Proceedings of the Edinburgh Mathematical Society (2013) 56, 535-550
DOI:10.1017/S0013091512000387

ON BAR LENGTHS IN PARTITIONS

JEAN-BAPTISTE GRAMAIN! AND JORN B. OLSSON?

L nstitute of Mathematics, University of Aberdeen, King’s College,
Fraser Noble Building, Aberdeen AB2/ SUE, UK (jbgramain@abdn.ac.uk)
2 Department of Mathematical Sciences, University of Copenhagen,
Universitetsparken 5, 2100 Copenhagen J, Denmark (olsson@math.ku.dk)

(Received 1 May 2011)

Abstract  We present, given an odd integer d, a decomposition of the multiset of bar lengths of a bar
partition A as the union of two multisets, one consisting of the bar lengths in its d-core partition ¢4(\)
and the other consisting of modified bar lengths in its d-quotient partition. In particular, we obtain that
the multiset of bar lengths in ¢4()) is a sub-multiset of the multiset of bar lengths in A. Also, we obtain a
relative bar formula for the degrees of spin characters of the Schur extensions of G,,. The proof involves
a recent similar result for partitions, proved by Bessenrodt and the authors.
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1. Introduction

For any positive integer n, we call any partition A of n into distinct parts a bar partition
of n. It was proved by Schur [7] that the bar partitions of n canonically label the asso-
ciate classes of irreducible projective representations of the symmetric group &,,, or the
associate classes of faithful irreducible characters (spin characters) of a two-fold covering
group én of &,.

In [4, Theorem 1], Morris proved a formula (the bar formula) for the degrees of the
spin characters analogous to the celebrated Hook Formula [2, Theorem 2.3.21] for the
irreducible characters of &,,. The bar formula is a reformulation of the original degree
formula proved by Schur in [7, §IX, p. 235]. We state the bar formula below. In the bar
formula the role played by hooks and hook lengths of partitions is replaced by bars and
bar lengths of bar partitions.

If A= (a1 > -+ > an > 0) is a bar partition of n, then the multiset of bar lengths in

Alis
B(\) = U {1,...;a;}U{a; +a; | j > i} \{a;i —a; | j > i}
1<i<m
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Writing 7B(\) for the product of all theAbar lengths in A\, we then have the bar formula
for the degree of a spin character p) of G,, labelled by A:

nem)/al T
pr() = 2102
where, for any rational number x, |z] denotes the integral part of .

For any odd integer d > 3, it is well known that the bar partition A is uniquely deter-
mined by its d-core ¢q()\) and its d-quotient X9 (see, for example, [6, Proposition 4.2]).
The d-core partition é4(A\) of A is obtained by removing from A\ all the bars of length
divisible by d, while A4 encodes the information about these bars.

For any bar partition A of n and odd integer d > 3, we denote by ga(\) the (unique) bar
partition which has an empty d-core and the same d-quotient as A. We refer to gq()\) as
the d-quotient partition of A and have that |\| = [¢4(\)| +|qa(\)| (see [6, Corollary 4.4]).
This identity is reflected in our main result on the decomposition of the multiset of
bar lengths (Theorem 4.1). It states that the multiset B(A\) of bar lengths in A is the
union of B(¢4(\)) and B(Ga(\)), where the multiset B(gs(\)) is obtained from B(gs(\))
by modifying its elements in an explicitly controlled way, depending on the d-core of .
As an immediate corollary we obtain that B(¢q(\)) is contained in B(A).

In §2, we describe the doubling of bar partitions; this construction was first suggested
by Macdonald [3], and then studied by Morris and Yaseen [5]. It allows us to see all
the bar lengths in a bar partition as hook lengths in a larger partition. We present the
construction, as well as interpretations of the bar core and bar quotient in this setting.
In § 3, we introduce a number of subsets of the set of hooks in the doubled partition, and
derive from Macdonald’s construction a number of properties of hook lengths and bar
lengths. In §4, we then apply the results of [1] to deduce our main result, Theorem 4.1.
We then finally apply the theorem to give a d-version of the bar formula (a relative bar
formula).

2. The Macdonald construction

Let n > 1 be any integer, and let A = (a1 > -+ > a,,, > 0) be a bar partition of n.
In [3, Chapter III, p. 135], Macdonald presented a construction for the doubling of A,
which we present here using the example given by the bar partition A = (7,5,3,2) of
n = 17.

The shifted Young diagram S(X) of X is obtained from the usual Young diagram of A
by moving, for each i > 1, the ith row (i — 1) squares to the right. In our example, this
gives

Equivalently, S(A) can be seen as the part above the diagonal in the Young diagram
of the doubled partition D(A) = (a1,...am | a1 — 1,...,am — 1) of 2n (given in the
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Frobenius notation; see, for example, [3, Chapter I]). In our example, we obtain the
partition D(\) = (8,7,6,6,4,2,1) of 2n = 34, which has the Young diagram

-
] |
L_I

1

1

By filling the boxes of the Young diagram of D(\) with the corresponding hook lengths,
we obtain that the bar lengths in A\ are those hook lengths that appear in the subdiagram
S(A). In our example, we get

B(\) ={12,10,9,8,7,7,6,5,5,4,3,3,2,2,1,1,1}:

N[O
HIN(&~ D
=

We refer the reader to [2, §2.7] or [6, § 1] for the basic facts about [ sets for partitions
and their relation to hooks. In particular, if X is a 3 set for the partition A, then there
is a canonical correspondence between the hooks z in A and pairs (a,b) of non-negative
integers, where a € X, b ¢ X and a > b. The length h(z) of the hook z is then a — b.

Now take any odd integer d > 3. We represent a d-normalized (3 set X for D()) (i.e. | X|
is a multiple of d) by placing beads on an abacus with d runners. If d = 3, then in our
example we can take X = {0,1,3,5,8,11,12,14, 16}, and we obtain

@O 2

®+®
6 7 (8)
9 10 (11)
@13 19

15 (16)
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For any integer ¢, we denote by [{]4 the d-residue of £, i.e. the least non-negative integer
congruent to £ (mod d). We label each node in the Young diagram of D(\) by a d-residue
as follows: the d-residue labelling the (7, j)-node is [j — i]4. In particular, note that the
diagonal nodes (which correspond to hooks whose lengths are twice the size of the parts
of A) all have residue 0. Writing H(D())) for the set of hooks in D(A), we define, for
each 0 < 4,j < d — 1, the subset H;_,;(D())) of hooks of D(A) whose hand node and
foot node have d-residues i and [j + 1|4, respectively. For any hook z € H(D())), we
have that z € H,_,;(D())) if and only if, in the abacus, z corresponds to a bead on
the ith runner and an empty spot on the jth runner. In this case, the length h(z) of z
satisfies h(z) = i — j (mod d) (see [2, §2.7] for details). For each 0 < i # j < d — 1,
we write Hy;y (D(A)) for Hi;(D(X)) and H;;3(D(N)) for Hi;(D(X)) U Hj—;(D(X)). In
particular,

U Hu (D)
0<i<d—1
is the set of hooks of length divisible by d in D()).

Each runner in the abacus for D()) can be seen as representing a [ set: the ith runner
contains beads representing the elements of {x € X | [x]4 = i}; the corresponding (3 set is
X; ={k €Z| kd+i € X}. The d-quotient D(\)(¥ of D()) is the d-tuple (Xo,..., Xq_1)
of these (3 sets. The fact that we took a normalized § set ensures that the d-quotient
we obtain is the same as the one we would obtain by considering the star d-diagram of
D()) [2, Theorem 2.7.37]. We may then reformulate [5, Theorem 4] as follows.

Theorem 2.1. With the above notation, the d-quotient D(\)(® of D()) has the form

D(A)(d) = (D(.u())aﬂla cee 7M(d—1)/2’,uz<d_1)/25 .. '?#T)?

where pg Is a bar partition, 1, ..., ji(4—1)/2 are partitions and * denotes conjugation of
partitions. )
Furthermore, the d-quotient of X is A9 = (ug, py, ... s H(d—1)/2)-

In our example, we find
D)W = ((2),(4),(1,1,1,1)) = (D((1), (4),(4)") and AP = A& = ((1),(4)).

Removing all the hooks of length divisible by d in D(X) (or, equivalently, moving all
the beads in the abacus of D()) as far up as possible on their respective runners), we
obtain the d-core D())(qy of D()). Then we see (cf. [5, p. 26]) that D(\)q) = D(ca(N)),
where ¢4()) is the d-core of A (which may also be obtained from A by removing all the
bars of length divisible by d; the removal of such a bar corresponds to removing a pair
of d-hooks from D(\), one whose node is in S(A), and its counterpart in the lower half
of the diagram). In our example, we find D())3) = (3,1) = D((2)) = D(ca())).

We define the d-quotient partition of X to be the (uniquely defined) bar partition
ga(M\) which has empty d-core, and d-quotient gg(A\)(¥ = A(9). The doubled partition
D(Gaq(N)) therefore has empty d-core, and d-quotient D(gg(\))(® = D(X)(@). This proves
that D(Gq())) is the d-quotient partition of D(X), which we write as D(ga(\)) = ga(D(N)).
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In the d-abacus of D(g4())), the partition associated to each runner is the same as for
D()\), but the corresponding 3 sets all have the same number of elements (which is the
number of beads on the runners, and this is the same for each runner, since D(Gq()\))
has empty d-core). In our example, we can take this number to be 4, and we obtain

O 2
©l016)
©@O®
9 10 (1)
12 13 (14)
15 16 17

21 19 20

18 (22) 23

We therefore have D(g3(\)) = g3(D(\)) = (11,5%,3,1%), and g3(\) = (10, 3,2).

It is easy to see, using [6, Theorem 4.3], that since A and g4()\) have the same d-quotient,
there is a length-preserving bijection between the sets of bars of length divisible by d in
A and gg()\), respectively. In our example, both multisets of lengths are {12,9,6, 3, 3}.

3. Multisets of bar lengths

We keep the notation as in §2, and we take any bar partition p (which we want to
specialize to p € {A, ¢a(N), Ga(N)}). We define several subsets of the set H(D(y)) of hooks
and the multiset H(D(u)) of hook lengths in D(u). This is illustrated in the following
diagram:

'DP) P
h B — B
1 .

I —

I

I

: DP| P

' NB

I i

R

bor

! I

Lo—dJ

The subsets we will consider are defined as follows:

(i) P(D(u)) is the set of hooks corresponding to the parts of u (denoted by ‘P’ above),
and P(D(u)) is the set of their lengths.

(i) DP(D(u)) is the set of hooks corresponding to the doubled parts of p (denoted by
‘DP’ above), and DP(D(u)) is the set of their lengths.
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(iii) B(D(u)) is the set of hooks corresponding to bars in y which are not parts (denoted
by ‘B’ above), and B(D(u)) is the multiset of their lengths.

(iv) NB(D(w)) is the set of hooks corresponding to ‘non-bars’ (denoted by ‘NB’ above),
i.e. the counterparts in the lower half of the Young diagram of B(D(u)), and
NB(D()) is the multiset of their lengths. In particular, by construction, we have
NB(D(p)) = B(D(p))-

We thus have the set equality
H(D(p)) = P(D(p)) U DP(D(p)) U B(D(1)) U NB(D(p))
and the multiset equality
H(D(p)) = P(D(1)) UDP(D(n)) U B(D(p)) UNB(D(p)).

Note that B(D(u)) is the set of unmixed bars of type 1 and mixed bars (of type 3) in
w, while P(D(p)) is the set of unmixed bars of type 2 in u (see, for example, [6, §4]). In
particular, we have, for the multiset of bar lengths in u, that B(u) = P(D(u))UB(D(u)).

For any 0 < 4,5 < d — 1, we have defined in §2 subsets H;_,;j(D(u)), Hg;y (D (1)) and
Hgin (D(p)) (if 4 # 7) of H(D(p)). Similarly, we define subsets

Pi_;(D(n)), Ppjy(D(p), DPiL;(D(n), DPgj(D(w)),
Bij(D(p), Bijy(D()), NBi;(D(p)), NByijy(D(w)).

As before, for any hook z in a partition, we let h(z) denote its length. For any z €
B(D(u)), we denote by z* the counterpart of z in NB(D(u)) (so that h(z) = h(z*)).
For any subset K of B(D(u)), we write K* for the subset {z*,z € K} of NB(D(u)). In
particular, we have NB(D(u)) = B(D(p))*. For any 1 <i<d—1, welet i* =d —1 (so
that, in the d-quotient (D(uo), pi1,- .-, a—1) of D(u), we have, for each 1 < i < d—1,
pir = pF). We also let 0* = 0.

Lemma 3.1. For any z € B(D(u)), if z € B;—,;(D(n)) (for some 0 < i,j < d—1),
then z* € NBj«_;+(D(p)).

Proof. Suppose z* € NBy_,(D(p)). By definition, z has hand residue ¢ and foot
residue [j + 1]4, while z* has hand residue k and foot residue [¢ + 1]4. In particular,
considering the lengths h(z) and h(z*) of z and z*, we have h(z) =i — j (mod d) and
h(z*) =k — £ (mod d). But, since h(z) = h(z*), we have i — j = k — £ (mod d).

Now, since z € B(D(u)), the arm of z is in a row which corresponds to a part of
w, say the rth row of the Young diagram of D(u). Then, by construction of D(u),
the counterpart z* of z has its leg in the rth column of the Young diagram of D(u).
Also, by construction, this column is one node shorter than the rth row. It is then easy
to see that if the rth row has end residue m, then the rth column has end residue
[d—(m—1)]q = [(d—m)+1]g = [m* + 1]4 (indeed, we know that the residues increase
from left to right in a row, while they decrease from top to bottom in a column, and
that the rth row and rth column intersect on a diagonal node of residue 0). Therefore,
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the foot residue of z* is [i* + 1]4, so that we have ¢ = i*. But then, from h(z) = h(z*),
we obtain ¢ — j = k — ¢* (mod d), whence, since i* =d — i, k = —j (mod d), and thus
k= j*. 0

Corollary 3.2. For any 0 < 4,j < d — 1, we have NBj+_;«(D(p)) = Bi—;(D(p))*
and N'Bj-,i-(D()) = By (D(n).

We now prove a symmetry property on the number of beads in the abacus of D(u).
We suppose that the d-abacus of D(u) is minimally normalized, i.e. that the § set for
D(p) used to build the abacus has a multiple of d elements, and is minimal with respect
to this property. For each 0 < i < d — 1, we write z; for the number of beads on the ith
runner of the (minimally normalized) d-abacus of D(u).

Lemma 3.3. For any 0 < 14,5 < d—1, we have z; + x4« = ; + =j-.

In the example of § 2, we have zg = 3, x1 = 2 and x5 = 4, whence xg+zo« = 1+ 1+ =
To + T+ = 6.

Proof. Let a be the largest part of y and [a]q be its d-residue. Consider the rim R of
the Young diagram of D(u). Then R is composed of a + 1 horizontal segments (of length
1) and a vertical segments.

We extend the rim horizontally to the top right and vertically to the bottom left as
follows. Suppose (k — 1)d < a < kd for some k € N. If a + 1 < kd (i.e. [a]q # 0), then
extend R to an R that has kd horizontal segments and kd vertical ones. If a + 1 > kd
(i.e. a = kd), then extend R to an R that has (k + 1)d horizontal segments and (k + 1)d
vertical ones. In particular, R always has £d vertical segments and ¢d horizontal ones,
with ¢d > a. This implies that, while the horizontal extension of R may be empty (if
a + 1 = kd), the vertical one never is. In fact, the horizontal extension is always exactly
one segment shorter than the vertical one, which is ¢d — a segments long (¢d — a # 0 and
ld—a—1=0 < a+1=kd).

Label the vertical segment at the end of the first row by its d-residue [a]4. Complete
the labelling of each segment of R by residues modulo d by increasing by 1 for each step
to the top or right, and decreasing by 1 for each step to the bottom or left. In particular,
a row has end residue j if and only if the corresponding vertical segment of R is labelled
by j, while a column has end residue j if and only if the corresponding horizontal segment
of R is labelled by [j — 1]4.

For each 0 < j < d — 1, let V; (respectively, H;) be the set of vertical (respectively,
horizontal) segments of R labelled by j. We thus have
|Vj:{xj ?f(k:fl)d<a<kd, o< cd1. 3.1)

z;+1 if a=kd,
By construction of D(u) (see also the proof of Lemma 3.1), we see that the horizontal

segment at the bottom of the first column is labelled by [a]}. Since the vertical extension
of R has ¢d — a segments, the bottom one is labelled by [[a]}; — (¢d — a)]q = 0. And,
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since the horizontal extension has ¢d — a — 1 segments, the last one (if it exists, i.e. if
ld—a—1+#0) is labelled by [a +4d —a — 1]y =d — 1.

Following R from bottom left to top right, the labelling residues increase by one at
each step, going (by the above) from 0 to d — 1, and do so 2¢ times (since R has 2/d
segments). This shows that, for each 0 < j < d — 1, the total number of segments of R
labelled by j is 2/, i.e.

Vil +|Hj| =2¢, 0<j<d-—1. (3.2)

The nodes on the diagonal all have residue 0. Thus, the column of nodes which cor-
responds to the parts of u has end residue 1 (since it is immediately to the right of the
diagonal). Hence, the corresponding horizontal segment is labelled by 0. We have the
following picture:

lala +1 .d 7.1

[a]a

Now the portions of R to the right and to the left of this 0 (except the bottom left
segment) are symmetric (by construction of D(u), and by the above considerations on
the horizontal and vertical extensions). The vertical segments of one are in bijection
with the horizontal segments of the other, and any label j is sent to a label j*. Adding
the (horizontal) 0 in the middle and the (vertical) 0 at the bottom, this proves that

|V;| = |H,~| for each 0 < j < d — 1. Together with (3.2), this yields
Vil Vil = [Vl + (Bl =2, 0<j<d-1.
Using (3.1), this implies the result. O

Remark 3.4. In the course of the above proof, we have established the following
fact which will be useful later: if a node z in the Young diagram of D(u) corresponds
to a part of p of length h(z) = ¢ (mod d) for some 0 < 7 < d — 1, then z has hand
residue i and foot residue 1 (i.e. z € Pio(D(1))), and the diagonal node z*?
sponding to the associated doubled part has hand residue ¢ and foot residue [i* 4 1]4
(i.e. 2%2 € DP;_;«(D())).

corre-
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Lemma 3.3 has several important consequences in our context. Let A be any bar par-
tition and let g;(A) be its d-quotient partition. Following [1, Theorem 4.7], we have the
following definition.

Definition 3.5. For each hook z € H(D(gaq(\))), the modified hook length h(z) of z
is given by h(2) = h(z) + (z; — z;)d if z has hand residue i and foot residue [j + 1]4.

We then write ﬁ(p(cjd()\))) = {|h(2)| | z € H(D(ga(\)))} (note that the same multiset

is denoted by abs(H(D(gs(A)))) in [1]). Subsets of modified hook lengths are defined
similarly for the subsets of hooks we introduced earlier.

Corollary 3.6. For any bar partition A and any z € B(D(g4(\))), we have h(z) =
h(z*). In particular, for any 0 < 4,7 < d — 1, we have

Bi~j(D(qa())) = NBj+ i« (D(Ga(N))-

Proof. Suppose z € B;_,;(D(G4()))) (for some 0 < ¢,j < d—1). Then, by Lemma 3.1,
2* € NBj«_;«(D(Ga()))). We thus have

h(z) = h(z) + (z; —x;)d and h(z*) = h(z*) + (zj+ — 24)d.

But h(z) = h(z*) and, by Lemma 3.3, x; — x; = x;« — x;+. Hence, h(z) = h(z*). Corol-
lary 3.2 concludes the proof. O

Corollary 3.7. For any bar partition A and any z € P(D(qs()\))), we let 2*% be
the corresponding element in DP(D(qq()))), satisfying h(z*2) = 2h(z). We then have
h(2*?) = 2h(z).

Proof. Take any z € P(D(gq(\))) and suppose h(z) = i (mod d) for some 0 < i
d — 1. Then, by Remark 3.4, we have z € P;_o(D(ga()\))) and 2%2 € DP;_;<(D(qa()\))).
By Definition 3.5, we therefore get that h(z) = h(z) + d(z; — 7o) and h(2*2%) = 2h(z) +
d(x; — x;+). Now, by Lemma 3.3, we see that x; — x;- = 2(x; — 1), so that h(z*2?) =
2h(2) + d(x; — 24+ ) = 2h(2) + 2d(z; — 20) = 2h(2). O

Corollary 3.8. For any bar partition \, the elements of P(D(qa()\))) are distinct, and
the elements of DP(D(qy()\))) are distinct.

Proof. Suppose z € Pio(D(qu(N)), 2’ € Pj—0(D(qa(\))) and |h(z)| = |h(z')]. We
want to show that h(z) = h(z’), which then implies z = z’. We see from Definition 3.5
that |h(z)| = £i (mod d) and |h(2')| = +j (mod d). Thus, we must have j =i or j = i*.
Ifi = 0, then j = 0, so that h(z) = h(z) and h(z') = h(z') and we are done. If we have j =
i # 0, then if h(z) = h(z") we obviously have that h(z) = h(z'). If h(z) = —h(z'), we get
i = —i (mod d), which is impossible. Consider the case in which j = i*, h(z) =i (mod d)
and h(z') = i* (mod d). Then h(z) = —h(z'), i.e. h(z)+d(z; —x0) = —h(z") —d(zs —x0).
Thus, h(z) + h(z') = d(zo — x;) + d(xo — z;+). But the right-hand side of this is 0, by
Lemma 3.3, which is impossible.

We have now shown that the elements of P(D(gq()\))) are distinct. Corollary 3.7 shows
that the elements of DP(D(gq()\))) are distinct. O
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4. Main result

We are now in a position to prove our main result. Recall that, if A is a bar partition,
then the multiset of bar lengths in A is B(A) = B(D(\)) U P(D(N)). We will also write
P()) for the set P(D())) of parts of A. Also B(gy()\)) is the multiset of absolute values
of the modified hook lengths h(z), z € B(ga()\)). Finally, for any multiset A, we denote
by A*? the multiset given by A*% = {2a | a € A}.

Theorem 4.1. Take any bar partition A and any odd integer d > 3, and let T'(\) =
P(ea(N)) N P(ga(A)). Then

where B(ga(\)) = [B(aa(\) \ T(V)] U T(3)*2,
Proof. We write
BN= |J BaWu U BuyW,
0<i<d—1 0<i<j<d—1

where we have
Biiy(N) = Bisi(A) = Bisi(D(N)) U Py (D(N))
and
Byijy(A) = Bi—;(A) U Bji(A) = Bijp (D(A)) U Py (D(N)).

Now, Upcica—1 Briy(A) is exactly the set of bars of length divisible by d in A. By con-
struction (see §2), we thus have

U Ba™= U By@N)= |J Bul@ah)

0<i<d—1 0<i<d—1 0<i<d—1

and

U Bay@) =0.

0<i<d—1

We also want to examine separately the case of parts of length divisible by d in A.
These are the bars of type 2 (see [6, §4]) of length divisible by d in A, and, if we write

AD = Gga(ND = (o, g1, -+ - ia—1)/2)s

then they correspond bijectively to the parts of 1o (and are d times as long). Since Gg())
has the same d-quotient as A, we see that it has the same parts of length divisible by d.

To prove our result, it is now sufficient to consider the bars whose length is not divisible
by d, i.e. which correspond to a bead and an empty spot on distinct runners ¢ and j in
the abacus. We distinguish between three cases, corresponding to the three possible
cardinalities of the set {,7,4*,5*}.
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In each case, we will apply [1, Theorem 4.7], which, in our context, may be formulated
as

H(D(N)) = H(D(ca(N) UH(D(qa(N))).

Note that [1, Theorem 4.7] can be refined to pairs of runners using the proof of [1,
Theorem 3.2].

Case 1. Take any 0 < i < j < d — 1 such that |{4,j,i*,j*}| = 4. In particular,
J # i*, so that DP(;3(D(A\)) = 0 = DP+;-3(D(XN)), and 0 & {i,4,i*, 5%}, so that
P{”}(D(/\)) =0= P{Zx]*}(D()\)) (and similarly for D(¢4(A)) and D(gq())).

By [1, Theorem 4.7], we have

Hiijp (D(N) = Hyijy (D(2a(N)) U Hyijy (D(qa(N)))-
Now Hyij3 (D(N)) = Hisj(D(N) UHj—i(D(N)), and we have
Hissj (D(N) = Bissj(D(N) UN B, ;(D(N))
and
Hj—i(D(A)) = Bj—i(D(A) UNB; i (D(N)).
Also, by Corollary 3.2,
NBiLj(D(N) = Bj«i«(D(N) and NBj_;(D(X)) = B« (D(X)),
whence we obtain
/H{ij}(D()\)) = B{ij}(D()\» U B{i*j*}(DO\)) = B{ij}()\) U B{z’*j*}()\>-
Similarly,
Hiijy(D(Ca(N))) = Bijy (€a(N)) U Byi« i+ (€a(N)),
and, using Corollary 3.6,
Hiijy (D(3a(N)) = By (@a(N) U By iy (@a(N)).-

Hence, in this case,

B{ij}()\) U B{i*j*}(k) = B{ij}(éd()\)) U B{i*j*}(éd()\» U B{w‘}(@d()\)) U B{i*j*}(qd()\)).

Case 2. Take any 0 < i < j < d — 1 such that [{¢,7,7*,5*}| = 3. This means that
i=14"=0and j # j* (in particular, j # 0 and j # *), so that P,_,;(D(\)) = 0 and
DP{U}(D()\)) =0= DP{ZxJ*}(D()\)) (and similarly for D(Ed(A)) and D((jd(/\)))

This time, we have

Hisj(D(N)) = Hosj (D(N) = Booj (D(AN)) UNBo,;(D(N))
and

Hjso(D(N) = Piso(D(N) UBjso(D(N) UNBj0(D(N)).
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Also, by Corollary 3.2, we have
NBo;(D(N) = Bj=—o(D(A))  and  NBj_o(D(X)) = Boj=(D(A)),

whence we obtain H{OJ}(D(A)) = P{OJ}(D()\)) U B{OJ}(D(A)) U B{OJ*}(D()\))
Now, 0 < j* < d—1, and (0, j*) satisfies the same condition as (0,j) (and, in fact,
{0,7,0%, 5*} = {0, j*,0%, (5*)*}). Thus, we also have

H =3 (D(N) = Proj=3 (D(A)) U Byoj=3 (D(A)) U Byojy (D(A))-

Writing Hfojj*} for H ;3 (D(N)) UHoj+1(D(N)), and using similar notation for parts
and bars, we hence obtain

A _ A A
Hiojiy = Pioji=y Y 2Bojiry-

where, for any multiset A, we write 24 for AU A. Similarly, and with analogous notation,

we have

Ed()\) _ Ed()\) Ed()\)
H{Ojj*} B P{Ojj*} Y ZB{Ojj*}'

And, using Corollary 3.6, we also obtain

73a(N)  _ pHTa(N) dd (M)
Hiojimy = Projiy Y 2By

Finally, by [1, Theorem 4.7], we have

N e | agda)
Hiojiy = Hyogz+y Y Hioj50y-

Rewriting this equality using the expressions we found above, we obtain
A A _ pta(N) Ca(N) Dda(N) 204 (M)
Piogiy Y 2Biogiy = Progity Y 2Byagiry Y Projjy Y 2Bjojse)
_ pta(N) D5dd(N) Ca(N) Ddd(N) Ca(N) 204 ()
= Proji-y © Plojj=y Y 2 [(P{Ojj*} n P{Ojj*}) U B34y Y B0y
where o denotes symmetric difference.
Now any multiset () has a unique decomposition of the form @) = R + 25, where R
and S are sub-multisets, and the elements of R are di§tinct. The elements of PCSJ(?*)
distinct, since ¢4(\) is a bar partition, and those of 75%(.).‘2 are distinct by Corollary 3.8,

whence we find that the elements of ’Pfg](jz 3 © ’P?gj(;‘) y are distinct. This implies that

are

N prh) 53N
Piogiey = Py © Piogi-y

and

A _ ca(N) 5da () Ca(N) 7d ()
Biojjy = Pragiey N Projip) Y Biogsey Y Bogjey-

In particular, we obtain, for each 1 < j < %(d - 1),

_ ) _ ca(A SGa (A
B{Ojj*}()\) = B{Ojj*}(cd()‘)) U B{Ojj*} (Qd(A)) \ (P{OJ('J-*)} N P?oj(‘j*)})-
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Case 3. Finally, take any 0 < ¢ < j < d — 1 such that [{i,7,4*,57*}| = 2. This means
that ¢ # 0, and j = ¢*. In particular,
Py (D(X)) = Ppi=j1(D(X)) = Ppi=1 (D(N) =0,
while all the doubled parts non-divisible by d fit in this case. We have

Himix(D(A)) = DPisyix (D(A)) U Bimsin (D(A)) UNBisi+ (D(N))
and
Hi=—i(D(A)) = DPi—i(D(A)) U Bi« i (D(X)) UNBi- i (D(X)),

whence, by Corollary 3.2, we obtain H;»3(D(X)) = DPyi-3 (D(A)) U 2Byixy (D(N)).
Similarly,
Hyiiy (D(Ca(A)) = DPyis=y (D(Ca(N))) U 2Byii+3 (D(Ca(N)))

and, by Corollary 3.6, H i+ (D(qa(N))) = DP i3 (D(qa(N))) U 2B 343 (D(Ga(N))).
Applying [1, Theorem 4.7] and using similar notation to that in case 2, we obtain
A A . 2a(X) e ()\ Fpdd(M) 341 (\)
_ Za(N) qd(k) ca(N) qa(N) ca(N) Ga(N)
=DPEL) o DY L2[(PPU) nDPLY ) uBRY) uBEY].

Now the elements of DP?( }) are distinct, and those of DP?‘:Z(*} are distinct by Corol-

lary 3.8, whence the elements of DP??S‘} DP?Z*}) are distinct. This implies that

A _ ca(N\) qa (X ca(\) | | Bda(\)
By = (DP{d ) mDP{”*}> UB{;*} uB{jl*}
Note that (using Corollary 3.7) we have

DPE) NDPEY = [Pl 0 ng“?}] ={2n | he P n PR}

Thus, for each 1 <i < 4(d — 1), we have

Byii-y(N) = Byiiey (€a(N)) U Byiiry (qa(N)) U {Pf&ﬁ)} N 7)?31?*)}}

Finally, we see that our three cases cover all the bars between any pair of (distinct)
runners, because

U Gauimge J o {ogyu{oitu | {6}

0<i<j<d—1, 1<G<(d~1)/2 1<i<(d—1)/2
{irgii* 5" }1=4
- U it
1<i<j<d—1

When we take the union of all the subsets of bars we computed, we see that all the
parts of ¢4(A) and g4(A) which are not divisible by d appear exactly once in case 2 and
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their doubles appear once in case 3. Since ¢;(A) has no part divisible by d, we therefore
obtain, together with the case of bars on a single runner,

i.e. BA) = B(¢q(N\) UB(Ga(N)), as claimed. O
For any bar partition u, we denote by m(u) the number of parts of .

Corollary 4.2. For any bar partition A\ and any odd integer d > 3, the following hold:

(1) B(ea(A)) € B(A);

(2) B(qa(N)) C B(N);

(4) m(ca(N)) + m(ga(N)) = m(\) + 2[P(ca(N) NP (qa(N))];

(5) B(A) = B(ca(A) U B(qa(})) if and only if m(X) = m(ca(A)) +m(qa(N))-

Proof. Part (1) is immediate from Theorem 4.1. To obtain (2), one just has to rewrite
the result as

B(X) = B(qa(N)) U (B(ca(A\) \ [P(€a(N)) N P(Ga(A)]) U [P(€a(A)) N P(Ga(A)]*.

Part (3) is visible in the proof of Theorem 4.1: the parts of length divisible by d
are the same in A and g4(A\) (while ¢4(\) has none), and those of length not divisible
by d in A are examined in case 2 of the proof. Looking at the cardinalities of the sets
involved, (4) is a direct consequence of (3). By (4), m(A) = m(ca(N)) + m(ga(N)) if
and only if P(¢4(A\)) N P(ga(\)) = 0. This, in turn, is, by Theorem 4.1, equivalent to
B(X\) = B(€a(A\) UB(ga(\)) (as A*2 £ A for any non-empty multiset A). O

Remark 4.3. Note that the situation given in (5) above does occur, for instance, in
the example we introduced in § 2.

We now illustrate Theorem 4.1 by an explicit example. As the above remark shows,
the example we introduced in §2 does not fully illustrate the extent of Theorem 4.1. We
therefore consider instead the bar partition A = (13,10,4) of n = 27, and d = 3. Below
is the shifted diagram of A, filled in with the corresponding bar lengths:

23(17]13[12]11]10] 8 7] 6] 5] 4] 2] 1]
14[10[ 9| 8] 7] 5] 4] 3] 2]1
al3]2]1
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We then have ¢5(\) = (7,4, 1), with corresponding shifted diagram:

s8] 7]5]4]2]1]

ot
|»—\u>~1
[N}

The d-quotient partition of A is gz(\) = (8,4,2,1). It has the following shifted diagram,
where we indicate alongside the rim the runners to consider (i.e. the hand residue at the
end of rows, and the foot residue decreased by 1 at the end of columns):

li2]10] 9] 8]5]3]2]1]2
2165|412 0 1!
13220
2i1
0

We can now compute the modified bar lengths given by Definition 3.5. The normalized
3 set {0,1,3,4,6,7,8,9,10,12,13, 14,19, 25, 28} for D()\) gives us zo = 5, 21 = 8 and
22 = 2. For 0 < 4,j < 2 and z € Bi,;(q3()\)), we have h(z) = h(z) + 3(x; — z;), and
Bi;(@3(N) = {|h(2)| | 2 € Bi-;(gz(\))}. This gives the following:

l12] 8] 9] 1]4]3]7]17]
6 |23]13]10
3| 7
10)

It is then easy to check that the result announced by Theorem 4.1 does hold. We just
explicitly describe the case of parts (indicated in bold in the above diagrams). We see
that, in accordance with Corollary 4.2, P(\) = {13,10,4} = P(c3(\)) o P(g3(A)). And,
for the last four bars in bold in the diagram of A, we have

{1,2,7,14} = {1, 7} U {2,14} = [P(c3(A) N P(G3(A\)] U [P(e3(N) N P(Gs(A)]**.

In [1, Corollary 4.12], a generalization of a relative hook formula discovered by Malle
and Navarro was presented. We finish this paper by stating the bar analogue of [1,
Corollary 4.12].

If X is a bar partition of n, we again let p) be an irreducible spin character of S,

labelled by A. We define () = |A| —m(A), and 6(A) = [o(X)/2] so that the bar formula
reads |
n!

pa(1) =2°% B0V
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By Corollary 4.2 (3), we have that
m(A) = m(Ca(A)) +m(qa(A)) — 26,
where § = [P(c4(\)) NP (ga(N))]. It follows from this and from [A| = |gz(\)| + |ea(\)| that
a(A) = 0 (Ca(A)) + o (qa(N)) +20.

We thus have
5(N) = 8(2a(N)) + 8(ca(N) + 6+, (4.1)

where € = 0 if o(\) is odd or if o(A) and o(¢4(A)) are both even, and € = 1 otherwise.
Theorem 4.1 now implies that

TB() = 7B(q4(\))7B(ca(N)) = 2°7B(qa(A))TB(ca(N))-
Combining this with formula (4.1), we get a relative bar formula.

Corollary 4.4. With the above notation,

) |\l 20@@a(A)+e )
D = T =B
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