=X""""+...+1mod (X?" - 1)
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in Z[ X]. Clearly,

q"-1
F(X) Z XP"s = XN 4 4 1 mod (XN - 1),
s=0

so, for the polynomial C(X) € Z[X] with nonnegative coefficients defined by

q"-1
cxy={ 2 x| ] @ x),
s=0 I<r<m
réR

we have
AX)C(X)=XN T+ .41 mod (XN - 1),

implying that C(X) is the mask polynomial of a set C which is the tiling complement of A. This
completes the proof. O

Theorem 6.1 proves the Spectral = Tiling direction for sets A whose cardinality is prime to either p
or g. On the other extreme, the same holds when the cardinality is divisible by the maximal power of
either p or ¢, dividing N.

Proposition 6.2. Let N = p™q" and A C Zy spectral such that p™ | |A| or q" | |A|. Then A tiles Zy .

Proof. Without loss of generality, p™ | |A|, and let B be a spectrum of A. Suppose that
SE ={p™, ..., p™, g™, g,
where ]l <m; <---<mg<mand1<n; <---<n; <n.Since
Oy (X) - @y (X)) | B(X),
we obtain
p"q" | 1Bl =A|

by putting X = 1, and using the hypothesis. For every j, consider A; ynod pm. Since Aj mod pm —
Ajmod pm € p™Zn, we must have

Ajmod pm — Ajmod pm € {0} U p™g"TMZY, U--- U p™g" TR T, 6.3)
by Theorem 3.3(i). As usual, we consider the (finite) g-adic expansion of each a € Zy as
a=ag+aiqg+arg*+---+an1¢" ' mod¢", 0<a;<qg-10<i<n-1.

Suppose that |A; mod pm| > qk for some j. This would imply the existence of a,a’ € Aj mod p that
would have the same g-adic digits at positions n — ny, ..., n — ng; hence, a — a’ would not belong to the
above union, contradiction. Thus, |Aj med pm| < g* for all j, and in light of p™g* | |A|, we must have

k .
|Ajmodpm| =q", Vj.

This further implies A({,,¢) =0, 1 < ¢ < m. Using the same argument as above, where we reverse the
roles of A and B, we also obtain B(g,,p) =0, for1 < ¢ < m, whence

|Bjm0dpm| =61k, Vj.
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Next, consider
SQ’ = {p,pz,.. P g, . ..,q‘”},
where 1 < s1 < --- < s; < nsothat
Dysi (X) - Dyt (X) | A(X),
and putting X = 1, we get ¢’ | |A|, which yields ¢ < k. We actually have 7 = k since
B mod pm — Bjmod pm = {0} U p™q" " ZN, U--- U p"g" LY, (6.4)

for every j, and |B; mod pm| = qk. If t < k, then there would exist b, b’ € B; nod pm, b # b’ whose
g-adic expansions modg" agree on all g-adic digits corresponding to g%, 1 < i < ¢. But then

b _ b/ € {0} U pmqn—slza;v U---U pmqn—s,ZX],

contradiction. Thus, ¢ = k and in particular, A satisfies (T1).
Next, consider the polynomial

k
A(X) = ]—[ i (XP").
i=1

As the coefficients of A(X) are O or 1, it is the mask polynomial of a set A C Zy with cardinality
|A| = A(1) = ¢*. By equation (6.3), A is then the common spectrum of the sets A j mod pm. It holds

k
Upmqni_IZX] CA-AC {O} U Z(Aj mod p'”)

i=1
for every j by Theorem 3.3(i); therefore,
Aj mod pm(é,qn,—ni-%-l) = 0, 1 < I < k, V_]
Thus, A({ n-n+1) =0, 1 <i < k, proving eventually thatn; +s; =n + 1, and

n-ny+1 n,nk+]}
5. .

Si\(z{p,pz,...,pm,q . q
Next, we fix j and consider the polynomial F(X) satisfying
Aj mod pm(X) = X/ F(XP") mod (XN - 1).

Since @ n-n;+1 (X) | F(XP")for1 <i < kand p™is prime to g""%*!, we also have D@ nnirt (X) | F(X).
Therefore, for 1 < £ < m, we have

. m : m-¢
Ajmoa pm (Epegnnis) = E0p e FCDy i) = Lo nnn F(L00) =0,
proving
A(pegnns) =0, 1 Si <k, 1 <€ <m;
thus, A satisfies (T2) as well, hence tiles Zy by virtue of Theorem 3.5(I), as desired. O

The techniques developed so far cover the result proven [23].
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Corollary 6.3. Let N = p"q. Then A C Zy is spectral if and only if it is a tile.

Proof. If A tiles, then it is spectral by Theorem 3.6. Suppose that A is spectral. If ¢ 1 |A|, then A tiles
by Theorem 6.1; if g | |A|, then A tiles by Proposition 6.2. O

7. Sketch of the proof of Theorem 1.4

Before proceeding to the most technical part of the proof of Theorem 1.4, we will describe the main ideas.
First of all, the proof is inductive in nature. So far, there are some positive results involving products of
two prime powers (for example, Corollary 6.3), so we may work in a group Zy with N = p™g" such
that Fuglede’s conjecture holds in all proper subgroups of Zy . In other words, it holds in all groups of
the form Zy; with M | N,M < N.

If (A, B) is a spectral pair in such a group, we may easily make some reductions for both A and B.
If either A or B is a subset of a coset of a proper subgroup, we reduce to a spectral pair in a subgroup
of Zy . Hence, we obtain the tiling property in the smaller group, which in turn implies that A tiles
Zn (Proposition 8.2). Therefore, we reduce to the case where A and every spectrum B are primitive.
Primitivity implies that both difference sets A — A and B — B intersect Z}, by Lemma 5.4. Then Theorem
3.3(i) yields that ¢y is a root of both A(X) and B(X) (Corollary 8.3). Hence, each of them is a disjoint
union of p- and g-cycles by Theorem 5.2. We obtain thus a first strong information about the structure
of both A and B, which in turn shows that A — A and B — B intersect other divisor classes, which provide
more roots for A(X) and B(X), hence more information about A and B, and so on.

Further reductions are possible. If A is a union only of p-cycles (or only of g-cycles), then we can
again reduce the problem to a smaller subgroup where Fuglede’s conjecture holds, which yields that A
tiles Z,y. We can thus reduce to the case where A is not a union only of p-cycles or only of g-cycles
(Proposition 8.4). The same fact applies for every spectrum B of A; however, it is more difficult to prove
(Corollary 10.8).

Next, we consider subsets of a spectral set A C Zy, of the form A moaq = A N (j + dZy ), where
d | N.If, say, pd | N, we have the obvious partition of A nod a

p-1
Ajmodd = u Ajikd mod pd>
k=0

and a same partition holds when gd | N. If all sets in the above disjoint union have equal cardinalities,
then we say that A 04 ¢ is equidistributed modpd, and on the other extreme, if only one of the above
sets is nonempty, we say that A; o4 ¢ is absorbed modpd. One or the other property holds when a
certain combination of roots of A(X) and B(X) appears (Lemma 9.2). Taking into account how A nod ¢
distributes mod pd or mod gd and then taking the difference between sets in the union above, we obtain
information not only about the roots of B(X) (using Theorem 3.3(i)) but also of A(X). This is the
content of Section 9.

If thereis some d = pk (respectively, d = qf) such that either A j 04 ¢ OF B mod ¢ is absorbed mod pd
(respectively, modgd) for every j, then we can extend both sets so that we obtain a new spectral pair
(A’, B") (Lemma 9.3, Corollary 9.4, Lemma 9.6). Both A” and B’ are absorption-free, and A’ = A @ S,
for some S C Zy for which 0 € S. In particular, if A’ tiles, then so does A. With this argument, we may
further reduce the problem to those spectral sets A that are absorption-free as well. This certainly holds
true when A € % (N) has maximal size; we denote the set of all such spectral sets by Fpax (N).

The failure of Fuglede’s conjecture in Zy, especially when it holds for all proper groups Zy , imposes
some symmetry on the roots of the mask polynomials of the spectral pair (A, B) when A € F(N)
(Lemma 10.3 and Proposition 10.4). This result, along with subsequent ones, is obtained by checking
how sets of the form B oq ¢ OF Aj mod ¢ distribute modpd and modgd (i.e., especially when we have

absorption or equidistribution) when d ranges through the powers p, p2,... or ¢,q>. ... Arguments
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of this type are used in the proofs of Lemma 10.5 and the more technical Lemmata 11.4 and 11.8 (in
Lemma 1 1.4 we also examine the distribution of sets of the form A ;o4 pm-r-1gn-1).

Lemma 10.5 is the first indication that, if A € Fpnx(N), then (T1) fails for every spectrum B so
that B € Fpax (N) (Corollary 10.7). We recall that every root of the form {,~ contributes a factor of p
in the cardinality of B; Lemma 10.5 states also that we get a contribution of a factor of p even when
B({p~) # 0 = B({p~4). Lemma 11.4 estimates the number of such x, and then Lemma 11.8 estimates
the number of x for which the symmetry of root patterns fails, called herein the root deficit. These
estimates eventually lead to the desired result when one of the exponents m or n is small enough or
when p"2 < ¢*.

8. Primitive subsets and an inductive approach

The existence of a spectral subset A C Zy that does not tile imposes a very rigid structure on A that is
impossible to appear in a subset of Zy under certain conditions. This is the main argument for proving
Fuglede’s conjecture in certain cyclic groups of order N = p™q". We will usually consider groups such
that Fuglede’s conjecture holds in all proper subgroups.

Definition 8.1. For two distinct primes p, g, define the following set:
Sp,g = {N = p™q" : Zy has spectral subsets that do not tile}.
We distinguish also the minimal elements in terms of division by defining the following subset of &), ,:
Sna=1{N€S8pq: VM| N satisfying M # N, itholds M ¢ S 4}

or, equivalently, N € &, , if Fuglede’s conjecture is not true in Z but holds in every subgroup of Z .
Finally, for each N € &), 4, we define

F(N) ={A C Zy : Ais spectral but does not tile}.

Remark. Fuglede’s conjecture holds in Z,m n for every m,n > 1 if and only if &, , = @. Throughout
this paper, we will usually show that Fuglede’s conjecture holds for a specific Zy (or a family of cyclic
groups) by showing that N cannot belong to &, 4 or, equivalently, that #(N) = @. We will do so by
proving some properties of the sets belonging to % (N), which will be impossible to hold under some
conditions, for example, if one of the exponents m, n is relatively small.

Now, we start proving properties for the sets defined above. We recall that a subset of Zy is called
primitive if it is not contained in a coset of a proper subgroup of Zy .

Proposition 8.2. Let A C Zy be a spectral set, N € &), ., such that A is not primitive or possesses a
nonprimitive spectrum, B. Then A satisfies (T1) and (T2) or, equivalently, A ¢ F (N).

Proof. Suppose that A has a spectrum B that is not primitive. Then a translate of B must be contained in
a maximal subgroup of Zy, i.e., either pZy or qZy . This translate is also a spectrum of A, so without
loss of generality, we may assume B C pZy . This shows the existence of B’ C Zy with |B| = |B’| and
B = pB’. The matrix

1 1 ab’

ab _
\/W(gN )aeA,beB B \/W(KN/p)aeA,b'eB’

is unitary by definition; hence, no two elements of A leave the same residue modN/p (as well as of
B’). Hence, (A, B’) can be considered as a spectral in Zyp,, so A(X) mod (XN/P — 1) satisfies (T1)
and (T2) by definition of Sl/)»q' This in particular shows that A({,m) # 0. Otherwise, (T1) would fail
modN/p. Therefore, (T1) and (T2) are satisfied by A(X) mod (XN — 1) as well.
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Next, suppose that A is not primitive so that A C pZy without loss of generality. As before, (A’, B)
would be a spectral pairin Zy /,,, where A = pA’, so A’(X) satisfies (T1) and (T2) by definition of &, .
We have A(X) = A’(XP) mod (XV — 1), hence A({p) # 0. The following show that A also satisfies
(T1) and (T2):

A (Lpigt) =0 =5 A(Lppergr) =0,
and
A'(£y) =0 = ALpgr) = ALgr) =0.
For the latter, consider ¢ such that pt = 1 mod ¢*. Then
A(gg) = A/ (L8 = A'(r) =0,
and by a Galois action, we get A({,«) = 0 as well. This completes the proof. O

Corollary 8.3. [fA € #(N), N € S, ,, then

-q
A(¢N)=B(¢N) =0
for any spectrum B C Zy of A.

Proof. By Proposition 8.2, A and every spectrum B are primitive. By Lemma 5.4, we get (A—A)NZ}, #
@ # (B — B) NZ%,, so by Theorem 3.3(i), we obtain A({ny) = B(¢{n) =0. O

Consider A € #(N), N € 8,
write

.q» and B a spectrum of A. By Corollary 8.3 and Theorem 5.2, we may

A(X) = P(X)®,(XN/P) + 0(X)®, (XN /) mod (XN - 1), 8.1
for P(X),Q(X) € Z5p[X], and
B(X) = R(X)®, (XN/P) + S(X)®, (XN/9) mod (XN - 1) (8.2)

for R(X),S(X) € Zso[X]/(XN — 1). Next, we will show that Fuglede’s conjecture is satisfied if P or
Q is identically zero.

Proposition 8.4. Suppose that A € F(N), N € &), .. Then A cannot be expressed as a union of p- or
g-cycles exclusively (i.e., Q = 0 or P = 0, respectively).

Proof. Let B be a spectrum of A, and suppose that A is a union of p- or g-cycles exclusively. Without
loss of generality, we may assume Q = 0 so that

A(X) = P(X)®,(XN/P) mod (XN - 1). (8.3)

For every a € A, we have a + %ZN C A,hence (A—-A)N %Z;, # @, implying B({p) = 0 and

1
|Bj mod p| = =B, Vj.
Jj mod p »

Since P(X) € Zso[X], the coefficients must be either O or 1; therefore, P(X) is the mask polynomial
of a set P C Zy . Furthermore, equation (8.3) shows that any element of P is unique modN/p, so we
may consider this as a subset in Zy /.

https://doi.org/10.1017/fms.2022.14 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.14

18 Romanos Diogenes Malikiosis

Next, we will show that each B; 104 ,, is a spectrum for P. Since
Bj mod p — B/ mod p = C pZy N (Z(A) U {0})

by Theorem 3.3(i), it suffices to show that A({I‘f,) = (0 implies P({l‘\l]) = 0 whenever p | dand d | N,
i.e., A(X) and P(X) have the same roots when we restrict to the %—roots of unity. But this is true since
(8.3) implies

A(X) = pP(X) mod (XN/P — 1),

therefore, A({]‘\lj/p) = pP({f\l]/p) for all d. We observe that each spectrum —j + B; mod p is a subset of
the subgroup of Zx of order N/p, which shows that P C Z, is spectral since |P| = |B; moq p| for all j.
By definition of &, . P satisfies (T1) and (T2). We remind that A(X) and P(X) have precisely the
same roots when we restrict to the %-roots of unity. In addition, A(X) vanishes for all other Nth roots
of unity as CDP(XN/”) | A(X), clearly showing that A(X) satisfies (T1) and (T2) as well. O

One might expect that a similar proof applies when B is a union of p- or g-cycles exclusively. However,
we didn’t manage to find such a straightforward proof but rather a complicated one. The crucial ideas
needed for this are examined in the next sections.

9. The absorption-equidistribution property

Definition 9.1. Let A C Zy, and let pd | N, where p is a prime. We call the set A; modq ¢ absorbed
modpd if there is k with 0 < k < p — 1 such that A; mod ¢ = Aiskd mod pa- We call it equidistributed
modpd if |Ai+kd mod pdl = %|Ai mod | forevery k withO < k < p —1.

A fundamental observation coming from the structure of the vanishing sums of roots of unity, i.e.,
Theorem 5.2, is the fact that A({x+) = 0 implies that each A; ;04 ¢ is equidistributed mod pkL.

Lemma 9.2. Let (A, B) be a spectral pair in Zy, N = p™q"™ and d a divisor of % such that

A(LD)B(Lpa) # 0= B({pga)-

Then each subset B; mod q is either absorbed or equidistributed modpd. Absorption occurs for at least
one i.
Proof. By Theorem 5.2, the multlset - B is a disjoint union of p- and g-cycles. Each such cycle is a
subset of a unique pg-cycle (i.e., a coset of the subgroup —ZN) as j+ X ZN cj+ —ZN, for example.
Therefore, the same conclusion holds for the elements of -B (countzng multlpllcmes) in an arbitrary
pg-cycle. If N BN (j+ ﬁZN) is not supported on a smgle p- or g-cycle, then there are b, b’ € B
such that p’;’ ~ (b b') e >a Z* by virtue of Proposition 5.5. This yields b — b’ € dZ},, contradicting
the fact that A({ I‘f,) # 0, using Theorem 3.3(i). Now, every element of N - Bi mod 4 belongs to the
pg-cycle 12 + —ZN, therefore, it must also be a dlSJOlnt union of p- and q cycles In our case, it must

pqd
be a single p- or g- cycle with a certain multiplicity. If = pq 7 Bi mod 4 i @ p-cycle with a multiplicity, then

this p-cycle must be

iN N N N
— +k—+—Zy = —Bimwa
rgd q p pqd

for some k, which clearly shows that |B; 1k pd+jqd mod pgal is constant in j, and
Bitk'pd+jqd mod pgd = D,
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for k” # k mod ¢. This yields the absorption
Bitjgd mod pd = Bitkpd+jgd mod pgd

for all j, which shows that B; noq 4 is equidistributed modpd. If on the other hand, % - Bimoda i a
g-cycle with a multiplicity, then this g-cycle must be

for some j, which shows that |B; jqd+k pd mod pgal is constant in k, and
Bitj gd+kpd mod pgd = Ds
for j* # j mod p. This yields
|Bi mod d| = |Bi+jgd mod pal = P|Bitjqd+kpd mod pgdl

for this value of j and every k, which shows that B; 04 4 is absorbed mod pd. Absorption mod pd must
occur for at least one i. Otherwise, we would have B({,q) = 0, contradiction. O

Lemma 9.3. Let (A, B) be a spectral pair in Zy, N = p™q" such that B; kel

for every i, where 0 < k < m. Then

mod pk is absorbed modp

A(X) = A(X)@,mr (X9") mod (XN - 1)
is the mask polynomial of a spectral set whose spectrum has the following mask polynomial:
B(X) = B(X)® et (X9") mod (XN - 1).

Moreover, B; o4 pk 1 equidistributed mod pkH! for every i.

Proof. Denote by T the set whose mask polynomial is @ ,m-« (X4 ") so that

T={0,p" " 2p™ ", ... (p-Dp" g}

Since B; moq p+ is absorbed mod p**! for every i, we have B({pr+1) # 0. Therefore, by Theorem 3.3(i),
we get

+1

N
(A—A)ﬁpk—szz.

Moreover,

T-T-= {fpm_k_lq" : ¢l < p} c{0}u Zy;

pk+l

therefore, (A — A) N (T — T) = {0}. Hence, every element in A + T has a unique representation as
a+twitha € A, t € T (proof is similar to that of Theorem 3.3(ii)). This shows that Z(X) is a mask
polynomial of the set A = A &T. Furthermore, since each B; o4 p« is absorbed mod p**1,if p* | b— b’
for some b, b’ € B, then pk+1 | b — b’ (definition of absorption). In other words,

(B-B)n (p*Zy, U p*qzy, u--- U p*q"ZY) = @. 9.1)
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The set
s={0,p*q".2p"q",....(p - Dp*q"} 9.2)
has mask polynomial @ ki (X4") and satisfies
S—S={ep*q" : 16l < p} {0} U p*q"Z}; 9.3)

therefore, (B—B) N (S —S) = {0} and, similarly as before, we deduce that B(X) is the mask polynomial
of the set B = B ® S. We observe that |A| = |B|.

Next, we will show that Z(gord(ﬁ_ﬁ/)) = 0 for every 3,8 € B, 8 # 8. Every 8 € B has a unique
representation as b + s, where b € B and s € S; we write also 8’ = b’ +s’, b’ € B, s’ € S. By equation
(9.3),s—s" € {0} U pkq"Z}‘V, while v,,(b —b") # kby (9.1). If s = s’, then 8 — 8’ = b — b’ and

Aord(b-b)) = A(Lord(b-b)) P i (Corato)) =0

by Corollary 3.4 since B is a spectrum of A. So, assume s # s’ so that s — s’ € pkq"Z;‘v. Since
vp(b —b’) # k, we will either have p**1 | b — b’ or p¥ ¥ b — b’. In the former case, vp(B-B') =k,
yielding ord(3 — 8’) = p™ 4", where 0 < r < n. Hence,

Z(é’ord(ﬁ—ﬁ’)) = A(gord(ﬁ—ﬁ’))q)p'"*k (§Zm—qu) = A((ord(ﬁ—ﬁ'))q)pm% ((Zm:k) =0.

In the latter case, ord(s — s’) = p™* | ord(b — b’); therefore, ord(b — ") = ord(b = b" + s —s') =
ord(B8 — B’). Hence, again, Corollary 3.4 gives A({ora(g-g)) = 0. One more application of Corollary
3.4 gives the desired conclusion as Z(gord(ﬁ_ﬁ,)) =0 for every 8,8’ € B, B # f8’. The second part of
the lemma follows from the fact that B(¢ pke1) = 0. O

Corollary 9.4. Let (A, B) be a spectral pair in Zy, N = p™q". Let K,,(B) C [0,m — 1] be the set of

all k such that B; o4 pr is absorbed modp**! for all i. Then

A(X) = A(X) ]_[ @« (X") mod (XN 1)
keK,(B)

is the mask polynomial of a spectral set whose spectrum has the following mask polynomial:

B(X) = B(X) ]—[ @ i (X7") mod (XN - 1).
keK, (B)

Moreover, for every k with p**' | N, there is i such that B; .4 pk s not absorbed mod p**! (i.e., the set
K, (B) is empty).

Proof. Induction on |K, (B)|; the case |K,(B)| = 1 is Lemma 9.3, and the proof for the induction step
is almost identical. For the second part, we proceed by contradiction; suppose that K, (B) # @. By the
second part of Lemma 9.3, we definitely have K, (B) N K, (B) = @ as, for every k € K p(B), it holds
B(¢ pk+1) = 0; hence, each Ei mod pk 18 equidistributed mod p**1 (and not absorbed).

Consider next some arbitrary £ ¢ K, (B), 0 < ¢ < m. By definition, there is i such that B; 1,4 ¢ is
not absorbed modp?*!. Then, as B C B, it is obvious that B; 4 5 is not absorbed mod p**1. O
Definition 9.5. We call a set A C Zy absorption-free at p* if, for a prime p and k € N with p**! | N,
there is a class A; yoq p that is not absorbed mod p**! (i.e., k ¢ K, (A)). We call A absorption-free if it
is absorption-free at every prime power p* such that p**! | N (i.e., K p(A) = @ for every prime p | N).
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Lemma 9.6. Let (A, B) be a spectral pair in Zy, N = p™q". Then, there are S,T C Zy such that
(A®S,Ba®T) is a spectral pair in Zy, with the additional property that A® S and B®T are absorption-
free.

Proof. 1f both A and B are absorption-free, there is nothing to prove as we can just take S = T = {0}.
So, suppose first that B is not absorption-free. The process described in Lemma 9.3 and subsequently
in Corollary 9.4 ‘kills’ all absorption in the following sense: If B « is absorbed mod p*¥*! for all i,

then B; 04 »

i mod p
« is equidistributed mod p**! for all i since B(¢ pk+1) = 0, and thus, B is absorption-free at

p¥. Moreover, for every k € [0,m — 1], there is i such that B; ;4 ,¢ is not absorbed modp**!. With

the goal to eliminate all absorption from A and B, we successively multiply B(X) by polynomials of
the form @ k1 (X7 ") or D en (XP ™), whose product is a mask polynomial of a set S, and, respectively,
A(X) by polynomials of the form @ ,m-« (X ") or D e (XP ™), whose product is a mask polynomial of
a set 7. We thus obtain a pair of absorption-free sets (A @ S, B @ T'), which is also spectral, by virtue of
Lemma 9.3 or Corollary 9.4. O

Corollary 9.7. Suppose that every absorption-free spectral subset of Zy tiles Zy . Then, every spectral
subset of Zy tiles Z .

Proof. Let (A, B) be a spectral pair in Zy . If A is absorption-free, then it tiles Zy by hypothesis. If
not, there are S,7 C Zy by Lemma 9.6 such that (A @ T, B @ S) is an absorption-free spectral pair.
By hypothesis, this shows the existence of R € Zy such that (A @ T) @ R = Zy or, alternatively,
A® (T®R) =7Zy,thatis, A tiles Zy. m]

All the above motivate the following definition.
Definition 9.8. Let N € N. Define the following subset of F (N)
Fmax(N) ={A CZy : A € F(N), and A has maximal size}.

Lemma 9.6 and Corollary 9.7 imply that every A € Fpnax(N) is absorption-free, as well as every
spectrum B of A. Hence, Corollary 9.7 implies

N € S) g &= Fnux(N) # @. 9.4)

10. Symmetry of root patterns

We consider again N € &}, ,, A € F(N) and B a spectrum of A. We recall Propositions 8.2, 8.4 and
Corollary 8.3, which imply that A and B are both primitive; they satisfy equations (8.1) and (8.2) such
that the polynomials P, Q in (8.1) are nonzero. Therefore, A contains a coset from each of the subgroups
%ZN and %ZN, so using Theorem 3.3(i) we obtain

N N
;ZN U ;ZN CA-Ac{0}uZ(B),

and then Corollary 3.4 gives

B(¢{p) =B(Ly) =0 (10.1)

for any spectrum B of A. If in addition A € Fx(N) holds, then A and every spectrum B are absorption-
free by Lemma 9.6.

Definition 10.1. For A C Z,, we define
SN (p) :={log,s:seSY.pls}={xe[l.m]:A({p) =0},
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and the definition of S X (g) is similar. Also, denote by m ,(A) the maximal exponent x < m such that

AL ]’\’,x) # 0, and similarly define m,, (A) to be the maximal exponent y < nsuch that A({ z,y) # 0. If such
exponents do not exist, we put m,(A) = —1, my(A) = —1, respectively. Lastly, define the following set

RN (p) = {x e [0,m] : A(LD) = 0}

and, similarly, R% (q). The sets thus defined will be called root patterns of A.

We remark that, if the sets below are nonempty, then

m,(A) = max ([0, m]\ RIAY(p)), my(A) = max ([o, m] \ Rg(q)).

For A € % (N), the above sets are always nonempty, i.e., m,(A),n,(A) > 0. This is a consequence of
Ma’s lemma for the cyclic case [22] (see also Lemma 1.5.1 [29], or Corollary 1.2.14 [25]), using the
polynomial notation.

Lemma 10.2. Suppose that A(X) € Z[X], and let Zx be a cyclic group such that p™ | N for p prime.
If A(Lq) =0, for every p™ | d | N, then

A(X) = P(X)®,(XN/P) mod (xV - 1).
If the coefficients of A are nonnegative, then P can be taken with nonnegative coefficients as well. In
particular, if A C Zy satisfies A(Zy) = 0 for every p™ | d | N, then A is a union of p-cycles.

Therefore, if A C Zy satisfies m,(A) = —1 (resp., mq(A) = —1), then it is a union of g-cycles (resp.,
p-cycles), soif N € 8, . and A are spectral, then A is also a tile by Proposition 8.4.

Lemma 10.3. Let N € &}, ,, A € F (N) and B any spectrum of A. Then, we have the following relation

between the root patterns of A and B:
(S5 (p) = )N [0,m,(A)] =RY (p) N [0,m,(A)] (10.2)
(5% (9) = 1) N [0,mg(A)] = RY (q) N [0,mg(A)]. (10.3)

Equations (10.2) and (10.3) are also equivalent to the statements

Ifx < m,(A), then it holds A(Z ) =0 &= B({pxn) =0 (10.4)
Ifx < my(A), then it holds A({%') = 0 &= B({ 1) = 0. (10.5)

Proof. Since A € F(N)andN € § 1.q» We obtain that A cannot be expressed as a union of p- or g-cycles

exclusively by virtue of Theorem 5.2, Corollary 8.3 and Proposition 8.4. Thus, m,(A), m4(A) > 0. Let
x <mp(A)and A( ]’\J,X) = 0. Then p* - A is a union of p- and g-cycles, not exclusively of g-cycles by

pmp(A)
Theorem 5.2 (second part) because A (¢

N ) # 0. So, there are a, a’ € A such that

N
p*(a—a’)=— mod N
p

or, equivalently,

N
a-a' =—mod —,
p* p
which in turn implies a —a’ € %Z;\, , whence B({,x+1) = 0 by Theorem 3.3. This proves one direction

of equation (10.4).
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Next, suppose that the reverse implication of equation (10.4) does not hold, and let y be the smallest
exponent such that A({ ;\’,y) # 0 = B({,y+). For every x < y and every i, we have the obvious partition

p
Bi mod px = U Bi+kpx mod px+!-
k=1

If A(gj{’;) = 0 so that B({,x+1) = 0, the above partition is an equidistribution modp**!, that is,
|Bi mod px| = p|Bi+kpx mod p*+! |

for every k. If A(Z f\'jx) # 0 # B({p~+1), we certainly do not have equidistribution for at least one choice
of j; if we do not have absorption modp**!, i.e., B; mod p* = Btk px mod pr+1, then there are k, k" with

k # k" mod p such that By, ,x mod px+ and By, px mod px+1 are nonempty. Let

’
b € Bi+kpx mod px+l, b € Bi+k’px mod px+l

be arbitrary. It holds p* | b — b’ by assumption, and b — b" ¢ p*Z}, due to A({Zx) # 0. This shows
q | b —b’; therefore, all elements of By, i px mod pr+1 @0d Biypspx mod px+1 have the same residue modg.
The same holds for all other elements of B; moq px, establishing

Bimodp)‘ c Bjmodq

for some j. Now, for each i € [0, p¥ — 1], define x(i) to be the smallest exponent x such that B; ynod px is
neither absorbed nor equidistributed mod p**!, and then define j (i) such that

Bi mod px(@) c Bj(i) mod g+ (10.6)

If for every x < y, Bjmod p~ is €ither absorbed or equidistributed modp**!

, define x(i) = y; since
Bi mod pv is equidistributed modp>*! and A(¢ f\’,y) # 0, we conclude that there is again some j (i) such
that equation (10.6) still holds. On [0, p¥ — 1], we define an equivalence relation: It holds i ~ i’ if and
only if i = i mod p*( (it is not hard to show that this satisfies the properties of an equivalence relation
as i = i’ mod p*¥ implies x(i) = x(i’)). Let I C [0, p¥ — 1] be a complete system of representatives;
it holds

B = I_I B imod px)-

i€l

The important fact about the above partition is thateach B; ;o4 ,~@ has cardinality p‘ f( l) for some positive
integer k(). Indeed, as for every x < x(i), we have either |B; mod px| = |B; mod px+| (absorption) or

|Bi mod px| = P|B; mod p+ | (equidistribution). Then, by equation (10.6), we have

By mod g = U Bi mod px( >
iel,j(i)=0

and taking cardinalities on both sides, we obtain
18 _ 3 1Bl
k(i)’
4 iel,j()=0 P @

which then leads to an equation of the form 1/¢ = s/p’, which has no solutions in integers, contradicting
the fact that A(gll\’,~ ) # 0= B({,»+). This completes the proof. O
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Proposition 10.4. Let N € S, ., A € F(N) and B be any spectrum of A. Then

A({q") = A(gp'") =0
and
B(fpmp<A)+1q) = B({pqmq(mn) =0.

Proof. We will show first that A({y») = A({pm) = 0. Suppose that it doesn’t hold, say A({4») # 0, so
that m, (A) = m. By equation (10.2), we get

S¥(p) - 1=RY (p).

Using the same argument as in the proof of Lemma 10.3, replacing y by m, we get

B = I_l B; od px(s

iel

... |B . L L e s
where each B, 4 ,~) has cardinality plk(,!) and is contained in B (i) mod ¢; this is also true if x(i) = m

as A(L ﬁm) # 0. We establish a contradiction in the same way.
This shows m ,(A) < m and mg4(A) < n. Since B(g“pmp(mu) # 0 by (10.4), the polynomial

m-mp (A)-1

A(X) = A(X)®@,(XP 9"y mod (XN - 1)

is the mask polynomial of a set, say A; this follows from the fact that (A — A) N WZ}*\, =,

which implies that A — A and the difference set whose mask polynomial is @, (X”""" 74"y intersect

trivially. Consider now the multiset p”»(4) . A. By definition, its mask polynomial does not vanish on
N, while on the other hand, p™»4*! . A is a disjoint union of g-cycles by Lemma 10.2. By Lemma
5.6 and Theorem 3.3(i), we obtain B({pm,,(A>+1q) = 0 and, similarly, B(§pqmq<A)+1) =0, as desired. O

Using the above notation, condition (T1) can be rewritten as
|A| = pISQV(p)IqISQV(q)II
At any rate, regardless whether A is spectral or not, it holds
pISQ’(p)IqISQV(q)I | |A].
We restrict now to A € Fyax(N), N € csj;)’q due to equation (9.4). In this case, we will show that (T1)

fails for B when the multiset P'ﬂpI(V—A)Hq - B is not a union of g-cycles only; in particular, the power of p
is higher than it is supposed to be.

Lemma 10.5. Let N € S,
Consider the set

A € Fnax(N), and B any spectrum of A so that mp(A),mg(A) > 0.
UY (p) = {x : B({px) #0=B({prg) }-
Then

plsg(P)HIUéV(P)I | 1B].
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Moreover, for every j, every x € [1,m,(A) + 1] \Sg (p) and every y € [1,m4(A) + 1]\ Sg (q), each
of the sets

N N N N N N
P 4 ) jmoa & P4 Pq pq’ jmod & pq> pq

is supported either on a p- or a g-cycle.

Proof. We firstnote, thatx = m, (A)+1 satisfies B({,~) # 0 = B({x4) by Lemma 10.3 and Proposition
10.4, therefore Ug’ (p) # @. By (10.1), we have B({),) = 0 or, equivalently, | Bj mod p| = %|B| for all i.
At every step, we will estimate

min {i : Vp(lBi mod p* |)}

or, in other words, how much the power of p drops from |B| down to one of the subsets |B; mod px|. If
xes g (p), then each B; is equidistributed mod p*, therefore

mod px-1

Vp(lBi mod p*-1 N-1= Vp(lBi mod pX D,

foralli. Ifx ¢ Sg (p), we have in general

Vp (|B; mod p-1]) = min {Vp(|Bl'+kpx—l mod p) 10 <k <p- 1}.

Next, consider the minimum element of U 2’ (p), say x, and suppose that B; ;,oq ,~-1 is not absorbed
mod p*; such an i exists due to hypothesis and equation (9.4) since B is absorption-free. Each nonempty
class By, px-1 mod px Would then be absorbed mod p*g. Otherwise, p’;’q BN (j+ %Z ~ ) would neither be
supported on a p-cycle nor on a g-cycle for some j. For the same reason, each element in B; i ;,x-1 mod p
must have the same residue modg for all k, showing that B; .4 px-1 is absorbed modp*~1g; fur-
thermore, since B({px4) = 0, B; x-1 and B; o4 pr-14 are equidistributed modp™* and modp*q,
respectively. Therefore,

mod p

Vp(|Bi mod p*-! |) -1= Vp(|Bi mod p"l)'
Next, let x be the minimum element not belonging to Sg (p), that is,

B({p) == B({px1) =0 # B({p~).

Suppose that B; ,0q px-1 is not absorbed modp™; such an i exists due to hypothesis and equation (9.4).

Letthen B;,y jyx-1 mod px a0 Bj g px-1 mod > Denonempty with p + k—k’.If thereare b € B;, px-1 mod p
and b’ € By px-t mod px With ¢ + b — b, then b — b’ € p*~'Z¥,, yielding A((I{’/H) = 0 by Theorem
3.3(i), and then B({ ,,x) = 0 by Lemma 10.3, contradicting the definition of x. Thus, we must have
q | b — b’ for every such selection of b, b, implying eventually that every element of B; 1,4 ,,x-1 has the
same residue modgq.

Forevery y > x, we choose anintegeri, =i mod p~~! as follows (we denote ij=iforl <j<x-1)

olfyeg Sg (p) U Ug’ (p), choose i, satisfying
Vp(Bi_ mod py-11) = vp(IBiy mod p> |)-

o Ifye S (p)UUY (p), theniy =iy_;.
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1 mod py-1 18 equidistributed modp?, so

We have |B; o4 pr-1] = #|B|. Ifye Sg (p), then B;

1
|Biy mod p> | = E|Biy,] mod py-11- (10.7)

Ifye Ug (p), we have B({py4) = 0. Therefore, the multiset pl;,’q - B is a disjoint union of p-
and g-cycles by Theorem 5.2. Every such cycle consists of elements pYgb for b € B that have
the same residue modp>~'; indeed, if %(b -b) € %ZN, then b — b’ = kp>~'q mod p¥q for
some k, and if %(b -Db') € %ZN, then b — b’ = kp” mod p¥q for some k, proving our claim.
This shows that pl;,’ - B
N _. B -1
PYq iy-1 mod p¥
since every element of B; 1,4 ,,~-1 has the same residue modgq. This shows that p];’—q “Bi_ mod p>-11i8a
union of p-cycles, yielding the equidistribution of B; y-1 modulo p¥. Thus, (10.7) holds in this
case as well.

Summarizing, we obtain the following: If y € Sg (ppuUu g (p), then (10.7) is valid; otherwise,

iy_ mod py-1 1S @ disjoint union of p- and g-cycles; however, a g-cycle in

q
c p’;’—,qB consists of elements having all possible residues modg, a contradiction,

y-1 mod p

V5 (IBy,  mod p1) = v (1Bi, mod p )

holds. This obviously yields that

0 < v, (IBiy, mod pl) < vp(I1BI) = 1S5 (P)| = [UZ (p)I,

proving the first part.

For the second part of the lemma, we proceed by contradiction. If there is some j and x € U g (p)
with x < m,(A) + 1 such that p],\(’qB NG+ %ZN) is supported neither on a p- nor on a g-cycle, then
by Proposition 5.5 we get that

N N N
( B - B) n—2Zy + 2.
p*q p*q pq
This shows the existence of b, b’ € B such that

N
Pq

N
(b-b') e —7*
pq N

or, equivalently,

, N N
ord(b - b") = pqpxq pr=g

Hence, by Theorem 3.3(i), we obtain

ALy jpe) = ALY ) =0,
contradicting the definition of x. This completes the proof. O
Definition 10.6. Let A C Zy . We define
(wT1) pIS,’Q’(p)I | |A[, for some p | |A].

Obviously, when (T1) holds for A, then (wT1) holds for every p | A. An immediate consequence of
this definition and Lemma 10.5 is the following.

Corollary 10.7. Let N € S, ,, A € Fmax(N). Then, no spectrum B of A satisfies (wT'1). In particular,

every spectrum B of A satisfies B € Fpax (N).
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Proof. This is obvious by Lemma 10.5 since the sets U g (p)and U g (g) are nonempty. O

Corollary 10.8. Let N € §/

p.q A € Fmax(N). Then no spectrum B of A is a disjoint union either of p-
or g-cycles exclusively.

Proof. If B was a union of (say) p-cycles only, then by Proposition 8.4, B satisfies (T1) and (T2). On the
other hand, Corollary 10.7 gives us that (wT1) fails for B, a contradiction, as (T1) implies (wT1). O

This corollary complements Proposition 8.4. We summarize below all the reductions made so far:

Theorem 10.9. Let N € &/

p.q A € Fmax(N). Then the following hold:

1. A and any spectrum B are primitive.

2. A, as well as any spectrum B, can be expressed as disjoint unions of p- and g-cycles, not exclusively
of p- or g-cycles (i.e., none of the polynomials P, Q, R, S in both equation (8.1) and equation (8.2)
can be identically zero).

3. If N = p™q", it holds

A({]\]) = A(é,p) = A({q) = A(é,p’") = A(gq") =
= B({Nn) = B({p) = B({y) = B({pm) = B({gn) =0 (10.3)

for any spectrum B of A. This also implies that both A and B are equidistributed both modp and
modgq.

4. A as well as any spectrum B are absorption-free.

5. Every spectrum B of A satisfies B € Fmax (N).

‘We have established enough tools to extend the results of [13] related to Fuglede’s conjecture.
Corollary 10.10. Let N = p™q", n < 3 and (A, B) be a spectral pair in Zy. Then A tiles Zy .

Proof. Suppose on the contrary that there is such an N with F(N) # @, A € Fpnax(N) and B a
spectrum. Corollary 6.3 implies that n > 2. By Theorem 10.9, we obtain A({,) = A({yn) = 0, so if
n =2 we have ¢" | |A|, and so by Proposition 6.2 we get that A tiles, contradiction. If n = 3, we have
B(Zq) = B({,3) = 0 again by Theorem 10.9 so that [S} (¢)| > 2. Since U} (g) is nonempty, by Lemma
10.5 we obtain ¢ | |B|, and then Proposition 6.2 gives us again that A tiles Zy , a contradiction. Thus,
§p,q cannot have elements of the form p™g" with n < 3, proving the desired result. |

Proposition 10.11. Let N = p™'q" € S/

P A€ Fmax (N) and B any spectrum of A. Then

A(gp’"q) = A(gpq") = B(gp'"q) = B({pq") = A({pq) = B({pq) =0.

Proof. By Theorem 10.9, we also have B € Fpax (N), so we may use Lemma 10.3 with the roles of A

and B reversed. If A({pgn) = A((I{’]m_l) #0= A(gl{’,m) = A({4n), we would have m,(A) = m — 1, so
by virtue of Lemma 10.3 we would have B({,=) # 0, contradicting equations 10.2. Reversing the roles
of p, g, and A, B, we obtain with the same reasoning

A(gp’"q) = A(gpq") = B(gpmq) = B(gpq") =0.

Next, consider the minimal element of U g (p), say x so that B({px) # 0 = B({p~4). By Proposition

10.4, we have x < mj,(A) + 1; hence, by Lemma 10.3 we get A((II:,X_I) # 0. Applying Lemma
9.2 for d = p*~!, we get that each B; .4 p~-1 is either absorbed or equidistributed modp™. Since
B({p~) # 0, there is some i such that B; ;o4 ,~-1 is absorbed modp™; without loss of generality we put

B; mod pr-1 = Bimod p- This also shows that B; g px4 is supported on a g-cycle. In fact, B; moq p~ must
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be equidistributed mod p* ¢, hence
1
|Bi+kp" mod p"q| = alBi mod p"|s 0<k< q - I. (10-9)

For y < x — 1, we then claim the following: B; nod p» is either absorbed or equidistributed modpy”.
Indeed, if y+1 € S’B}' (p), then B({p,y+1) = 0 and B; mod p> is equidistributed mod pY*!If B({ ) #0,

then A(g’]’\’;) # 0 by Lemma 10.3. If B; mod p» is not absorbed modp>*!, then there are k # k’ mod p
such that

Biikpy mod py+t F D5 Biyrrpy mod py+t # -

This means that the multiset p‘NTq * Bi mod p» (which is supported in a pg-cycle) intersects nontrivially
at least two g-cycles, namely

iN N N N N N

! — +k—+—Zy, l—1+k’—+—ZN.
pP*Tq  pqg q ptq rqg g

By the second part of Lemma 10.5, pyNTq * Bi mod py must be supported on a p-cycle, in particular,

for some ¢. But the latter implies that B; ynoq p» is absorbed modp?q:
Bi mod p¥ = Bi+t'py mod pyg>
where
¢’ = p{ mod q.
But this leads to a contradiction since (10.9) implies that By px mod pxq # @ for every k, while
Bitkpx mod pxq € Bit(kp*—>)pY mod pvg = D

when kp*™> # £’ mod ¢, contradiction.
Therefore, if B; 4 px-1 is absorbed modp™, then B;mod pv is either absorbed of equidistributed
mod p>*! for every y < x; this implies

I = 218 moa pel = 2
i+kpX* mod p*qgl = —[Pimod p*| =

q p'q
for some 7 € N. With the same arguments as above, if B; ;,oq p~-1 is equidistributed mod p*, we deduce
that if y < x — 1 is the smallest exponent such that B; yod pv is neither absorbed nor equidistributed
modpy+l (assuming there exists one), then B; mod pv is absorbed modp” g, which means that every
element in B; mog pv has the same residue modg, again by the second part of Lemma 10.5. In this case,
there is some k such that

|B|

|Bi+kp~v mod pyql = |Bi mod py| = F

https://doi.org/10.1017/fms.2022.14 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.14

Forum of Mathematics, Sigma 29

for some s € N. We write

x-1

p

Bi mod pPqg = Bi+kpq mod p*g>
k=1

and we define y(k) < x — 1 to be the smallest exponent such that B is neither absorbed

i+kpg mod py k)
nor equidistributed mod p¥ ®¥)*!; if such an exponent does not exist, define y(k) = x — 1. We define the
relation k ~ k’ to denote y(k) = y(k’) and k = k’ mod p*®~1. It is not hard to see that this is an

equivalence relation and

Bi mod rq = |_| Bi+kpq mod py(k)-lg-

keK
As we have seen, though, the cardinality of each set in the union above is divisible by I'f('} for some
r € N. Reversing the roles of p and g, we obtain that
| B|
E | |Bi mod pql (10.10)

for every i. If B were not equidistributed mod pg, there would exist some 7 such that

1Bt gl 2 00
 mod > 22
i mod pgq Pq
By equation (10.10) and the trivial partition
p
Bimod g =| |Bitjgmod pqs
=

we obtain the existence of a j such that Biijgmod pg = @. Similarly, there is some £ such that

Bitep mod pg = D-1f Biik pg mod p~-1 18 absorbed mod p*, then it is equidistributed mod p*~!gq, as we’ve

shown above. But then, B;; ,,g1upx-1 mod pr-14 1S Nonempty for every u, however,
Bi+kpq+up"’1 mod p*~lg c Bi+€P mod pg = @

for up*~! = £p mod pgq, contradiction. This shows that B; x-1 is equidistributed modp* for

every k, showing that @ divides |B; mod pql|- Similarly, we obtain that ‘Lil divides |B; mod pql, showing
thus |B| | |Bi mod pgl, contradiction. Thus, B is equidistributed modpq, and the same holds for A by

reversing the roles of A and B. This eventually shows

+kpg mod p

A(qu) = B(qu) =0,

as desired. O

Remark. The above verifies property (T2) for the pairs of prime powers (p™, q), (p,q") and (p, q).

11. Root deficit

We continue to assume that N € S, . and (A, B) is a spectral pair with A € Fmax(N) so that
B € Fpax(N) as well.
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Definition 11.1. Let A C Zy satisfy A({,) = A({p) = -+ = A({pr) = 0 # A({prn1). We define the
following property:
(wT2) Itholds A({py) == A({pkq) =0.

It should be emphasized that, when (wT2) holds, then A is equidistributed mod pk g (and in particular,
every A noq pk is equidistributed mod ¥ q). Indeed, the hypothesis of the definition and (wT2) imply
that ®;(X) | A(X) for every d | p¥q, d # 1. Therefore,

Xl | A(X)

or, equivalently, A(X) = G(X)(kaq_1 + .-+ + 1) for some G(X) € Z[X]. When we reduce
mod(kaq — 1), we obtain

A(X) = G(X)(XP'4 4. 4 1) mod (XP9 1)
=G(1)(XP"'4 .. 4 1) mod (XP*9 — 1),

which clearly shows that

|A] |A] ,
|Ajm0dpk|=p—k, |Ajm0dpkq|=E’ VJ (111)
Proposition 11.2. Let N € S, ., A € Fmax(N), satisfying
ALy) = A(p) =+ = A(pe) = 0 # A(Lppn).

Then there is some j such that A 1,,q px is absorbed modp*q. In particular, (wT2) fails for A.

Proof. By definition, A is absorption-free; therefore, there is some j such that A « is not absorbed

Jj mod p
modp**!. Hence,

A

.
Jj mod pk Aji(6:q) p* mod pk+t s
i=l

where r > 2, the {; are pairwise distinct mod p and all sets in the above union are nonempty. This shows
. N s
that the multiset STy Aj mod p+ has elements on r distinct g-cycles, namely

iN N
%+€i—+—ZN, 1<i<r.
Pq P q

Consider two arbitrary elements from two different g-cycles (relabeling the ¢; if necessary), say

N  jN N N N  jN N N
i, = o thtmi—and —me = e — tmy—,
P49 P4 p q pq pPq p q
where a1, a; € Aj mod pk- We will show that m; = m, mod g; if not, then
N N N
— g (@—a)=(L-0)—=+(m-m)— € —Z
P q p q Pq

or, equivalently a, — a; € ka;‘V or ord(a; — ay) = 1%, which by Corollary 3.4 gives B(§]’\’,k) =0,
contradicting the hypothesis A({,k+1) # 0 due to Lemma 10.3 (especially equation (10.4), with the
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roles of A and B reversed). Thus, m; = m, mod g, and considering any other pair of elements of
pkNTq “ A} mod pr on two different g-cycles, where one element is either ;k‘ ,ﬁ/q or p“,fflvq , we obtain
N JN N N
Ajmodpk - et —ZN +m;—,

pitlg pktlg

by repeating the above argument. This shows that p,fVTq * Aj mod pk is supported on a p-cycle; thus,

A jmod pk 18 absorbed modpkq, as desired. The fact that (wT2) fails follows easily from equation
(11.1). ]

Corollary 11.3. Let N € 8}, ,, (A, B) a spectral pair in Zy with A € Fmax(N). It holds

A(Ly) = B(Lp2) = A(p2) = B({)2) = 0.

If p < q, then
A(Lp) == A({p[1ogl,q1+1) =B({,3) == B(gp{log1,¢,1+1) =0,
as well. Moreover,
ALY =B = AQCE) = =A™ ") = By = = B ") = 0,

Proof. By Proposition 11.2, property (wT2) fails for both A and B. Combined with Proposition 10.11,
this shows that

A(Gy2) = B(Gp2) = A(Lg2) = B(2) =0,
and then Lemma 10.3 implies
A(Zh) = B(h) = A(Y) = B(ZY) =0,
Next, assume p < ¢, and suppose
A(p) =+ = AlLpw) = 0 # A(Lpin).

By Proposition 11.2, there is some j such that A is absorbed mod pkq, that is,

j mod pk

Aj mod pk = Aj+£’pk mod pkq
for some ¢. But then,
Aj mod pk c Aj+£’pk mod pg>
therefore,
AL 1A ot ] < 1At ot pgl = 20
Pk Jjmod pkl = Jj+p~ mod pgq pq’

which yields p*~! > ¢ or, equivalently, k > log p 4 + 1, so finally
k = [log, g1+ 1.

Reversing the roles of A and B, we obtain the same result for B. The final part then follows directly from
Lemma 10.3. O

https://doi.org/10.1017/fms.2022.14 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.14

32 Romanos Diogenes Malikiosis

Lemma 11.4. Let (A, B) be a spectral pair in Zy, where N € §), , and A € Finax(N). Then neither A
nor B satisfy (wT'l) as

\UY (p)I.1Ug (p)| = [log,, 4]
and
UY (@), 1UF (@) = [log,, p]1.

Proof. Without loss of generality, we may assume p < ¢ so that the second inequality becomes
U 2\’ (|, |U g’ (g)| = 1, which easily follows from Proposition 10.4. We remind that m,,(A) denotes as

usual the maximal exponent x such that A(¢ ]’C,x) # 0. We will show
lUR (p)| = Mog,, 41,
and the inequality |U£’ (p)| = [log,, ¢ has similar proof. Denote
s =1[0,m,(A)] N RY (p)].
We will show the existence of j satisfying
1A mod pr-mpr-1gni] = P°q

and Ao, 4

pmme (A=1gn=1 Quppose that

mempy )1 a1 is not absorbed modp™ ™r (A gn~1 For convenience, we will put d =
P

A(LN) = AR == AWY ) =02 AL )
so that
B(£p) = B({p2) = +++ = B({pen) = 0 # B({ i)
by Lemma 10.3. It holds
A(X) = P(X)®@,(XN'P) + (X))@, (XVN/9) mod (XN - 1)

for some P(X),Q(X) € Z»o[X] by Theorem 5.2, and P # 0 by Theorem 10.9(2). Replacing X by X”
and observing that @, (X™/9) = @, (XPN/4) mod (X - 1), we obtain

A(XP) = pP(XP) + Q(XP)®,(XN/7) mod (XN - 1).
Since A(¢%) = 0, we must have
PP(LR) = ALR) = QLR @4 (&) =0,
therefore
P(XP) = P(XP)®,(XN/P) + Q(XP) @, (XV/4) mod (XN — 1),
where P(X), Q(X) € Z-o[X], hence
A(XP) = pP(XP)®,(XN/P) + 01 (XP)D,(XN/) mod (XN - 1),
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where P (XP) = P(XP) and 0,(XP) = Q(XP) + pé(X”). The polynomial P; is not identically zero
k+1
since A({ 1’\1, ) # 0 (see Theorem 5.2). Repeating this process for the roots
2 k
VSN AN
we obtain

AXPS) = pF P (XD, (XNP) + 01 (XPF) D, (XN/9) mod (XN - 1), (11.2)
where Py (X), Qr(X) € Zso[X], and Py is not identically zero since A(§1’\7,k+1) #0. As

AXPy = PR P (x P 4 0 (XD, (XN19) mod (XN - 1) (11.3)
is the mask polynomial of the mutliset p**! - A, we deduce that there are elements in p**! - A whose
multiplicity is exactly p¥*! (in general, since A is a proper set, the multiplicity of any element in d - A
cannot exceed d). The element p**'a can only have multiplicity p¥*! in A if

i.e., a is an element of a p¥*'-cycle contained in A or, equivalently, |A | = p**1. A cannot

k+1_cycles of the form

a mod pm—k—lqn
have two p

N
G+WZN, a+{

pktlg * pk+IZN’
for ¢ # 0 mod ¢ because, in that case, we would have
fpm—k—lqn—l +Pm_k_1anN g A _A,

which implies that

(A _ A) N dz;rv #0, Vde {pm—k—lqn—l,pm—kqn—l, L ’pm—an—l’pm—lqn—l}’

whence
B(Cpg) = B(Gp2g) =+ = B({prnng) =0
by Theorem 3.3(i), which means that B satisfies (wT2), contradicting Proposition 11.2. The above show
that
|Ad mod pr—t-ign] = P**' = Ay mod pm-k-14n-1 is absorbed mod p™*71g". (11.4)
Now let

RY (p) N [0,mp(A)] = {ro,r1,...,rs-1},

where the r; are in increasing order. We know already that r; = i for 0 < i < k. Continuing from
equation (11.2), we obtain

A(XP™Y = pR P (XP™) 4+ 0 (XP™) D, (XN/9) mod (XN - 1).
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plk+l pk+l

Since A(h" ) =0# A({If,mpm)), we get that P ({n ) =0 # Pk(gll\’,mp(m), whence by Theorem
3.3(i) we obtain

Pr(XP™) = Pr(XP™ )@, (XNIP) + 0 (X ) Dg (XN/) mod (XN - 1)
for some f~’k(X), Qk (X) € Zso[X], with Py not identically zero. This gives
AXP™Y) = PP P (XY@, (XN P + Qi (XP) @ (XN/9) mod (XN - 1),

where Piy1(X) = Pr(X) and Qxs1(X) = Ok (X) + p**' Qx (X). Repeating this process for the roots

plk+2 p's-1
N ser 6N 5

we obtain
AP = p P (X )@, (XVIP) 4 0,y (XP) Dy (XNIT) mod (XN - 1)

for some Ps_1(X), Qs-1(X) € Z3o[X], where P,_; is not identically zero since r,_; < m,(A) and
mp (A)
AL 1’\’, e ) # 0; this is achieved by repeated use of Theorem 5.2. Therefore, it holds

AP = pr P (X 4 0 (X @ (XN19) mod (XN - 1),
By definition of m,,(A), we have
mp (A)+1 mp (A)+2 m
AR ) =AW ) == AR =0,

hence

PmP(A)H pmp(A)+2

Pt (20T = P (28T ) = = P (0 = 0,

so by Lemma 10.2 we get

mp (A)+1 mp (A)+1

Py (XP"7T) = P(XP™TT )@ (XN/9) mod (XN - 1),

where Py (X) € Z>o[X], hence

mp (A)+1 mp (A)+1 mp (A)+1

A(XP ) = (p*Py(XP )+ Qs-1(XP )@, (XN/1) mod (XN - 1) (11.5)

so that the multiset p» (A)*1

is some j with |Aj mod p

- A is a disjoint union of g-cycles. It is clear from equation (11.5) that there
memp (A)-1 qnl > p°. However, we will show that

N
|Aj mod pm—ml,(A)—lan <p

for every j. For this purpose, consider the p-adic expansion of a — j, where a is an arbitrary element of
A

j mod pm—ml;(A)—lqn

a-j= am—mp(A)—ll’m_m"(m_1 +- + apy p™ " mod p™,
where, asusual, 0 < a; < p-1,m—-mp(A) -1 <i < m— 1. Now, if IAj mod pm—mp(A)flqnl > p*,

then there would exist two elements a,a” € A J mod p o such that the p-adic expansions of

a — j and a’ — j would have the same digits at all places m — r for r — 1 € Rg (p). Therefore,
a-a =(a-j)-(a’'—j) edZy, whered = p"7"q", withr -1 <mp,(A)andr —1 ¢ Rg(p). By

m-mp (A)-1
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Lemma 10.3, we would have r ¢ S g (p), whence B({pr) # 0, contradicting Theorem 3.3(i) or Corollary
3.4, which yield B({,r) =0duetoa —a’ € p™"q"Zy,.

To summarize, we have |A J mod prm-mp (A)-1 q,,l < p® for every j, and equality occurs for some j.
Using the same arguments as above, we deduce that, if |A J mod prm-mp (A)-1 q,,l = p?®, then the elements
of A memp (A)=1gn = ] obtain all possible arrangements of p-adic digits at the places m — r, where
r—1 € RY(p); in particular, A nod pm-mp(a)-1,4n Must be a disjoint union of pk+
mfmp(A)—lqn| = p®. By equations (11.4) and (11.5), we obtain

j mod p
-cycles. So, let

|Ajmodp

_ o k+1 I
|Aj mod pm-k-lgn-1 l=p™", |Aj mod p™mmp (A)=1gn-1 | =p’q.

We observe that A Jmod p m-mp (A)-1

absorbed mod p™k~14". Forevery r € [k, m p(A)], we will take into account the number of nonempty
sets in the partition

memp (4)-1 4n-1 is equidistributed mod p q", while A; g pm-k-14n-1 18

g-1
AJ mod pmfrflqnfl = |_| Aj+upmfr71qnfl mod pmfrflqn N
u=0

denoted by fj(r),sothat 1 < f;(r) < g forallr € [k,m,(A)] and f;(m,(A)) =g, f;j(k) = 1. Now,
pick j’ such that j* = j mod p™~"r(A=14" and

fi(r=1) = 0<r§1<a!)7(_1 firvepmr-1gn1(r = 1).

Without loss of generality, we may simply have j’ = j, and it holds
1
fir=1)> ;fj(r), relk+1,m,(A)].

We observe that, if fj(r —1) < f;(r), then r +1 € Ug (p). Indeed, consider the multiset p” -
Aj mod pm-r-14n-1, Which is supported at the pg-cycle p” j + %Z N - Wre will show that A(¢ ,’\’,r) # 0, which
implies B({,,~+1) # 0 by Lemma 10.3. Assume otherwise, that A(gl{’] ) = 0;hence, p" - A poq prm-r-1gn-1
must be a disjoint union of p- and g-cycles. Since f;(r—1) < f;(r), we cannot have any g-cycles because

Fivepmrign-1(r =1) < fi(r =1) < fi(r) < fi(mp(A))=¢q, 0<C<p-1,

which means that, for every 0 < £ < p — 1, there is 0 < u < g — 1 such that

Aj+[pm—r—lqn—l+upm—rqn—l mod p™rgn = Q.

But p" - A; oq pmr-14n-1 cannot be a disjoint union of p-cycles either because in this case
Aj mod pm-r-14n-1 Would be equidistributed modp™™" q""!, whence fi(r = 1) = fj(r), contradiction.
Hence, A({N )B({pr1) # 0. Moreover, p” - A yoq pm-r-i
because in this case f;(r — 1) = f;(r) and

4n-1 can be supported neither on a g-cycle,

‘fj+[pm7r71qn71(r_1) =0, 1<f{<p-1,
nor on a p-cycle because it would hold

fj+€pm—r—lqn—l(r -1 = fj(r) =1, 0<¢<p-1,
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contradiction. Hence, by Proposition 5.5, we obtain
r r N *
(p"A-p AN —Z}, # @,
prq

so there are a,a’ € A such that a — a’ €
r+1¢e Uy (p), as desired.

For the last part of our proof, we will just show that we have f;(r — 1) < f;(r) for at least [log , g1
values of r. Indeed, let

whence B({,r+1,) = 0 by Theorem 3.3(i), and

_N_
Pr+lq )

{ri,...,r:} = {r €lk,mp(A)] : fi(r=1)< fj(r)}.
By definition and the property f;(r — 1) > % fj(r) for all r, we obtain
q = fi(re) < pfilre = 1) = pfi(ric) < p*fi(riei = 1) = p* fi(ria) < -+
o< p U fir) < pTfi(r = 1) = plfi(k) = pl,
which clearly implies ¢ > [log,, ¢], finally showing
lUR (p) N [1,m,(A) + 1] = [log,, 4],
as desired. O
Corollary 11.5. Let (A, B) be a spectral pair in Zy, where N € 8}, , and A € Fax(N). Then
pIS,',V (p)\+F10g,,q1q|S,§’ (@ +Togg P1 | ||
and
p\Sﬁ\V (p) [+Mlog,, 611q|5f4V (q)|+[log,, p1 [1A].
Proof. By Lemmata 10.5 and 11.4 we obtain
plS8 (P)l+Tlog, a1 | ).
Reversing the roles of A and B and of p and g, we obtain the desired result. O
If p < g, we observe that the power of p dividing |A| with A € Fpax (N) is at least
IS (p)| + Mog,, 1 = 2[log,, g1 +2 > 6,
which can be seen by Theorem 10.9 and Corollary 11.3. Moreover, the power of g dividing |A] is at least
ISY (@) +1 =4,

again by Theorem 10.9 and Corollary 11.3. We have thus proven:

Corollary 11.6. Let N = p™q", with p < q, and let A C Zy be spectral. If either m < 6 or n < 4, then
A tiles. The same conclusion holds if p"™* < ¢>.

Proof. Assume otherwise, that N € &, 4; without loss of generality, we may assume N € S;,’ a Let
A € Fax(N) so that p®¢* | |A|, as shown above. By Proposition 6.2, this would mean that A tiles if
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either m < 6 or n < 4, contradiction. For the second part, we observe that p™~* < ¢? is equivalent to
p%‘z < g or, equivalently,

m
5 — 1< log, g1 & m <2[log, q1+2 < IS} (p)| +[log,, 4,

which again implies that p™ | |A|; hence, A tiles by Proposition 6.2, contradiction. This completes the
proof. O

We may assume henceforth that both exponents are at least 5, and that of the smallest prime is at
least 7. We will refine the above bound by introducing a new concept.

Definition 11.7. Let (A, B) be a primitive spectral pair in Zy . Define the p-root deficit of A as

def, (A) = |{x L A(Lp) 0= B(gﬁ,X)H,

and similarly define def, (A), def, (B), def, (B).

Remark. We should note that the root deficits of a spectral set A always depend on the choice of the
spectrum B.

Lemma 11.8. Let (A, B) be a primitive spectral pair in Zy, N € & ., A € Fnax(N). Then, the

P.q’
following inequalities hold:

ISF (p)|+def,, (B) IS,IAV(CI)I, IS (p)|+defp, (A) ISY (@]

|A| = |B| < min{p q p q
IS5 ()] 18X (@) ey (4) | ISY (p)] IS (@) bedefy (B)y

Proof. We will show that
|A] < plsg’(p)Iqlsﬁ’(q)lmef‘,(z‘\).
All the other inequalities are obtained by reversing the roles of p, g and of A, B. First, we will prove that
|4 mod gn| < p155 )] (11.6)
for allj. Let
Sg(p) ={x1,...,x:} €{1,2,...,m},

where t = |S g (p)| and the x; are in increasing order. We will write every element of @ € A pod g» in
p-adic representation, that is,

a=ag+aip+---+dam1p™ " mod p",
where, as usual, 0 < a; < p—-1,0 <i < m - 1. No two elements of A; 04 4» have the same p-adic
digits; otherwise, N = p™q" would divide their difference, i.e., they would be equal. Moreover, two
distinct elements a,a’ € A nod q» cannot have the same p-adic digits at the places
m=Xx¢,...,m=—Xy,
otherwise, a —a’ € p" *q"Z}, where x ¢ Sg (p), and as a consequence,

B(gord(a—a’)) = B(pr) #0,

https://doi.org/10.1017/fms.2022.14 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.14

38 Romanos Diogenes Malikiosis

contradicting Corollary 3.4. Thus, the elements of A; 04 4» have distinct digits at one of the places
m — x;. This clearly shows that

|4 moa gn| < p = p!S5 P,

proving our claim. Next, we will show that there is some j such that

A

P n| > _—
|4 mod qn| 2 /SN (@) ldefy (4)

Recall that m,, (B) is the maximal integer x € [0, n — 1] for which

B(Z&) #0.

Since B € Fmax(N), such an exponent exists, as we have already seen. Furthermore, Lemma 10.3 and
Proposition 10.4 imply that

A(g"qmq(s)n) #0= A(gquq(B)+l)-

Applying Lemma 9.2 for d = ¢"4B), with the roles of p,q and A, B reversed, we obtain that

A mod gma® 18 either absorbed or equidistributed modg™a (B)*! for every j. Since A(¢ gma®+) # 0,

there must exist some j such that A mq (B)+1
we put

mq(B) is absorbed modg . Without loss of generality,

j mod g

Aj mod g™a (B) = Aj mod g™a (B)+1 -

mg (B)+1

The set A. since the multiset

Jj mod g
A J mod g™a(B) 18 contained in a pg-cycle for every j, and for this specific value of j, it is supported
on a p-cycle. In particular,

mq()+1 1S in turn equidistributed modpg W .

1A 1 2gma®141 mod pgma | = I%IAJ- mod g B+
for every ¢. For any y < my(B) with y + 1 € S (¢), it holds
4 ot 9] = Z1A; mot ], (117
whileif y <m,(B)and y +1 ¢ SQ (q), it holds
|4 mod gv+1 | = [Aj mod ¢ |- (11.8)

Indeed, since B({]‘f]y) # 0 by Lemma 10.3, we must have a — a’ ¢ qu;V forevery a,a’ € A, a # a’ due
to Theorem 3.3(i) (or Corollary 3.4). If A; 04 4» Were not absorbed modqy”, there would exist some
u #0mod g suchthat A, .v mod g+ # @3 hence, for some 0 < £ < p — 1 satisfying

£g™aB*1=Y =y mod p,

and a € Aj+[qm<,<3)+1 mod pg™a (B4 a’ € Ajiugy mod gv+1s WE obtain

mg (B)+1-y mg (B)+1
9

a-a =q’(lq —u) mod pq
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hence a — a’ € ¢°Z%,, contradiction. Thus, combining equations (11.7) and (11.8), we get

|A]
q\sgwm[l,mqwmn '

|Aj mod qmq(B)+l| =

Next, we recall
def, (A) = |{y €[] : A({py) #0 = B({]‘\’,y_l)H,

where the set of y in the description above must satisfy y > m,(B) + 1. In other words, every y €
[mg(B) + 2, n] either satisfies A({yv) =0or A({py) #0 = B({f,y_l), hence

n—mg(B)-1= |S§(q) N [mgy(B) +2,n]| +def, (A).
Therefore, by equation (11.6), we get

p|5g(l7)| > m?X|A/'

+g™a (B)*! mod gn |
1
2 WlAj mod g |
_ 4]
qIS/I;’(q)ﬂlmq(B)+2,"J|+defq(A)q|Sf\V (@)n[1,mq (B)+1]]’
whence we finally obtain
|A| < plS,';’(p)IqISQ](q)Hdefq(A)’
as desired. O
Corollary 11.9. Let (A, B) be a spectral pair in Zy, where N € 8, ., A € Fmax(N). Then
pllogy algMogg 1 & min {pdef,,(A)’pdef,,(B), a4 qdefq(B)}.

If in addition p < q, we get
def,(A),def,(B) > 3,
and
def, (A), def ), (B) > 2[log,, q] > 4.
Proof. Denote
sp =max {|S} (P, IS (P}, 54 = max {ISY (9)1, 155 (@)1}
By Corollary 11.5, we obtain

ps,,+f10gp q1qsq+ﬂogq rl | Al

whence by Lemma 1 1.8 it follows
pirrliog, algsq+log P1 < min{p\Sg’(n)|+defp(B)qISQ’ (CI)I’p\SQ’(p)|+defp(A)q|S§(q)|,

plsﬁ’(l?)lqlsﬁ’ (q)[+defq (A) pIS,IQ’(P)IqISQ’ (q)|+defq(3)}’
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which easily yields the inequality

def, (A)  def,(B) def,(A)

p q

plogyalglog, 1 < in { p qdef(xB)}.

Next, suppose p < g so that the above inequality becomes

defp (4) |, def )y (B)

g%fa ), g%fa (B) } _

pﬂogp q1q < min {p
Since ¢% < p'°%» 214, the above yields
def, (A), defy (B) > 3
and

2108, 41 < min { pletp () pdef,,<B>}

or, equivalently,

def),(A), def, (B) > 2[log, q1 > 4,

as desired. O
Proposition 11.10. Let (A, B) be a spectral pair in Zy such that N € S, ., A € Fnax(N) and p < q.
Then

def, (A),def,(B) <m —2—-2flog, q|
and

def, (A), def, (B) < n - 4.

Proof. We remind that |S§ (p) - 1j, |U114V (p) — 1] and def, (A) are cardinalities of pairwise disjoint
subsets of {0, 1,...,m — 1} by definition. The bounds given by Proposition 10.11, Corollary 11.3,
Lemma 11.4 and Corollary 11.9 yield

m > SN (p)| +|UY (p)| +def, (A) > 2[log,, ] +2 +def , (A),

which easily gives the first estimate (the same holds for def, (B)). For the second inequality, we obtain
similarly

n > SN (@) +|UY (q)] +defy(A) > 4 +def, (A),

which gives the second inequality (the same inequality also holds for def, (B)). O

12. Proof of Theorem 1.4
From Corollary 11.9 and Proposition 11.10, we obtain that &% (N), and hence, Fpn.x(N) is nonempty
with N € &, . only if

4 < 2[log, q1 <m—2-2[log, q] <m -6,

and 3 < n — 4. This proves that, if N = p™q" with p < ¢, and either m < 9 or n < 6 holds, then

every spectral subset of Zy tiles, i.e., Fuglede’s conjecture holds for cyclic groups of order N with the
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given conditions. For the second part of the theorem, we invoke the inequalities involving def, (A) and
def,(B) in Corollary 11.9 and Proposition 11.10 to obtain

4[log, gl +2 < m,
which implies

6]4 < p4|'10gp q] < pm—2.

Thus, if pm‘z < q4 holds, then Fp,ax (N) must be necessarily empty, or in other words, N ¢ & p.q» Which
by definition means that Fuglede’s conjecture holds for cyclic groups of order p™q", where p~2 < ¢*.
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