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1. Introduction
Let S be a completely 0-simple semigroup and let A(S) be the lattice of

congruences on S. G. Lallement (2) has described necessary and sufficient
conditions on S for A(S) to be modular, and has shown that A(S) is always
semimodular (A, r>-AnT implies A VT>-A, T). This result may be stated: If S
is O-bisimple and contains a primitive idempotent, then A(S) is semimodular.

Let S be a bisimple co-semigroup. Munn (4) has found necessary and
sufficient conditions on S for A(5) to be modular. This note will describe the
conditions under which A(S) is semimodular. An example will show that these
conditions need not be met, so that the existence of a primitive idempotent is
indeed essential in Lallement's result.

2. Semimodularity
The notation will be that of (1), (3), (4), (5). Some knowledge of these

papers is assumed.
Briefly, a semigroup S is an co-semigroup if the idempotents of S form a

countably infinite descending chain: eo>e1>e2--.. Bisimple co-semigroups
S = S(G, a) have been characterized by Reilly (5) in terms of groups G and
endomorphisms a of G.

If S = S(G, a) is a bisimple co-semigroup, then A(S) = [/, ^f]u[<7, SxS~]
where a is the minimum group congruence on S. Let si = {A: A is a normal
a-admissible subgroup of G}. For each A e s/, let rad A •= {g e G: goc" e A
for some n), and let si* = {Aesi: rad A = A}. For each A e A(5), let
•Ax = {geG: (0; g; 0)ee0X}. Then X-*AX and T-*AT are, respectively,
inclusion preserving bijections of [/, Jf] onto si and of [a, <rv ̂ ] onto
[(3), (4)].

Lemma 2.1. Lef A e [/, Jf ] a«rf T e [cr, a v ^"] a«rf ^ s /4t. TAe/i 2 g i ,

Proof. Let(x, j)eA. Thenx = (w; #; n), ̂  = (m; h; n),andgh~1eAxcAt

by Lemma 2.3 of (3). Hence (x, y) e T by the remarks after Lemma 5 of (4).

Lemma 2.2. Let X e [i, ^f] a«rf T e [a, Sx 5] .

(i) Then T>~A WJ A(S') implies x = ovX.
(ii) 7%«J T>A /« A(5) //anrf on/y z/^t = Ax.
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Proof, (i) Since X, a £ T, then X £ Xva s T. Thus T = Aver since
x>X.

(ii) Assume first that x>X in A(S). Then AT = 4Av<T by (i) and so

At = rad (4A)

by Lemma 7 of (4). Thus Ax = rad Ax since otherwise there would be an
idempotent separating congruence strictly between k and T by Lemma 2.1.
Then 4A = 4 t since otherwise there would be a group congruence strictly
between X and T, again by Lemma 2.1.

Conversely, assume that Ax = 4 t and K e A(S) such that A £ K £ T.
Then 4 t = Ax £ 4 K £ 4 t and so K = X or K = z depending on whether
K e [/, / ] or K e [<7, CT v

Theorem 2.3. A[S(G, a)] is semimodular if and only if Ae jtf* and
in si implies B e si*.

Proof. Assume that A\S(G, a)] is semimodular. Let A esf* and B>-A in
si. Choose X e [i, Jf ] and T e [a, a v j ^ ] such that ^ r = ^ and ^A = B.
Then /4tnA = AxnAx = /4ni? = /4 = ^4t, using Lemma 6 of (4) at the first step.
Thus t>~Xm by Lemma 2.2 and A>-AOT since B>-A in .s/. Thus AVT>A, T
since A(5) is semimodular. But, again by Lemma 6 of (4) AXvt = rad (AXAT)
= rad 5. But X v T>A and so B = rad 1? by Lemma 2.2.

Conversely, assume that A e si* and 2?>»,4 in si implies B e si*. Let
X e [/, ^f] and T e [cr, a v X ] such that X, T>AOT. Then ^4, = AtnX = Azr\Ax

and so ^4t £ /4A. Since A>rnA, then AX>AZ and hence rad Ax = /4A. But
y4Avt = rad (AxAr) = /1A and so X v T > A by Lemma 2.2. Also X vT>-T because

CoroUary2.4. Lef a e End (G) such that Goc = G. Then A[S(G, a)] is
semimodular.

Proof. Let A e .s/* and let B~>~A in J / . To show that B e si*, it is enough
(by induction) to show that goc e B implies g e B.

Since B>A in the lattice of a-admissible normal subgroups of G, then
B\A"?-\ in the lattice of (<x/y4)-admissible normal subgroups of G/A. From
B/A-&G/A it follows that (B/A){tx/A)<i(G/A)(<x/A) = G/A and since (B/A)(a/A)
is (o04)-admissible, then (B/A)(ot./A) = 5/.4 or (BIA)(«/A) = 1. But a/4 is
injective since 4 e .s/* and so (B/A)(a/A) = 5/4.

Suppose then that g eG and ga e B. Then (4gr)(a/4) 6 5/4 and so

for some b e B. Hence (gb'1)^ eA and so gb~x e A since 4 6 # . Thus
gb~1 e B and so g e B.

Corollary 2.5. Assume G is abelian and a e End (G). Then A[S(G, a)] is
semimodular.
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Proof. The argument is essentially the same as in Corollary 2.4. The
important thing there is that {BjA)(a/A}<: G/A and this is so here too because
G is abelian.

Example 2.6.f Let N = {0, 1, 2, . . .}. Let G = {a: a is a permutation of
N, and no = n for all but a finite number of n e N}. Let A = {a e G: a is an
even permutation}. Define a: G-*G by (2ri)(acc) = 2{na) and

Then a e End (G), a is injective, and Go. $ 4̂. Hence .*/ = {1, A, G) and
stf* = {1, G}. Consequently, A[5(G, a)] is not semimodular. In fact, [/, a v ̂ f ]
is the non-modular five lattice and so A[S(G, a)] does not satisfy the Jordan-
Dedekind chain condition.
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t The author is indebted to Professor E. E. Enochs for this example.

E.M.S.—F
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