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AVERAGING OPERATORS AND C(X)-SPACES WITH 
THE SEPARABLE PROJECTION PROPERTY 

JOHN WARREN BAKER AND JOHN WOLFE 

1. Introduction. The Banach space of bounded continuous real or complex-
valued functions on a topological space X is denoted C(X). An averaging 
operator for an onto continuous function </> : X —> Y is a bounded linear pro­
jection of C(X) onto the subspace {/ £ C(X) : f is constant on each set </>~1(y) 
for y G Y}. The projection constant p(4>) for an onto continuous map <j> is the 
lower bound for the norms of all averaging operators for <j> {p(<t>) = oo if there 
is no averaging operator for 0). The derived set, X1, of a topological space X is 
the set of non-isolated points of X. We define X° = X and for each ordinal 
number a, the ath derived set Xa of X is defined inductively by Xa — (X" -1)1 

if a is a successor ordinal or by Xa = C\^<aX^ if a is not a successor ordinal. 
Let F be a compact metric space. The present paper develops a technique 

for constructing compact metric spaces X and onto continuous maps <t> : X —> Y 
such that p{<t>) is large. The main result is the following theorem. 

THEOREM 1. Suppose that Y is a compact metric space and Yn ^ <t> for each 
integer n ^ 0. Then there is a compact metric space X and an onto continuous 
map <j> : X —•» Y for which there is no averaging operator. 

This result resolves a problem raised by Pefczyriski [12, Problem 30] whose 
solution is contained in the following corollary. 

COROLLARY 2. Suppose Y is a compact metric space. Then the following are 
equivalent. 

(1) Yn = <j> for some integer n. 
(2) Every continuous map <j> : X —» Y of a compact metric space X onto Y has 

an averaging operator. 
(3) Every continuous map <j> : C —> Y from the Cantor set C onto Y has an 

averaging operator. 

These three conditions are equivalent to C(Y) having the separable projec­
tion property, i.e. if C(Y) is embedded as a subspace of the separable Banach 
space Z, then there is a projection of Z onto the image of C(Y). Other equiva­
lent conditions are contained in Amir [1], Baker ([3, Theorem 2.11]) and 
Pefczyriski ([12, Theorem 9.13]). 

Theorem 1 and Corollary 2 are proved at the end of Section 2 in which the 
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method is developed for constructing maps with large projection constants. 
Section 3 contains additional applications, remarks and open problems. 

2. Construction of maps having no averaging operators. The next 
definition and the following two lemmas provide the criterion used to show 
that certain maps have no averaging operators. 

Definition 3. Let 0 : X —> F be a continuous map. For a sequence {w*}7=i of 
positive integers, we inductively define a sequence of subsets <r^k) (nu n2j... , nk) 
of F for k ^ 0. Let o-0<°> = </>(X). For k > 0, y G o ^ f a i , n2, . . . , nk) if and 
only if there are nk open disjoint sets Wu W2} . . . , JFWA. in F such that 3/ G 

n?ix ci [i^rw^'c»!, n2, ..., »*-i)] and, for Î ^ j , ci [rW)] n 
CI [^(Wj)] = 0. We denote the special case a*™ (2, 2, . . . , 2) by A*(0). 

The next lemma is a reformulation of Corollary 5.4 of Ditor [8]. Related 
results are found in Corollary 1.4 of Baker [3] and Theorem 1 of Amir [2], 

LEMMA 4. Let <t> : X —> Y be an onto continuous map where X and Y are 
compact Hausdorff spaces and suppose that Aw(<£) 9^ 0 for some n ^ 0. Then 
p{4>) ^ n + 1. 

Remarks. In the proof of this lemma we actually show that if 
cr^Cwi, «2, • • • , »*) ^ 0, then £(0) ^ 2& + 1 - ZU 2/»*. 

We establish this lemma by showing the essential equivalence between the 
sets 0-0W(wi, n2, . . . , tt*) of Definition 3 and the sets A^(fc)(wi, W2, • • • , w )̂ 
introduced by Ditor [8] to calculate lower bounds for p(<t>). In defining the 
sets A/*0^!, n2} . . . , % ) , Ditor used the finite topology defined on the family 
of closed subsets of a compact Hausdorff space. Definition 3 provides an alter­
native definition of the sets A0

(A)(wi, n2, . . . , nk) which does not use the finite 
topology. 

Proof of Lemma 4. The definition of the sets &^k) (nu n2j . . . , nk) and a 
discussion of the finite topology can be found in Ditor [8]. Lemma 4 follows 
immediately from Corollary 5.4 of Ditor [8] and the following equivalence: 
if X and Y are compact Hausdorff spaces and </> : X —•» F is an onto continuous 
map, then y £ a^ (wi, n2, . . . , nk) if and only if # - 1 (y) £ A/*0 (wi, n2, . . . , nk). 

Since this is obvious for & = 0, we inductively suppose it holds for £ — 1 ^ 0 . 
Suppose yo G F and ^(yo) 6 A^k)(nu n2} . . . , w*). Then there exist closed 
pairwise disjoint subsets Ai, A2, . . . , AUk of 0_1(yo) which are in the closure of 
A^,(*_1)(wi, n2, . . . , w^-i) in the finite topology on the closed subsets of X. 
For each i choose an open set Ut in X such that A t C Ut and V i C\ Ûj = 
0 for i y£ j . Define the sets Wt needed in Definition 3 by Wt = {y (z F : 0-1OO 
C f/<}. The sets Wt are open since 0 is a closed map and Wt — Y\<f>(X\Ui). 
For i ^ j , tf)-1^) A 0 - 1 ( ^ ) C Ut C\ Uj = 0. It remains to show that 
yo € CI [TF< r\ (i^k~l) (nu n2, . . . , nk-\)\ If G is a neighborhood of 3/0, then 
(f>~1(G) C\ Uf is a neighborhood of ^4*. Since ^4* is in the closure of A/*-1) 
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(ni, w2. . . . , nk-i) in the finite topology, there is a point y £ Y with <t>~l(y) € 
A/*-1^»!, n2, . . . , %_0 and 0-i(y) C ^(G) P Ut. Thus y € c^*"1) (by 
inductive hypothesis) and y £ G C\ Wf. Thus 3/0 G Cl [ ^ P i ^^""^(«i, w2, 
. . . , nk-i)] and so 3/0 G <r<t>{k)(nu n2, . . . , % ) . Conversely, suppose 3/0 G 0V*0 

(«1, w2, . . . , w*). Then there exist disjoint open sets Wi, W2j . . . , PFWjfc in F 
such that y0 G Cl [Wt P oV*-1* (wi, w2, . . . , w*-i)] for each i and <trl(Wi) P 
<t>~l(Wj) = 0 for i 9^ j . Fix i and let {3̂ } be a net in W< P ^ ^ " ^ ( « i , w2, . . . , 
wfc_i) converging to y0. Since X is compact, the finite topology is a compact 
Hausdorff topology (Theorem 4.2, Michael [11]). Consequently the net 
{0-1Oy«)} n a s a convergent subnet which we also denote by {0_1Cy«)}- Let ^4* 
be the limit of [<t>~1(ya)}' Since {ya} converges to yo, At C <t>"1(yo)- Since 
3k € <?4>{1c~l)(ni, ti2, . . . , w*-i), by the inductive hypothesis <t>~l(ya) G A^k~l) 

(tii, ti2, . • • , Wfc_i) and so A t is in the closure in the finite topology of the col­
lection A^-v (tii, ti2, . . . , nk-i). Since ya G W*, ^4* C 0 - 1(Wi) a n d so the 
sets At are disjoint. Thus <t>~l(yo) G A^k) (ni, ti2, . . . , «*) and the proof is 
complete. 

The next lemma follows easily from Definition 3. 

LEMMA 5. Let <t> : X -^ Y be an onto continuous map and let V be an open 
subset of Y. Suppose that <j>~l(V) C XQ, where Xo is closed in X and 4>(Xo) = V. 
If <t>T = (t>\Xo : Xo -+ V, then An(4>r) P V C An(<t>). 

For two topological spaces Xi and Xi, the disjoint topological union, which 
is denoted Xi © X2, is defined on the set Xi X ( 1 | W I 2 X | 2 ) = {(x, i) : x G 
Xt}. The topology on Xi © X2 is determined by the condition that, for i = 1 
or 2, Xi X {i} is a closed and open subset of Xi 0 X2 which is homeomorphic 
to J i ( If F is a topological space and 0* : X{ —» F is a continuous map for 
i = 1, 2, then the continuous map 0i 0 02 : Xi 0 X2 —> F is defined by 
(0i © <t>2)(oc, i) = <j>i(x). If {Xn}£Li is a sequence of topological spaces and if 
{<t>n : Xn —» F}£Li is a sequence of continuous maps, then ©£Li Xn and the 
continuous map ©£=1 <t>n • ©«=1 Xn —> F are defined in the obvious way. 

The next two lemmas contain straightforward topological results about 
metric spaces. 

LEMMA 6. Suppose Y is a metric space and y G Fn + 1 for some n ^ 0. If U is 
a neighborhood of y then there are disjoint open subsets Ui and U2 of U with 
{y} = ûi P Û2 = (UiH Yn) r\ (u2n Yn). 

Proof. Suppose y G Yn+l and y G U. Then there is a sequence of distinct 
points in Yn P U which converges to y. Choose a sequence of open balls con­
tained in U which are centered on the points of this sequence whose closures 
are disjoint and whose diameters go to zero. Let Ui be the union of the even 
balls and let U2 be the union of the odd balls. Then y = Ûi C\ Û2 = (Ui H Yn) 
p ( t / 2 p Yn). 

LEMMA 7. Let Y be a separable metric space. For some n ^ 1 let B be a closed 
set and U an open set in Y such that B C\ U = 0 and B C U Pi Yn. Then there 
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are disjoint open subsets U\ and U2 of U such that if B\ = U\ C\ U2, then 

Bx = (UiC\ Yn~l) C\ (C / 2 n Yn~l) and B C BTTSU. 

Proof. Let {3/*} be a countable dense subset of B. For each m ^ 1 choose m 
points {xim, . . . , xm

m} m U C\ Yn such that d(yit xt
m) < 1/ra for 1 ^ i ^ m. 

Let 5 be the union of all the sets { m
m\. Then S is discrete in its 

relative topology, S Ç_ U C\ Yn and S = B \J S. Let {xt} be an indexing of S. 
For each i ^ 1 let Vt = {y € Y : d(xu y) < l/i and d(xu y) < \ 
inf d(xu Xj) : i 5e j}}. By Lemma 6, for each i ^ 1 we can choose disjoint open 
subsets US and US o f ^ H t / such that {x(} = 71?C\ W = (US n Yn~l) 
C\ (USC\ Yn~l). Nowdefine the desired sets by Ui = Uf^US and U2 = 
^Jf=iUS and let £1 = Z7iH L72, Since l im^œ (diam £//) = 0 for j = 1, 2, it 
follows that Bi = {xt} = (Ui r\ Yn~l) C\ (U2 H Yn~l). Thus B1C\U = {x<} 
and so 5 C ^ U ! Xf J — IXf } = JBI n Î7 and the lemma is proved. 

Theorem 1 will follow from the next lemma. 

LEMMA 8. Let Ui and U2 be disjoint open subsets of a compact metric space Y. 
For some « H suppose Ûi H Û2 = (C/iH P») C\ (U2C\ Yn). Then there is 
a compact metric space X and an onto continuous map <j> : X —> Y with JJ\ C\ V2 

C A'+H*)-

Proof. We prove the lemma first for the case n — 0 and then proceed by 
induction. For n = 0, Yn = Y° = Y. Let B =_ Ûx C\ Û2 and let Vx and V2 be 
disjoint open sets with Ut C Vt and Vi W V2 = Y. Let X = \\ © V2 and 
<t>t '• Vf—* F be the inclusion map. Then <j> = 0i © $2 is the desired map since 
5 = Z7i P\ Û2 C Fi Pi F2 = A 1 ^ ) . Inductively suppose the lemma is true 
for n — 1. Suppose Lh and U2 are disjoint open sets and B = ÛiC\ 02 = 
(U\C\ Yn) Pi (£/2 Pi Fw). By Lemma 7 choose for each i disjoint open subsets 
Uiti and Uit2 of E/< such that, if £ , = C7ipi H t7<i2, then Bt = (UiAC\ Yn~l) 
P (C/i>2 P F""1) and £ C Utr^Bt. Let Fx and F2 be disjoint open sets with 
Ut C Vf and Fi W F2 = F. Since the lemma holds for n — 1, there are 
compact metric spaces Xt and onto continuous maps <\>i : Xi —> Vt such that 
-Si C An(0,)- Let Z = Xi © X2 and let </> = fa © <ft2. By Lemma 5, 

Btr\ UjÇ An(ct>). Thus 5_c_OAnB x ) r\ (u2n^2) c (Uir\ An(<t>)) n 
(U2r\An(<t>)) and clearly ^(Ui) H <t>~l(U2) = 0 and so £ C An+X(«) by 
Definition 3. 

Proof of Theorem 1. Since Fn is a decreasing sequence of closed sets, choose 
y Ç r\n=iYn. For each n ^ 1 choose a ;yw Ç Fn with d(yn, y) < l / « (d is the 
metric on F). We may suppose that the points of the sequence {yn} are distinct. 
Choose a sequence Un of open sets such that yn Ç f/n, the sets TJn are disjoint, 
and Un C {x G F : d(x, yn) < 1/w}. Let C/0 = F\^ï- iC7 n . By Lemmas 6 and 8, 
for each n ^ 1, there is a compact metric space Xw and an onto continuous 
map <t>n : Xn —> Z7n such that ^n 6 An($w). Let X0 = t/o and let </>0 : X0 —> f70 be 
the identity map. Let X — (®n=oXn) KJ {00 } be the one-point compactifica-
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tion of ®n=oXn and define the onto map 0 : X —• F by <t>\Xn = <f>n and 0(oo ) = 
y. Then 0 is continuous since the diameters of the sets Un go to zero. By Lemma 
5, yn 6 Aw(0) for each w. Thus by Lemma 4, £(0) ^ w + 1 for every w; 
i.e. £(0) = oo. 

COROLLARY 9. Suppose that Y is a compact metric space and Yn ^ 0 for each 
n è 0. 77^w /Aere is a continuous map 0 : C —» Y of the Cantor set C onto Y 
which has no averaging operator. 

Proof. By Theorem 1, choose a compact metric space X and an onto con­
tinuous map 0i : X —> Y which has no averaging operator. Let \f/2 : C —> X be 
any onto continuous map. Then 0i^2 : C —> F has no averaging operator since 
if u is an averaging operator for 0i^2, then u\j/2° is an averaging operator for 0i. 

Proof of Corollary 2. For (1) => (2) see Amir [1] or Baker [3, Theorem 2.11]. 
(2) => (3) is obvious and (3) => (1) is Corollary 9. 

3. Applications, remarks and open problems. Suppose X and F are 
compact metric spaces. The next theorem summarizes and extends known 
results on the following questions: When is C(Y) a subalgebra (with the same 
unit) of C(X)? When is C(Y) a complemented subalgebra of C(X)? When 
is C(Y) an uncomplemented subalgebra of C(X)? From the theory of com­
mutative Banach algebras it follows that C(Y) is a subalgebra of C(X) if and 
only if there is an onto continuous map 0 : X —» F (Semadeni [15, 7.7.1 and 
7.7.2]). Also C{Y) is a complemented or uncomplemented subalgebra if and 
only if the corresponding onto continuous map 0 : X —> Y has or does not 
have an averaging operator. 

THEOREM 10. Suppose that X and Y are compact metric spaces at least one of 
which is totally disconnected. Consider the following statements: 

(a) There is an onto continuous map 0 : X —» F. 
(b) There is an onto continuous map 0 : X —» F which has an averaging 

operator. 
(c) There is an onto continuous map 0 : X —> Y which does not have an 

averaging operator. 
(d) The cardinality of Xa is greater than or equal to the cardinality of Ya for 

each ordinal number a. 
Then 

(1) (a) and (b) are equivalent. 
(2) If Yn y* 0 for all integers w H , then (a), (b) and (c) are equivalent. 
(3) If X is totally disconnected, then (a), (b) and (d) are equivalent. 

Proof. Suppose that 0i and 02 are two onto continuous maps such that the 
composition 020i makes sense. We use the following elementary facts: (i) if 
there are averaging operators for 0i and 02 then there is an averaging operator 
for 020i (Peiczyriski [12, Proposition 4.3] or Ditor [7, Lemma 2.3 (ii)]), (ii) 
if there is no averaging operator for 02 then there is no averaging operator for 
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020i (Ditor [7, Lemma 2.3 (i)]). Also (iii) retraction maps (a map r : X —» F 
where F C X and r(y) = y for y £ Y) have averaging operators (Petczyriski 
[12, Proposition 3.4]). In proving that (a) implies (b) and (c) we consider 
two cases. 

Case 1. Suppose Y is an uncountable space and (a) holds, i.e. there is an 
onto continuous map <t> : X —-> Y. Then there is an uncountable totally dis­
connected compact metric space Z and an onto continuous map \p : X —> Z 
(if X is totally disconnected let Z = X and let \p be the identity; if Y is totally 
disconnected let Z = Y and let \p = 0.). There is a subset C of X which is 
homeomorphic to the Cantor set such that ^/\C is a homeomorphism (Kuratow-
ski [9, page 444]). Also there is a retraction r0 : Z —> ^(C) since there is a 
retraction map of a totally disconnected compact metric space onto any closed 
subset (Kuratowski [9, Cor. 2, §26, II] ; Semadeni [15, Th. 8.3.4]). Then 
r = yp-^oxj/ : X —> C is a retraction. By Theorem 1 of Ditor there is an onto 
continuous map 6 : C —> X which has an averaging operator. Thus Br : X —» Y 
has an averaging operator by (i) and (iii) and so (a) implies (b). If Yn ^ 0 
for each n ^ 1, then Corollary 9 implies there is an onto continuous map 
0i : C —* F which has no averaging operator. Thus Sir : X —-> F has no averaging 
operator (by (ii)) and (a) implies (c). 

Case 2. Suppose F is a countable space and 0 : X —» F is an onto continuous 
map. By Proposition 2(11) of Petczyriski [13], there is a subset F0 of X with F0 

homeomorphic to F such that <t>\ F0 is a homeomorphism. Since F i s countable, 
it is totally disconnected (Kuratowski [9, page 286, Theorem 1]) and so the 
same argument as in case 1 shows there is a retraction map r : X —-» F. By (iii), 
r is a map of X onto F which has an averaging operator and so (a) implies (b). 
If Yn 9^ 0 for each n ^ 0, then by Corollary 4.7 of Baker [4], there is an onto 
continuous map ip \ Y —* Y which has no averaging operator. Thus \pr : X —•> F 
is an onto map which has no averaging operator (by (ii)) and so (a) implies (c). 

Lemma 1 of Petczyriski and Semadeni [14] shows that (a) implies (d). To 
prove the converse we use the assumption that X is totally disconnected. If X 
is uncountable and totally disconnected there is an onto map r : X —-> C (see 
case 1). For any compact metric space F there is an onto map \f/ : C —> F. Thus 
\pr : X —» F implies (a). Next suppose X is countable. Then Xa = 0 for some 
countable ordinal a and X is homeomorphic to the space of ordinal numbers 
less than or equal to some ordinal number y (Mazurkiewicz and Sierpinski 
[10]). Then (d) implies that F is homeomorphic to the space of ordinals less 
than or equal to some ordinal <5 with ô ^ y. Thus F C X and there is a retrac­
tion r : X —> F and the proof of the theorem is complete. 

Remarks. The relationships between some of the conditions (a) through (d) 
of Theorem 10 for compact metric spaces X and F seem to be either more 
complicated or unknown without the totally disconnected assumption. 

Question. Is (a) equivalent to (b) for compact metric spaces X and F 
neither of which is totally disconnected? 
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T h e natural map of the Stone-Cech compactification of the integers onto 
the one-point compactification shows tha t (a) and (b) are not equivalent for 
non-metric spaces (Theorem 17.7.4 of [15]). 

Condition (a) implies condition (d) in general, bu t the converse is false 
since there is no map of the connected space [0, 1] onto the Cantor set. 

T h e answer to the question of when condition (a) implies condition (c) seems 
to be complicated in view of the s ta tus of the following special case of this 
question: 

Question. Let F be a compact metric space such tha t Yn ^ 0 for all n ^ 0. 
W h a t are necesssary and sufficient conditions on F in order t ha t there is an 
onto continuous map <f> : Y —> Y which has no averaging operator? 

Baker and Lâcher (Theorems 1 and 2 of [5]) Baker (Theorem 4.6 of [4]) and 
Ditor (Corollary 5.8 of [8]) give examples of compact metric spaces F having 
onto maps <f> : Y —> F which have no averaging operators. However, for the 
compact metric space Mi constructed by Cook (Theorem 11 of [6]), every 
onto map </> : Mi —> Mi has an averaging operator (since the only such map is 
the identi ty map) . T h e necessity of the assumption tha t Yn 9e 0 for every 
n ^ 0 is contained in Corollary 2. 

Suppose F is a compact metric space. According to Theorem 1, if Yn ^ 0 
for each positive integer n, then there is a compact metric space X and an onto 
continuous map 0 : X —» F having no averaging operator. In our final applica­
tion we indicate what can be said if Yn+l = 0 and Yn 9e 0 for some n ^ 0. 

PROPOSITION 11. Suppose w H and Y is a compact metric space with Yn ?£ 0. 
Then, for each e > 0, there is a compact metric space X and an onto continuous 
map <t> : X —> F with p(<j>) ^ 2n + 1 - e. 

Proof. We outline the proof of this proposition. Let e > 0 be given and 
choose an integer q so t ha t 2n/q < e. Denote <r<i>w (q, q, . . . , q) by A / ( 0 ) . 
Then Lemma 5 remains t rue if Aw(-) is replaced everywhere by A/*(-). Also 
Lemma 6 and 7 remain t rue if a t each point where the index set {1, 2} is used 
we use instead the index set {1, 2, . . . , q). T h e res ta tement of Lemma 8 (which 
has a similar proof) in this more general sett ing is: Let { Ui, . . . , Uq\ be dis­
joint open subsets of the compact metric space F. For n ^ 0 suppose P\f=i £7< = 
r\Q

i==i(Ui C\ Yn). Then there is a compact metric space X and an onto con­
t inuous map <j) : X —> F with r\Qi=iÛt C A / + 1 ( 0 ) . By the remark following 
Lemma 4, p(<j>) è 2(» + 1) + 1 - 2(n + l)/q. Now, if Yn ^ 0 then, by 
our new Lemma 6, the res ta tement of Lemma 8 is satisfied with n replaced by 
n — 1. T h u s we get a compact metric space X and an onto map 0 : X —-> F 
with p((j>) ^ 2n + 1 - 2n/q ^ 2n + 1 - e. 

Remark. The constant 2n + 1 in this proposition is the best possible since, 
if F i s a compact metric space such tha t Yn+1 = 0, then Theorem 1.9 of Baker 
[3] can be used to show tha t p(<t>) ^ 2n + 1 for any onto continuous map 
<t> : X —> F where X is compact metric. 
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