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1. Introduction. A homogeneous scalar (continuous) polynomial on a Banach
space X is an application p : X — R having the form p(x) = M(x, - - -, x) where M is
a multilinear (continuous) map on X. Conversely to what happens in the linear set-
ting, multilinear forms or continuous polynomials are not usually continuous with
respect to the weak topology. Perhaps the simplest example is the bilinear form that

gives the inner product on a real Hilbert space (resp. the polynomial || - ||?) which is
obviously not weakly sequentially continuous since the canonical basis is weakly
null.

Banach spaces in which all continuous multilinear forms (resp. polynomials) are
weakly sequentially continuous have been called in [8] M-spaces (resp. P-spaces). It
is not known if both classes coincide, although obviously M-spaces are P-spaces.
Still more restrictive is the class of the hereditarily M-spaces (resp. hereditarily
P-spaces): Banach spaces such that every subspace is an M-space (resp. a P-space).
Gonzalo and Jaramillo have shown in [19] that hereditarily P-spaces can be char-
acterized as those Banach spaces that do not contain normalized sequences admit-
ting lower p-estimates. (Recall that a sequence (x,) is said to satisfy a lower p-
estimate [resp. an upper p-estimate] if for some constant C > 0 and every finite
sequence of scalars (,) one has || Y A,x,| > CO_ [1,1")/7) [resp. <].) Results in
[17,18] extend this characterization to multilinear forms showing that hereditarily
M- and hereditarily P-spaces coincide.

Recall that a space X is said to have an upper p-estimate if every weakly null
sequence contains a subsequence admitting an upper p-estimate. Reflexive spaces
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with upper p*-estimates have been called W),-spaces in [10]. A Banach space X is
said to have the Dunford-Pettis property if the bilinear form on X @ X* given by
(x,f) — f(x) is weakly sequentially continuous.

The M-spaces form a rather peculiar class: it contains the spaces with the
Dunford-Pettis property [23] as well as spaces admitting, for every p > 1, upper p-
estimates (since this prevents the existence of sequences with lower g-estimates).
Thus, spaces with the Dunford-Pettis property are M-spaces, while spaces having
upper p-estimates for all p > 1 are hereditarily M-spaces. It will be very useful to
consider also M y-spaces (i.e., Banach spaces in which every N-linear form is weakly
sequentially continuous).

The Dunford-Pettis property is stable under finite products, vector sums (see
[5]), complemented subspaces and preduals. On the other hand, W,-spaces are stable
by finite products, vector sums (see [9]), subspaces and quotients. Nevertheless, an
example in [8] shows that the product of two M-spaces need not be an M-space.
Motivated by this, one should admit that the stability properties of the class of M-
spaces are, at least, intriguing.

The stability properties of the class of M-spaces, including those obtained in
this paper, can be summarized as follows:

1. Subspaces, quotients, duals or preduals of M-spaces need not be M-
spaces. To be an M-space is not stable by products, and thus this is not a three-
space property. Nevertheless, if E is an M-space then E & E is an M-space.

2. Complemented subspaces of M-spaces are M-spaces. Quotients of M-
spaces by subspaces not containing /; are M-spaces.

3. If A is a Banach space with unconditional basis and A @ E is an M-space
not containing /; then A(X) is an M-space. Alternatively, if either A or X has the
Dunford-Pettis property then A(X) is an M-space. More precisely, the result is true
for M y-spaces. There exist examples of M-spaces A and X such that A(X) is not an
M-space.

4. If E**is an M-space, then E is an M-space. The converse fails. However, if
E admits a certain local finite dimensional structure (in a sense to be made precise
later), say (E,), and [(E,) is an M-space then the ultrapowers of E (and therefore
all even duals of E) are M-spaces.

5. The projective tensor product F£ ®, E of an M-space need not be an M-
space. This answers a question in [8].

The class of P-spaces has the same permanence properties, except that it is an
open question whether £ @ E has to be a P-space when E is a P-space.

2. Elementary stability properties. We pass to the proof of the results stated in 1
and 2. Since spaces with the Dunford-Pettis property (such as /, or /;) are M-
spaces, while /, is not, it is clear that subspaces and quotients of M-spaces are not
necessarily M-spaces. Nevertheless, it was established in [21, Prop. 2] that quotients
of reflexive P-spaces are P-spaces. An analogous result for P-spaces not containing
/i (whose added difficulty is that one has to work with weakly Cauchy sequences
instead of weakly convergent sequences) appears also mentioned as a note added in
proof, while the proof is waived as ““using Proposition 2.2 in [2]”. Since the same is
true for M-spaces, let us state it as a lemma.
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LEMMA 1. A multilinear form is weakly sequentially continuous if and only if it
transforms weakly Cauchy sequences into convergent sequences.

This immediately gives the following result.
PROPOSITION 1. Quotients of M-spaces by subspaces not containing [, are M-spaces.

Proof. Let X be an M-space and let Q : X — Z be a quotient map whose kernel
does not contain /;. By Lohman’s lifting [22] weakly convergent sequences in Z
admit subsequences which are images by Q of weakly Cauchy sequences in X and, by
Lemma 1, Z is an M-space. [

Tsirelson’s original space T* is an M-space since it admits, for all p < oo, upper
p-estimates. (See [11].) Moreover, its dual T has a basis that admits, for all ¢ > 1,
subsequences having lower g-estimates, which allows the construction of non-weakly
sequentially continuous polynomials on 7. This shows that neither the dual nor
predual of an M-space has to be an M-space.

Multilinear forms cannot, as a rule, be extended from a subspace Y of a Banach
space X to the whole space. When the multilinear forms on Y can be extended to
some M-space then also Y is an M-space. This, and the Aron-Berner extension of a
multilinear form to the bidual space, show that when the bidual X** is an M-space
then the space X is an M-space; it also shows that complemented subspaces of M-
spaces are M-spaces. The space c¢y(/>(n)) has the Dunford-Pettis property and hence
it is an M-space, while its bidual /,(/»(n)) contains a complemented copy of /, (see
[5]) and thus it cannot be an M-space.

3. The basic stability problem. In [8] it was proved that neither the product nor
the tensor product of two M-spaces has to be an M-space. Nevertheless, the fol-
lowing result holds.

LEMMA 2. If E is an M-space then E® E is an M-space.

Proof. An n-linear form on E @ E can be thought of as »n” n-linear forms on E:
this is consequence of the algebraic (hence topological in the projective norm
topology) isomorphism

®(Ei QE)= @ (E,®---QF,)
i=1

it in€{ )

and the fact that the space of m-linear forms on E is the dual space of the projective
tensor product of m copies of E. The proofis completely straightforward after that. []

All this shows that the core of the difficulties for studying the stability of the
class of M-spaces lies in the existence of bilinear (multilinear) forms on £ @ F that
cannot be reduced to bilinear forms on either £ or F. The following question
appeared while working in [8] and seems to be of great importance for the under-
standing of the structure of the M-spaces.
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PrOBLEM 1. Do M-spaces and P-spaces coincide?
Closely related, as we show next, is the following question.
PRrROBLEM 2. Is E @ E a P-space when FE is a P-space?

LeEmMA 3. If all m-homogenous polynomials on E" are weakly sequentially con-
tinuous, then all m-linear forms on E are weakly sequentially continuous.

Proof. Let o : {1, ---,m} — {1,---,m} be an n-cycle (for instance, o(j) =j+ 1
and o(m) = 1). If M is an m-linear form on E then

k=m—1

A(l) /<+](1) I\+m(1)
Tty (xi‘n)izl,...,m] = Ml:xllr ) xg(l) EEREY xgm—l(l):l

3

M[(xil)ztl,-

—mo

P
(=}

defines an m-linear form on E™ such that
M[(xi),gl,...,m, s (Xi),-=1,...,m] =mM(xy, -+ -, Xp).

The result easily follows after that. O

A closely related decomposition for polynomials can be found in [1]. A con-
sequence of Lemma 3 and Lemma 2 is that Problems 1 and 2 are equivalent.

PROPOSITION 2. M-spaces and P-spaces coincide if and only if whenever E is a
P-space then E@® E is a P-space.

Let us also remark that Dimant mentioned to us that Problem 2 can be shown
to be equivalent to the following one that Dimant and Zalduendo pose in [15].

PRrROBLEM 3. Does the space of m-homogeneous polynomials on E have a basis if
and only if the space of m-linear forms on F has a basis?

4. Stability of vector sums. We pass to vector sums. Recall that given a Banach
space A with an unconditional basis (e,) the vector sum space A(X) is defined as the
space of all sequences (x,) € X" such that ey = NUxall )l < +o0o endowed
with the norm || - [[;(x). It is a rather standard and usually interesting question to
study the stability of a given property under vector sums. The reader may peruse
[5.9], where it is proved that if both A and E have the Dunford-Pettis property (resp.
the hereditary Dunford-Pettis property) then so does A(X) or [13], devoted to the
stability of the properties of containing /, or co.

Let us fix some notation. L(E, F) means the space of all operators acting
between E and F, while IC(E, F) denotes the space of all compact operators. Given

Ay, -+, Ay N-spaces, EN(A] x -+- x Ay) denotes the space of N-linear forms on the
product. Ef:,’SC(Al x -+- x Ay) means the space of all weakly sequentially continuous
N-linear forms. When 4, = --- = Ay = X then we shall simply write £("X).

The next lemma extends one of the main results of [12] concerning natural
tensor products with an /,-space; we think it has an independent interest.
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LEMMA 4. Let X be a Banach space and let ). be a Banach space with unconditional
basis. Assume that X and A do not contain [y. Let Z be a Banach space. If
L, Z) =K, Z) and L(X, Z) = K(X, Z), then LIMX), Z) = K(AM(X), Z)

Proof. Let T : M(X) — Z be an operator and let (f,), be a weakly null sequence
in A(X). Since A(X) does not contain /; (see [20]) it is enough to show that (7F,) is
norm null in Z.

It is possible to decompose f, = u, + v, with u, having finite support and
lim ||v,|| = 0. Hence, it is enough to show that lim || 7u,|| = 0. Let 4; be the support
of u;. We decompose u, = a) + b} with a} and b} having disjoint supports and a,
having support contained in 4;. Since £(X, Z) = K(X, Z) the same happens with X*
and therefore lim ||Ta | =0. Let n(l) be such that ||Tan(1)|| < 27!, We repeat the
argument starting with u,y and relabel. In this way we obtain a sequence of ele-
ments u,y) with supports A4 such that u,q) = an(k) + bn(k) in which a” *) and bn(k)
have disjoint supports, a"(k) has support contained in A4; and |7 aT(k)ll <27k We
show that lim || 7' bn(k)|| = 0, which concludes the proof Observe that the vectors bn(k)
are disjointly supported and thus the sequence b n(ky €an be considered the image of a
weakly null sequence (1) of A by some operator L : A — A(E) as we justify next in
detail. After that, TL : > — Z is compact and therefore lim || 7LAx|| = lim || 7. bn(k)|| =
0.

Let f; be norm one elements of X* chosen as follows. Let By be the support of
bn k) If i € By, then f; (bk o) = ||bn(k)(z)|| x- The sequence (f;); induces an operator

F:AME)— 1 defined by F((x,),) = (fu(xn)),, which is continuous since
1Dl < 10Xl = 1C6), lr). Therefore, the sequence

(FB), = (0. 0. 18y min BOlly, -+ 15 (max B, 0,-)

is weakly null in A. We set A, = F(bfj(k)). The operator L : A — A(E) we are looking
for comes is as follows: for i € By,

D@

L(()\n)n)(l) =Ai ||bk(k)( ))“X

and 0 otherwise. The operator L is continuous since

||L(()‘n)n)||x(X) = ||(|)\n|)n”k = K”()\n)n”)”

where K is the unconditionality constant of A. Finally, it is clear that
k k
LEDb) 1) = by
Since it has been proved that every subsequence of (u,), contains a further
subsequence whose image by 7T converges to 0, the same happens with the starting
sequence (u,), and the proof is complete. O

The following three lemmata clear the way for the proof of Theorem 1.

LEMMA 5. Let V, W be Banach spaces. L(V, W*) =KV, W*) if and only if
LW, V) = K(W, V*).
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Proof. This is a consequence of the fact that an operator 7: V' — W™ is compact
if and only if 7% : W** — J™ is compact; and, since 7% is weak*-to weak* con-
tinuous, T* is compact if and only if its restriction to the weak® dense part V is
compact. O

The proof of the following lemma is contained in [14, Theorem 3.1].

LEMMA 6. If E is an M y-space and does not contain I, then E @~ ®, E does
not contain 1.

LEMMA 7. If E and F do not contain ly, then all bilinear forms on E x F are weakly
sequentially continuous if and only if all operators E — F* are compact.

Proof. Recall first that bilinear forms on E x F can be identified with operators
E — F*. Hence, L(X, X*) = K(X, X*) is sufficient to make all bilinear forms on X
weakly sequentially continuous. As for the necessity, a careful reading of the proof
of [8, Theorem 2.1] shows that if a bilinear form B € £(>X) is weakly sequentially
continuous then its associated operator t : X — X™ transforms weakly null sequences
(x;) of X into bounded sequences (z(x,)) of X* such that for every weakly null
sequence (y;) of X one has

lim sup [t(x,)(v)| =0
k—00 peN

(recall that Emmanuele [16] calls a bounded set 4 of X* an L-set if, for every weakly
null sequence (y;) of X, one has

lim sup |yx(a)| = 0.

k=00 4ed

Thus, we have shown that (t(x,)), is an L-set. Emmanuele shows in [16] that when
X does not contain /; the L-sets of X* are relatively compact; hence (7(x,)), is a
relatively compact set, and the rest is routine. O

A deeper analysis of the role of Emmanuele’s L-sets in connection with weakly
sequentially continuous multilinear forms can be found in [7].

THEOREM 1. Let X be a Banach space and let A be a Banach space with uncondi-
tional basis. Assume that X and A do not contain I,. If . ® X is an M y-space, then
MX) is an M y-space.

Proof. We should keep in mind for the rest of the proof that A(X) cannot con-
tain /; as is proved in [20].
The case N = 2 means to prove the implication

LOB®X, VDX =KO®X, M ®X*) = LOX), A(X)") = KAX), M(X)").

After Lemma 4 it is enough to show that L, A(X)") =K, A(X)") and
LX, (X)) = KX, M(X)*). We prove the first equality. Let 7: A — A(X)* be an
operator. Since, by hypothesis, £(1, 1*) = (A, 1*) and L(X, A*) = (X, A*), Lemma
4 yields L(A(X), A*) = K(A(X), A*). Therefore, T*|A(X) is compact and, by Lemma 5,
so is T*. The argument with X is analogous.
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Assume that the case N — 1 has been already proved. To prove that A(X) is an
M y-space is clearly sufficient to obtain

LX), LY 0X) = KX, LY (X))

In view of Lemma 4 this is equivalent to obtaining simultaneously

and L, LY X)) = KO £ 0:X0)

LX, LY 0(X)) = KX, LY 0:(X)).

Consider for instance the second equality. By the induction assumption, A(X) is
an My_-space and thus, by Lemma 6, A(X) ®, . - ™™ ®,A(X) does not contain /;.
Since £V (X)) = (MX) ®, VIS @, A(X )3 , Lemma 7 asserts that the desired
equality is equivalent to showing that

LYX x AN = L8 (X < AN,

wse
This is in turn equivalent to

LX), LYX x AX)N2) = KX, L5 x (X)) ).

Once again Lemma 4 makes this equivalent to obtaining simultaneously

and L, LN X x AX)V72)) = K (&, LY (X x m(X)V?))

L(X, LYHX x AN ?)) = K(X, £V H(X x AX0)V72)).

After repeating N-times this process of “‘shifting A and X to the left” one obtains
that the starting equality becomes equivalent to the 2V equalities

EN(Al x N-1 .ti_mes x AN) — E{:"j(’(A] x N-1 _times x AN)

in which A; means either X or A. Also this is implied by the hypothesis “A & X is an
M y-space”. O

COROLLARY 1. Let X be a Banach space and let . be a Banach space with uncon-
ditional basis. Assume that X and A do not contain l|. If A ® X is an M-space then
MX) is an M-space.

A question suggested by the previous proof (observe that the hypothesis of not
containing /; is necessary) is as follows.

PRrROBLEM 4. Assume that £ ®, E does not contain /. Does L(E, Z) = K(E, Z)
imply L(E®, E, Z) = K(E®, E, Z)?

Let us show that the additional hypothesis about A @& X in Proposition 1 cannot

be omitted. As we already mentioned, one of the main examples in [8] is a Lorentz
sequence space d(w, 1) such that both d(w, 1) and its natural predual d,(w) are
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M-spaces while the canonical bilinear form on d,(w) @ d(w, 1) is not weakly
sequentially continuous (i.e., d,(w) has not the Dunford-Pettis property). Since those
two spaces have symmetric basis, one can construct the vector sums d(w, 1)(d.(w))
and d.(w)(d(w, 1)), which cannot be M-spaces.

We investigate now the role of the Dunford-Pettis property. The following
result shows that the example in [8] is ““sharp”.

ProposITION 3. If X is an M-space and Y a space with the Dunford-Pettis prop-
erty, then X ® Y is an M-space.

Proof. A bilinear form B on X @ Y can be reduced to four elements:
e a bilinear form By on X given by

BX(xv d) = B((X, 0)’ ((l, 0))7

e a bilinear form By on Y, given by
By(y, b) = B((0, y), (0, b)),

e a linear operator Ly : X — Y* given by

Lx(x)(b) = B((x. 0). (0, b))

and
e a linear operator Ly : Y — X* given by

Ly(y,a) = B((0, y), (a,0))

in the form

B((x,y), (a, b)) = By(x, a) + Lx(x)(h) + Ly(y)(@) + By(y. b).

Quite clearly, if ((xu, yn), (an, b,)), is a weakly null sequence in (X & Y)®
(X @ Y) then B((xy, yn), (an, by)) converges to zero: the sequence (Ly(x,)(h,)), tends
to zero since Y has the Dunford-Pettis property; analogously, identifying the points
in X with their canonical images in X**, one obtains that the sequence (Ly(y,)(an)),
converges to zero; finally, the sequences (Bx(x,, a,)), and (By(y,, b,)), converge to
zero since X and Y are M-spaces.

The proof for an m-linear form is analogous: let D be a set of indices « such that
there exists a decomposition (x4, y,) of m in integers, including 0, such that
Xo + Yo = m. An m-linear form M on X @ Y can be decomposed as M =), M,
where M, is a x,-linear form on X taking values on the space of y,-linear forms
on Y. Since finite products of spaces with the Dunford-Pettis property have the
Dunford-Pettis property and X is an M-space, reasoning as in Ryan’s proof [23]
and, following the pattern of the bilinear case, one can show that all the components
M, are weakly sequentially continuous. O

When either A or X has the Dunford-Pettis property then not only the hypothesis
on A @ X can be dropped, one can also discard the hypothesis of not containing /;.
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THEOREM 2. Let A be a Banach sequence space with an unconditional basis and let
X be a Banach space. Assume that both ) and X are M-spaces. If either A or X have
the Dunford-Pettis property then A(X) is an M-space.

Proof. Assume that it is A which has the Dunford-Pettis property. We prove first
that bilinear forms on A(X) are weakly sequentially continuous and then proceed by
induction.

Let B be a bilinear form on A(X) and let (f;,), and (g,), be weakly null sequences
in A(X). We follow the same notation as in Lemma 4. We start by writing
fn =ty + v, and g, = w, + y,, where lim ||v,|| = lim ||y, || = 0 while u, and w, have
finite support. Since

B(fn, &) = B(un, wn) + B(tn, yn) + B(vn, Wn) + BV, yu),
it only has to be shown that lim || B(u,, w,)|| = 0. We decompose u, = a) + b} and

wy = ¢! +d! as in Lemma 4. This gives

B(uy,, wy) = B(a!, ¢! + B(a,ll, d,11) + B!, ¢y + B, db.

n’>-n n’>=n n’>=n

Since X is an M-space, so are the finite products X*. Since (B(-, cl)), is a weakly
null sequence in A(X)*, its restriction to the finite product X* in which the supports
of u; and w; are contained must be weakly sequentially continuous. Thus,

lim | B(d', ¢})|| = 0.

n’>-n

It is therefore possible to obtain some index n(1) such that, for j > n(1) one has
||B(a}, c})|| < 2-!. Repeating the reasoning with un1y and wy(), and then diagonaliz-
ing, we obtain a subsequence (n(k)); such that || B(ay,,, ch)ll < 27%; and thus

lim || B(d} 1 o)l = 0.

Let us relabel the sequences so that

B(u,, w,) = B(ay, ¢,) + B(ay, d,) + B(b,, ¢,) + B(b,, d,),

where (b,), and (d,), are images of weakly null sequences, say (A,), and (w,),, of A
by some operators, say t, and 7,. Moreover, the preceding argument shows that
there is no loss of generality in assuming that

lim B(ay,, ¢,) = 0.
Since (a,), and (c,), are weakly null sequences in A(X), then (B(ay, t4(-))), and

(B(w(+), ¢n), are weakly null sequences in A* while (B(tp(-), 74(+))), is a bilinear form
on A. The Dunford-Pettis property of A yields

lim B(a,, d,) = lim B(a,, t;(u,)) =0,
lim B(b,, ¢,) = lim B(tp(Ay), ¢x) = 0,
lim B(b,, d,) = lim B(ty(Ay), Ta(ity)) = 0.
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This concludes the proof that B is weakly sequentially continuous and A(X) is
an Mj-space when A has the Dunford-Pettis property.

The proof when X has the Dunford-Pettis property is analogous. In this case
one has to consider that B(-, d,) and B(-, ¢,) form weakly null sequences in A(X)*;
thus, when restricted to the finite products (X*)* they must transform weakly null
sequences into null sequences. This is what makes lim B(a,, ¢,) = lim B(b,, d,;) = 0.
The equality B(b,, d,) = B(tp(r,), Ts(i,)) shows that the last sequence is described
by the action of a bilinear form on A, and must therefore converge to zero.

The proof for trilinear forms and, in general, the inductive step, can be easily
obtained recalling that, given an m-linear form M on a Banach space E and points
x,z € E™, one has the decomposition

M(x + 2) = M(x) + Mi(x; 2) + M(2),
where, for each x € E, M,(x; z) is a sum of n-linear forms on Ewith 1 <n <m. [
It only remains to pose the following question.
PROBLEM 5. Assume that A @ X is an M-space. Is A(X) an M-space?

The guess of the first author is that the answer is no, while the second author
conjectures a positive answer.

5. I..-sums and local structure. A rather more difficult case is that of /.-sums of
M-spaces. In general, no positive result can be expected since it was already men-
tioned that the /-sum of finite dimensional Hilbert spaces contains a complemented
copy of , and thus it cannot be an M-space. Curiously enough, this is the same
example that shows that the bidual of an M-space need not be an M-space. We give
now a partial result connecting both results.

Given a sequence (E,) of finite-dimensional normed spaces we say that a Banach
space E admits the family (E,) as local structure if for some ¢ > 0 every finite
dimensional subspace 4 C E is contained in some finite dimensional subspace B C E
that is c-isomorphic to some E,,.

PROPOSITION 4. Assume that E has some local structure (E,). If I (E,) is an M-
space then all ultrapowers of E (and hence all even duals) are M-spaces.

Proof. Ultrapowers of E have the same local structure as E, and even duals of E are
1-complemented in some ultrapower. Now, let £y, be an ultrapower of £ and let Y be a
separable subspace of Ey,. Necessarily, Y is contained in a subspace of £y, having the form
U;E,(j) (up to an isomorphism). Let us prove that U, E,, is an M-space; this suffices.

Let (x!),cy> 1 < i <r, be a finite number of normalized weakly null sequences in
U,E,. There is no loss of generality in assuming that xj; eE, foralll <i<r. Let
m: U, E, — R be an r-linear form. We define an r-linear form M : [(E,) — R by
means of

M)y 1)) = Timmu . )
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For fixed 1 <i <r, the points v, € /(E,) defined by vi(j) =0 if j < k and
vi(j) = x} if j > k have norm 1 and form a weakly null sequence, as is easily verified.
Since /o(E,) is an M-space and M(v}, .-+, v;) = m(x}, - -+, x}), it follows that U,E,
is an M-space. [

REMARK. We have proved slightly more than announced: every separable sub-
space of Ey, is contained in a separable M-subspace of Ey,.

6. Lack of stability by projective tensor products. The question of whether the
projective tensor product of two M-spaces has to be an M-space is implicit in [8],
where it is shown that the projective tensor product of two polynomially null
sequences need not be even weakly null. It is not hard to deduce from the results
presented there that the projective tensor product of two M-spaces need not be an
M-space. However, there remains the question of whether the tensor product
E®, E is an M-space when E is an M-space. A negative answer was shown to the
first author during the July 1999 Conference on Banach spaces at Murcia by I.
Villanueva. The following result can be deduced from the results in [3]. (See, in
particular Theorem 2.2 of [3].)

PROPOSITION 5. Let K and S be two compact Hausdorff spaces. Then
C(K) @, C(S) is an M-space if and only if both K and S are scattered.

The key of the argument is to show (Lemma 2.1 in [3]) that the projective tensor
product of a weakly null and a bounded sequence in C(K)-spaces is still weakly null.
Now, if K is not scattered then there exists a quotient map ¢ : C(K) — b; taking a
bounded sequence (f,) in C(K) such that g(f,) = e,, the canonical basis of /, and
taking a weakly null sequence (g,) in C(S) and a bounded sequence (g¥) in C(S)*
such that gf(g,) =1 one gets that the 4-linear form C: C(K) x C(S) x C(K)x
C(S) — R defined by C(f. g, h.j) =2, 9(/)m)gi(g)q(h)(n)gi(j) induces a bilinear
form B: C(K) ®, iC(S) x C(K) ®r C(S) — R that is not weakly sequentially con-
tinuous since B((fu ® gn), (fu ® &) = C(fn, &> > 8n) = 1.
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