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Abstract

Let{U,}be givenby Uy =1and U, = -2 Z,E":/]z] (znk)U"—Zk (n > 1), where [-] is the greatest integer function.
Then {U,} is analogous to the Euler numbers and U, = 32”E2,,(_%), where E,,(x) is the Euler polynomial.

In a previous paper we gave many properties of {U,}. In this paper we present a summation formula and
several congruences involving {U,}.
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1. Introduction
The Euler numbers {£,} and Euler polynomials {E,(x)} are defined by

[n/2] n
Eg=1, E,=- kz; (Zk)Enzk (n>1),
[n/2]

n e
Ey(x) =3 kZ: (2k)(2x - 1D)"*Ey  (n20),

where [x] is the greatest integer not exceeding x. In [8] the author introduced and
studied the sequence {U,,} (similar to Euler numbers) given by

[n/2]
n
Up=1, Un=—z;(2k)un_2k (n>1). (1.1)

Since U, =0, by induction Uj,—; =0 for n > 1. The first few values of U,, are as
follows:

Uy=-2, Uy=22, Usg=-602, Us=30742, U;o=-2523002,
Ui, =303692662, U;s=-50402079002, U;c=11030684333782.
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426 Z.-H. Sun 2]

Let (a/p) be the Legendre symbol. In [8], the author proved that for any prime
p>3,

[2p/3] (-1 )k—l

k

= 3p(§)Up_3 (mod p?). (1.2)
k=1

The Bernoulli numbers {B,} and Bernoulli polynomials {B,(x)} are given by
n

n—1
Bo=1, Y (”)Bk =0(n22) and B,(x)=y (’;)ka"-" (n>0).

k=0 k k=0

By [8, p. 217],
B, 2(3)=6U,3 (mod p) forany prime p > 3. (1.3)

In [4] Mattarei and Tauraso proved that for any prime p > 3,

5 ()= (6)- 5oell) s

g

Thus,

p-1
2k
Z ( p ) = (g) - 2p2Up_3 (mod p*) for any prime p > 3.
k=0

Suppose that p is a prime of the form 3k + 1 and so 4p = L? + 27M? for some integers
L and M. Assume that L=1 (mod 3). From (1.3) and [3, Theorem 6]

2(p-1) 5
3 P P )4 1
( é ) = (—L-l- z + E)(l + szp—3) =-L+ z +p2(5 - LUP_3) (mod p3)
In Section 2 we prove a summation formula involving U,; see Theorem 2.1. Let
N be the set of positive integers. If n € N and 2% | n, in [8] the author determined U,

(mod 2%*7). In Section 3 we prove that
3Us, = =3072n"* + 4608n° + 22401 + 1680n + 2 (mod 2°™'%) forn >7.
For k, m, b € N with 2 | b, in Section 3 we also show that
Upnirp = Up + 2771 (mod 2m010143),

Let k,meN and b€{0,2,4,...}. From [8, Theorem 4.3] we have Uy3n+p = Up
(mod 3™), where ¢(n) is Euler’s totient function. In Section 4 we prove a congruence
for Ukemy+s — Up (mod 37+4) for m > 3; see Theorem 4.2. In Section 5 we prove a
congruence for Ejy3mp — (3% + 1)E;, (mod 3™**) for m > 3; see Theorem 5.2.
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2. A summation formula involving U, (x)

Forn=0,1,2,...1let
n n [n/2] n
n—r -2k
= = . 2.1
U,(x) ;:0 (r)U,x ;:O (2 k)ngx" (2.1

The first few U, (x) are as follows:

U()(x) = 1, U]()C) =X, UZ(X) = x2 - 2,
Us(x) = x> —6x, Us(x)=x*— 124> +22,
Us(x) = x> = 20x> + 110x,  Ug(x) = x° — 30x* + 330x% — 602.

By [8, Theorem 2.3],

Uy(x— 1) = Uy(x) + Uy(x + 1) = x",
U(x)+Up(x+3)=(x+ 1"+ (x+2)", 2.2)
Ux+3)-Uy(x=3)=(x+2)"+(x+ D' =(x - 1" = (x-2)". (2.3)

Taking a, = U,(x) and b, = x" in [8, Theorem 2.2],

[n/2]

n
X'=2) (Zk)Un_ka = Un().
k=0
That is,
[n/2] n

Un(x) = x" =2 ; (Zk)Un_zku).

Since
b n b n n—k+1 b
n n X
Un(x) dx = U X' dx = U
[ s kZ(k) ) a3 (k) Sk 1,
=0 k=0
1 S+l
- U n+1-k ,
n+l ;( k ) o
we see that ,
U,i1(b)—U,

f U, () dx = 21 ;2+ 1 +1(@) 2.4)

This together with (2.3) yields
fa+3 U (x) i (61 + 2)n+1 + (a + 1)n+1 _ (a _ 1)n+1 _ ((l _ 2)n+1
a=3 " n+ 1 )

https://doi.org/10.1017/S0004972712000433 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972712000433

428 Z.-H. Sun [4]
Since U, (0) = U,, by (2.4),

Ux)=U, + nf U,_1(t) dt.
0

Let m, n € N. From [1] we have the following well-known summation formulas:

m—1 m—1 m
Z = Byy1(m) — By and Z(_l)kkn _E0)-(D En(m)‘
pan n+1 e 2

We now present the following similar result.
TueoreEM 2.1. Let m, n € N and
Sim)=m-1Y"+m-2)"-(m—-4)"-m-5"+m-7"+m-8)"—---,
where the term a" vanishes when a < 0. Then
Un(m) = (=1)"U, if3|m,

Su(m) = Uy(m) = (=DIDBIy 12 if 3§ mand 2 | n,
U, (m) — (=D"By,(1) if3Ymand?2 1 n.

Proor. Using (2.2), we see that
m-1)"+m=-2)"—-(m-4)"-m=5"+m-7"+ (m-8)"

- (—1)[’"/”(('" - 3[?] * Z)n * (’" B 3[?] " 1))

= (Un(m) + Up(m = 3)) = (Un(m = 3) + Up(m — 6)) + (Up(m = 6) + Uy, (m = 9))

oA o o)
— U,y(m) — (=13 Un(m - 3[%])
Thus,
U,(m) — (=1)"3U,(0) if 3| m,
S u(m) = Uy(m) — (-D"3y,(1) if3|m—1,
(=B | 4 Uym) = (=D, 2) i3 | m =2,

Clearly U,(0) = U,. By (2.2) and (2.1), we have U,(-1) + U,(2) =1 and so U,(2) =
1-U,(-1)=1-(-1)"U,(1). If 2 | n, using (1.1) we see that

n/2 n/2
n n 1 1
U,(1)= kE_O (Zk)Uzk = kE—O (Zk)Un—Zk =U, - EUn = EUn

and so
U,2)=1-Uy(1)=1-1U,.

Now putting all the above together, we deduce the result. O
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COROLLARY 2.2. Form e N,

S0m) m? =2+ 2(=1)"3 if3|m,
m) =

: m? =2+ (=DDBL 3y

S50m) m — 6m if 3| m,
m) =

’ m — 6m+ S(=1)"3 if 34 m,

Sa0m) m* — 12m* + 22(1 = (=1)"3) if3|m,
m)=
N m* = 12m2 + 112 = (=DIDBY i34 m,

CoRrOLLARY 2.3. Forn € N,

2 5 (2n
Uon = —(22" +37 - ( )42kU2n—2k)
3 kZ::J 2k

2 - (2
= §(72" F67 -4 3] = N (ZZ)SQkUzn_zk).
k=1

Proor. Taking m =4, 8 in Theorem 2.1 and replacing n with 2n, we see that

3% 4+ 2% = Upy(4) + 5 Uy

and
T+ 6M =47 =37 1+ 1= Up,(8) + S Uy
Since
_ O (20 2n-2r _ O (2n 2k
Usn(x) = ; (2r)U2rx =Uy + ; ) Uzn—k,
from the above we deduce the result. O

3. Congruences for Us, (mod 2*) and Uyny,; (mod 2Mmintbmi+3)

Suppose that n € {3,4, 5, .. .}. From [8, Theorem 4.1 and Corollary 4.1] we know
that
Uy, =—16n-42 (mod 27).

Moreover, if n is even and 2% | n, then

Uy, =481+ 3 (mod 2°*7). 3.1)

Let p be a prime and let ord,m be the greatest integer « such that p®|m. If
p* <n< p**!, then

ordpn!:[z]+[%]+---+[£]<ﬁ+%+ + —+
p P r’ p p p’ 39
l/p n (3.2)
1-1/p p-1
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Lemma 3.1. Suppose thatn €N, n > 5 and 2% | n. Then

3Uz, +2'n(2n = DUz, = 277" + 6™ = 4" =37 + 1) + 2% (n - 1)
-23- 21311(}1 -DH+7- 215n(n _ 1)3 (mod 2w+19).

Proor. For k>4 we see that 6(k —3) > k> ord,k and so 8% /k=218.206=3)/k =0
(mod 2'%). For 3 <k <n—1, by (1.1) we have 2 | Ua,_o. Thus, for k > 3,

2n 2n — 1\ 8%
2( 5 k)82k Uspo = 2n( o 1)7U2,,_2k =0 (mod 2%*%0).

Hence, by Corollary 2.3,

2 2
30y, =2 (72" FOY 4 3 ( 2")82 Usyr — ( :)84 Uz,,_4) (mod 27+20).

(3.3)
Since U4 = —16(n — 2) —42 = —16n — 10 (mod 27) and

2 dn—-172-1
2o )8 = 22n(n - 1)u =0 (mod 2°"'?),
4 3
we see that
2 dn—-12-1
2( 4")84U2n_4 =220 - 1)%(—1@1 ~10)
4n-172-1 5(4n -1 -1
- —216n2(n _ 1)% _ 213n(n _ 1)%

=22 -1)-3d(n-1)-1)=23-2"%ntn - D@mH-1*-1)
=-2%2.3dn-1)-(m-1)+23-28nn-1)-23-2%n(n-1y>
= -2"2"(n-1)+23 -2 = 1) = 7-2"n(n - 1)>  (mod 2**").

Hence, by (3.3) and the fact 2(22")82 Uans =2"n(2n — 1)Us,_» we deduce the result. O

THEOREM 3.2. Let n € N with n > 7 and 2% | n. Then
3U,, = =3072n* + 4608n° + 22400 + 16801 +2 (mod 2°*'%),
Proor. Since Us,_p = —16(n — 1) — 42 (mod 27), by Lemma 3.1,

3Us, +2'n(2n — 1)(=16(n — 1) — 42)
=277+ 6 — 42" 32 1 1) =23-2Bp(n - 1) (mod 297'%).

As2n>a + 13,
6211 = 42n =0 (mOd 2(l+13)'
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We also note that 27n(2n — 1)(16(n — 1) + 42) = 28(16n> + 1812 — 13n). Now, from
the above we deduce that

3Us, =28(160° + 1802 = 13n) + 2(77" = 37"+ 1) = 2Bn(n = 1) (mod 2. (3.4)
For k > 5 we see that 4k — 14 > k > ord,k. Thus, 2% /k = 0 (mod 2'*) for k > 4. Hence

n-— 1)48"

77 =(1+48)" =1 —
(1 +48) +;n(k—l T

— n 27 3 a+14
=1+ 48(1) +48 (2) +48 (3) (mod 2977).
For k > 7 we have 3k — 14 > k > ord,k. Thus 2%*/k = 0 (mod 2'%) for k > 5. Hence

Therefore,

o2n _ A2n _ Y i 2 o2y 3 o3y 4"

e I T AR
= 40n + 1120(n* — n) — 768n(n — )(n — 2) — 1536n(n — 1(n — 2)(n — 3)
=-22.3p% +28.3310° = 2° . 4211° + 6600n
=-27.30* + 2803 + 25 . 910% = 15920 (mod 2°*13).

This together with (3.4) yields

3Us, = 28(160° + 181% — 13n) + 2(=2° - 3n* + 2%%°
+2°- 9172 = 15920+ 1) =2Bn(n - 1)
=-219.3,% +2°.953 +2°.350% + 16800 + 2
= —3072n* + 4608n> + 2240n* + 1680n +2 (mod 2%*'%4).
This proves the theorem. O

LemmMa 3.3. Letk,m, b e Nwith2|b. Then

2b+1 2 (b/2)-1 b
Upigsp —Up= — — = (2
,

5 3 )er(UZ’"kH)—Zr —Upny) (mod 27,

Proor. From [8, (4.1)],
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Thus,

2 B (b
_ = _ 2r
Uy = 3(1 > (2r)2 U,,_z,)

and

5 21k (b/2)~1
Uiy = §(1 S N @A)

r=1
22r
X2"k+b-2r+1)- 2 )|U2 k+b— 2r)

By (3.2), 2% /(2r)! =0 (mod 2) for r> 1. By (1.1), 2| U,, for n> 1. We also have
2"k + b > m + 2. Thus, from the above we deduce that

) 27w (b)2)-1 o

2
Ugmkﬂ,z—(l— b1y -2t Do

Un ,,)
3 2. 2y V22

b2

_ 2 b 2r m+3
= 5(1 - Zl (2}")2 UZ”’k+b—2r) (mod 2 )

r=
Therefore,

b/2
Usnirp — Up = —= Z ( )22r(U2’"k+b2r —Up-z) (mod 2"3).

By (3.1), Uy = 48 22m ke 4+ 2 = 2 (mod 2"*?) for 2"k > 6. When 2"k =2 or 4 we

353
also have U = 3 (mod 2*2). Thus
b+l 2 b/2)-1 b
Uiy = Up = ——— (U = 1) = > 2% (Usnsp-2r = Up-r)
3 3 4
2h+1 2 (b/2)-1 (b)
= - 2% (Upnisp-2r — Up—zy)  (mod 2""*3),
9 3 ; 2r
as required. O

Tueorem 3.4. Let k,m € N.
1) Ifbef{2,4,6,...}, then

Upmprp = Up + 2b+1 (mod 2min{b,m}+3)'
(i1) We have

Uzmk+2 = —30 (mod 2m+3) and U2n1k+4 = 33—4 (mod 2m+3).
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(iii)) Ifbef{4,6,8,...}and b <m -2, then
Upnis = Up +2°71(4b +5)  (mod 2°+5).
Proor. If be{2,4,6,...}, by Lemma 3.3,

Shel o BRS pb-2r+1
Uynicsp — Up — =—= Z ( )er(U2’"k+b—2r = Upor — )

9 "3 & \2r 9

"3 2r

2 2b+1 (b/2)-1 b
3 9

(3.5)
ob-2r+1 )

)22r(U wikrb-2r — Upop — ——

) 5 G-
9

a _§ 2r
2h+2
- 2—7(2b—1 —2) (mod 2.

Hence,
2b+1

9

(b/2)-1
2 (b) 2( 2
=—= E 2N Usnisp—2r = Up-ar —
3 4 \2r

Therefore, for b = 2, Upniyp, — Up — 2°71/9 = 0 (mod 2™in+3) We now prove (i) by
induction on b. Suppose that the congruence

Uiy — Up —

b-2r+1

) (mod 2min(bm)+3).

2b—2r+l
9

Upnisp—2r — Up_oyr — =0 (mod 2mnimb=2r1+3)

holdsforr=1,2,...,(b/2) - 1. As
2.2%. 20243 =0 (mod 2°*3)  ifb<m,
2.2 . pmintmb=2ri+3 — Jo om+l 23 = (mod 2*3) if b > m and 2r > m,
2.2%.2m 23 =0 (mod 2™3) ifb>m>2r,
from the above and induction we deduce Usnj,p, — Up — 221/9 = 0 (mod 2mintb-mi+3)

This yields (i).
We now consider (ii). Putting » = 2 in Lemma 3.3, we see that

23 8 10

Umpip =Uy + 3 =-2+ 6 = —3 (mod 2m+3).
Taking b = 4 in Lemma 3.3 and then applying the above, we deduce that
25 2(4 32 8 32
Upsa = Us == = 2| |- 22(Upnpyr — Up) = = = 16 - = = == d 2m+3
v —Us = 5 3(2) (Uznir2 — U2) 5 9 3 (mo )

and 80 Upngys = Uy — 33—2 =22 - % = % (mod 2*3). This proves (ii).
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Finally, we consider (iii). Assume that2<b <m - 2. By (i), for 1 <r < (b/2) -1,

2h—2r+1
Uynicrp—2r — Up_ay — g = 0 (mod 2°7%*3).
Thus, it follows from (3.5) that
2b+1 2b+2
Upniery — Up — =" (201 —2)=22*1 28 (mod 20,
9 27
Using this and (3.5),
b+l o) (b/2)-1 b 2b+3
Umpor — Uy — — = — = 22r(p2b-20+1 _ pb=2r43y _ 2 iab-2 _ |
ke = Up = =5 3 ; (Zr) ( ) 27( )
gb+2 G251y ob+s 271 22b+1  ob+3
- _ - 2b—2r + _ +
3 — 2r 3 — 2r 27 27
2b+2 b 2b+4
_ X 22 = 2b—1 —2)— 2b+3
3 (b - 2) 5 )
= =23(b—1) (mod 2°*5) ith>2,
0 (mod 2b%) ifb=2
and therefore for b > 2,
b+1
Upnisp — Up = +2053 (b - 1) =21 4b +5)  (mod 2°%9).
This proves (iii). The proof is now complete. O

COROLLARY 3.5. Let k, m, b € N with 2| b. Then Uiy, = U (mod 2min{bmi+1y,

Proor. This is immediate from Theorem 3.4(i). m]

4. A congruence for Ujy3m4+p (mod 3+

In [6] the author proved that for k, me N, m >4 and b € {0, 2,4, .. .},

5-2"k (mod 2"**)  ifb=0,6 (mod 8),

Eoniyp — Ep =
2mk+b b {_3 2"k (mod 2m+4) ifb=2,4 (mod 8).

A generalisation to Euler polynomials was given in [7, Theorem 3.3].
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From the proof of [8, Theorem 4.2] we have the following lemma.

Lemmva 4.1. Forn €N,

" (2n
22, = Z (Zk)SZkEzk.
k=0

THeorREM 4.2. Letk,meN, m>3 and b€ {0,2,4,...}. Then

3"k(9b —40) (mod 3™*)  if3|b,
Uspmas — Up ={=3"k - 22 (mod 3m+4) if31b-1,
~3"k(9b —32) (mod 3"**) if3|b—2.

Proor. By (3.2), ord;(2r)! < r — 1. Thus, for r > 3,
2r —ords2r)!' >2r—-(r—-1)=r+1>4

and so 3%7/(2r)! =0 (mod 3*). Clearly 3*|b(b—1)--- (b —2r + 1) for r > 3. Thus,
for r > 3,

(kp(3™) + b)k(3™")+ b — 1) - - - (kp(3™) + b —2r + 1)

2r-1
=b(b— 1) (b=2r+ 1)+ kg(3") >’ b - 1)’1'?'_(171,_2” 2,
i=0
=b(h-1)---(b=2r+1) (mod 3™).
Hence,
(k‘o(3 )+ b)32f = (b )3” (mod 3™ for r > 3. 4.1)
2r 2r

Since Eg =1, E; = —1 and E4 = 5, using (4.1) and Lemma 4.1 we see that

m k(3™ + b k(3™ + b
DIy = 1 9( @ 2) + )+ 5. 34( @ 4) + )

ko(3™) + b

(kp(3™)+b)/2
( 2r

)32rE2r
r=3
9 33.5
=5 32m=2k2 4+ 2. 3" 1k 2b - 1)) + 2
+ (4b — 6)K> (3™ + (6b* — 18b + 11)K>p(3™)?
b2

b
+ (4b° — 18b” +22b - 6)kg(3™) + ( )32rE2r
i \2r

(k*p3™*

=232 - (2b — )3k — (4B + 4b — 6)3" %k
+2°U, (mod 3.
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By (3.2), ordsr < ordsr! < r/2. Thus, for r > 4,

r3r
2 — Y—s= >
r—ordsr > 2r ) >6
and so
m—1 9" m—2 32r m+4
(3" N2 =2.3m2. 2 =0 (mod 3"
r r
Hence,
k(p(Sm—l) m—1
2]“,0(3’") _ 1 _ (1 _ 9)](1;2(3'"_1) _ 1 _ Z k90(3 ) (_9)?‘
r=1 r
k 3m—1 k 3m—1 k 3m—1
=( o ))(_9) +( o ))(_9)2 +( o ))(_9)3
1 2 3
kp(3" ) m-1 r
_1y[ke(3" ) = 1\ (=9)
m—1
+ ;I«,DG )( o ) -
m—1 m—1 -1
= —9]{30(3"1_1) + Slk‘p(?’ )(k‘;(S ) )
m—1 m—1y _ m=1y _
N k(3™ ) (kep(3 )6 D)(kp(3"77) = 2) (~9)}
=3"k(16 +2-3"k) (mod 3"*).
Thus,

2K amyey, — 20U,
= (1 +3"k(16 + 2 - 3"k))2" Uy y3mysp — 22U,
= 2" (Ukgzmysn — Up) + 3™k(16 + 2 - 3"K)2  Upyzmsp  (mod 3™*4).

By Lemma 4.1,
2n 2n) .,
27Uy, = Eg + ) 3°E,=1-9n(2n—1) (mod 81).
Thus,
kp(3™)+b _ 9 m m — b
2 Uke3mysp =1 — 5(/(90(3 )+ b)ke(3")+b—-1)=1-9 ) (mod 81)

and so

b
- 9(2)
2k(’0(3m)
~ 1-3b(b-1)
T 1+ 3mk(16 + 2 - 3mk)

2b Uktp(3m)+b =
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- (1 - gb(b - 1))(1 ~37K(16 + 2 - 37K))
1= gb(b ~1)=16-3"k (mod 81).

Therefore,

—2-3%m2 — (2b — 1)3" k- (4b° + 4b — 6)3" %k
= MGy — 2PU = 2P (Ungamysn — Up) + 3™k(16 + 2 - 3"k)2° Upgzmy
= 2"(Ukg3myrp — Up) + 3"k(16 + 2 - 3"k)(1 — 3b(b — 1) — 16 - 3"k)
 [25(Usgmysn — Up) + 3"k(16 + 9b(b — 1)) (mod 3"+*) if m > 4,
N {2”(Uk¢(33)+,, —Up) + 27k(16 + 9b(b — 1)) + 3%k* (mod 37) if m=3.

This yields
2P (Uppzmysn — Up) = =3"k(36b° + 9b* +33b — 41)  (mod 3"*).
If 3| b, then 2% = (1 — 9)™*/3 and so

Urpamn — Up = (1 = 9)P3(=3"k)(36b° + 9b* + 33b — 41)
= —(1 +3b)(33b — 41)3"k = (9b — 40)3"k  (mod 3™*%).
If 3|b—1, then b*=2b-1(mod9), b»*=1(mod9) and 2°=4.2702=
4(1 = 9)~»+2/3 Thus,
Urpzmyes — Up = 4(1 = 9" OB (=3"k)(36b° + 9% + 33b — 41)
= —4(1 +3(b +2))(36 + 9(2b — 1) + 33b — 41)3"k
= —4(3b + T)(51b — 14)3"k = 8(3b + 7)(15b + 7)3"k
= 8(45(2b — 1) + 126D + 49)3"k = 8(216b + 4)3"k
= 8(216 +4)3"k=-22-3"k (mod 3™*%).
If 3|b—2, then »*=-2b-1(mod9), b*=-1(mod9) and 2 =2.270"1=
—2(1 = 9)~®+D/3 Thus,
Urpamyp — Up = =2(1 = 9)" D53 (=3 (36D + 9b* + 33b - 41)
=2(1 +3(b + 1))(=36 + 9(=2b — 1) + 33b — 41)3"k
= 103b + 4)(3b — 1)3"k = 10(9(=2b — 1) + 9b — 4)3"k
= 10(=9b — 13)3"k = —(9b — 32)3"k  (mod 3™**).

This completes the proof. O
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5. A congruence for Ej ;3745 (mod 3+

Lemma 5.1. Forn €N,

= (2n
32n +1DE L= 22n—2r+132rE .
( )E» Z; (2r) )

Proor. By [7, Theorem 2.1 and Lemma 2.1],

n

1 2n 2radr
5(32" + DEy, = Z (Zr)(l = 3)""¥3¥Ey,,

r=0
as required.
Letk,meNand b e{0,2,4,...}. From [2, p. 231] or [5, Corollary 7.1],
Eipamer = (3" + 1DE,  (mod 3™).
Now we prove the following stronger congruence.
THeEOREM 5.2. Letk,meN, m>3 and be {0,2,4,...}. Then
(9b +20)3"k (mod 3™ if3|b,

Ergmn — (3" + DEy =4~16-3"k (mod 3" if31b-1,
(<96 + 11)3"k  (mod 3™*) if3|b—2.

Proor. As ¢(3™) > m + 4, using Lemma 5.1 and (4.1) we see that
Exgmss = (3 + DEggamap

(ko(3™)+b)/2 (k(p(3m) b

) )2k¢(3’”)+b—2r+1 3,

r=0

_ 2k50(3"’)+b+1E0 + (k90(3m) + b)2k¢(3’")+b—132E2
2

4 (k90(3Z) + b)2k¢(3”’)+b—334 E,

b/2
b "y +b—2r r m
+ Z; (2r)2k¢(3 )+b-2r+132 E, (mod 3 +4).

From the proof of Theorem 4.2 we know that 3% /(2r)! = 0 (mod 3*) for r > 3.

Euler’s theorem, 2/G™ = 1 (mod 3™). Thus, from the above we deduce that

Ergamsn = 2904 9(k(3™) + b)(kp(3"™) + b — 1)24#3"+02
b/2

(k90(3 )+b)2b 3.81.54 Z( )2b—2r+132rE2r
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= 2041 (2%G™ _ 1) — 9(K2p(3™)? + (2b — Dkp(3™) + b(b — 1))2ke3™)+b=2

+9bh(b - 1)272 + ((WGZ) * b) - (i )) 7h-3.81.5

b/2
" Z b ob-2r+132r
£ 2 2r

= 20120 — 1) - 2% - 37" — 9(2b — 12" ke (3™)
—9b(b — 1)2P72(20G — 1) + 5. 33 . 2070(4p% — 1817
+22b — 6)ke(3™) + (3" + DE,,

= 20728 — 9b(b — 1))(2%C3™) — 1) — 2Pk% . 32" — (2b — 1)20 'k - 37!
- 2072020 +2b - 3)k - 3™ + (3 + 1)E, (mod 3.

By the proof of Theorem 4.2,
kG 1 = 16k - 3™ +2k* - 3% (mod 3"*).
Thus,

Erpames — (37 + DE, = 2°723"k{16(8 — 9b* + 9b) — 6(2b — 1) — 9(2b° + 2b — 3)}
+ 20728 —9b(b — 1)) - 2k>3% — 2bg232m
= 2072(—18b% + 18b* — 48b — 1)3™k  (mod 3™+%).

If 3| b, then 202 = —20(1 — 9)*/3 = —20(1 — 3b) (mod 3%). Thus,

Ergmsn — 37 + DE, = =20(1 — 3b)(—=18b" + 18b — 48 — 1)3"k
= 20(1 - 3b)(1 + 48b)3"k
= 20(1 +45b)3™k = (9b + 20)3"k  (mod 3"+,

If3|b—1,thenb*>=2b—1 (mod 9), b>* =1 (mod 9) and

1 1 b—1y 1
b-2 - __ _ b-1)/3 =__ _ R _ 4 )
2 S(1-9) 2(1 9. ) SGb=4) (mod 3*)

Thus,

Ergmsn — (3" + DE, = 1(3b — 4)(—18b° + 18b* — 48 — 1)3"k
= 1(3b - 4)(—-18 + 18(2b — 1) — 48b — 1)3"k
= (3b — 4)(—6b + 22)3"k = (—18b> + 9b — 7)3"k
= (—18(2b - 1)+ 9b — 7)3"k
= (=27b+ 11)3"k =16 - 3"k (mod 3™**).
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If 3|b-2, then b>=-2b—-1 (mod 9), b> =—1 (mod 9) and 2°72 = (1 - 9)P-23 =
1-9-(b-2)/3=7-3b (mod 3*). Thus,

Expamysn — 3" + DE, = (7 - 3b)(—18b" + 18b* — 48b — 1)3"k
= (7 -3b)(18 + 18(-2b — 1) — 48b — 1)3"k
= (3b-T7)3b+ 1)3"k = (9(=2b — 1) — 18b — 7)3"k
= (=9b + 11)3"k (mod 3™%).

This completes the proof. O
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