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A NOTE ON THE MOD 2 COHOMOLOGY
OF BS0,(16)

TZE-BENG NG

1. Introduction. Recall BSO, is the classifying space for the special
orthogonal group of rank n. It is well known that the mod 2 cohomology
ring of BSO, is given as follows:

H*(BSO,; 7,) = Zy[w, ..., w,]

where w; i1s the /-th mod 2 Stiefel-Whitney class. For the 3-connective
cover of BSO,, BSpin,, Quillen in [4] has determined H*(BSpin,)
completely for all n. Let BSO ,.(8), BSO,{IG) be the classifying spaces for
n-plane spin bundle £ satisfying wy(§) = 0 and w,(§) = wg(§) =
respectively. This note follows the method of A. Borel [2] and gives the
mod 2 cohomology ring of BSO (8) and BS ,(16) for small . In partic-
ular we answer the question “when is H*(BSO (8); Z,) or H*(BS ), (16);
Z,) a polynomial algebra?”

We shall regard BSO, ,(8) as the principal fibration over BSpin,
with k-invariant w, € H*(BSpln Z,) and BSO, ,(16) as the principal
fibration over BSO,(S) with k-invariant wg € H*(BSO (8); Z,).

Through the paper cohomology means mod 2 cohomology and A
denotes the mod 2 Steenrod algebra.

2. The Leray-Serre spectral sequence for BS’O,,(8) — BSpin,,.
2.1. We shall use the following formula frequently:

(b—a+i—1

i )Wufiwb-H'

Q2.1.1)  S¢'w, = X

i=0
Let {E? d,} be the Leray-Serre spectral sequence for the fibration
BSO,(8) — BSpin,.
Then
E59 ~ HP(BSpin,) ® HI(Kj),
where K; for any integer j = 1 is the Eilenberg-MacLane space of type

(Zy, j).
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We shall give a description of EZ*? for some large r, depending on n.
We shall work formally in H*(BSO) and then reduce the calculation to the
unstable case.

Definition 2.2. We redefine generators for H*(BSO) as follows:
'qur...ququ2w4 fi=2%""+2r=z0
1+ 1+ t

qu/(2 '+ e qu I"L'qu ... Sq2w4

ifi =22 42" 41 rz1,;20
b o— 4 Sq2!<2+|)5q2/"(2+1) o Sq‘2+l)w4 |

ifi=2"2+ 2" +1,,=z0

Sq? . S@Sgwyifi =2 + 1,5 = ]

\w; otherwise.

Definition 2.3. Let I(Sq'z3) be the A(H*(K;) )-module generated by
Sq't3, where (5 is the fundamental class of K;. We give a simple system of
generators for H*(K3)/1(Sqlt3):

My = 1
M, =S¢ ... SESF 1, k=1,
We use the convention: M; = 0 forj < 0.
We have the following easy lemma.
LEMMA 2.4. Formally, the differential d, on M, is given as follows:
O d2"+’+'+2’+l(Mk)2[ = vyt Lk =0,
(i) dy(Sq'My) = 0 in H*(BSpin,).
2.5. H*(BSpin,,).
THEOREM [4].
H*(BSpin,)) = H*(BSO,)/J ® Z,[ny1]

where J is the ideal generated by the elements {v5, v5 |, ..., vah=1 1},

h
) = &,

i:K(Z,, 1) — BSpin,

is the inclusion of the fibre and the integer h is given by the following table

n |8+ 18 +2 8 +3 8 +48 +58 +6 8 +7 8 +38
h 4 4+ 1 4 +2 4 +2 4 +34+3 4 +3 4 +3
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2.6. H*(BSO,(8) ).

LEMMA 2.6.1. Let j be of the form2* + 2/ + 1,k Z 1= 0orj = 2.
Then

(1) Forj = 2, quilvj =¥y

) . i, _ vy if j is even,
(i) Forj = 3, 8¢’ *v, {() if j is odd,

ifj = 3 mod 4

> J=3, _1V2-3
(ii)) Forj = 4, Sq¢° v, { otherwise

vf_z ifj =5mod 8

. = j—4, _
(iv) Forj =9, S¢° v {0 otherwise.

J

Proof. We will prove only part (iv). The others are similar. The proof
makes use of the following Adém relations:

(2.62) S 738" = Sg7"\sq"
(2.6.3) S 2Sq" = ST 'sq !
(2.6.4) Sg"'sq" = 0.
If j = 9 is of the form 2" + 1 then
Vyry = qur_lSqZ’i2 e quSq'wz, r Z 3.
Thus
S¢ vy, = SET3SE .. sS4 Sq' w,
= SET'SE Tisq Y S Sq'w,, r =
by (2.6.2)
=0 by (2.6.4) and (2.6.3).

Similarly if j is of the form 2" + 2 and r = 3, then qu74vj = 0.
Ifj =277+ 2"+ 1>09, then

i—4 23
Sq’ v, = Sq Vyrtryor g

t+r4r r=1,41 i =
qu +2—3Sq2 l(2+')...Sq(2+”Sq2 ! .
...Squzw4
t+r r__ r— 1,1 . r—2~1
sg 2 1qu,7(]2+1) 2ff2 (2'+1)
S¢*  ...S¢'Sgw, r = 2by (263)

¢ TSETISE St Sdw, 1= 1.

Il

I
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r=Z3orr=11t=2

r

[\

_ {0
~ Loy )
This completes the proof of part (iv).
Let /(j) be the ideal generated by {v,, ..., v;}. Suppose x € I(j) and
dim x = a. We have
LEMMA 2.6.5. S¢" 'x € 1(2j — 1),i = 1,2, 3 and 4.
Proof. Note that fori = j = 0,
Vaiy2i4] = Wyisqi4, modulo decomposables.
Therefore
H*(BSO) = Zyv; i = 2).

Now for j not of the form 2+ 2k + 1,i= k=0, v =W, Let a(n), for
any non-negative integer n, be the number of ones in the dyadlc expansion
of n. Then a(j — 1) = 3 if and only if j is not of the form 2' + 2%+ 1,
i Z k. Therefore

a(2j —2)=3
Hence by the Wu formula,
Sq/" v, = vy _;orOmod I(j — 1), i=1,2234

Now suppose x € I(j), dim x = a, then x is a sum of terms of the form
v;- b, where b is of dimension a — [ and / = j. Therefore to prove Lemma
2.6.5 it is sufficient to show that

Sq* (v, by € 1(2j — 1) fori=1,2,30r4.
By the Cartan formula
S¢ v by = v S¢ ! + S¢ N, b
= v S¢" " 'b + vy b mod I(I — 1)
e I(2j — D).
Similarly, we have
S¢" (v, by € 1(2j — 1), i =2, 3and4.
Hence we have completed the proof of Lemma 2.6.5.

Definition 2.6.6. For integers i = j = 0 we define the group L(i, j) to be
the ideal generated by

Vyryosyy Ii>r=s =0,
Voi 45 1 j = s = 0and Vs
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By convention, L(i, —1) = L(i — 1,i — 1) fori = 1 and L(0, — 1) is
the ideal generated by v,.

COROLLARY 2.6.7. Suppose x € L(i, j), i = j and dim x = a. Then
S¢* *x e LGt + 1,j + 1), fork = 1,2, 3 or 4.
2.6.8. Since for k = 2,
Vokpo = S‘Izk_l"z“"u’
by induction on k using 2.1.1 and Lemma 2.6.5, we have
Vok 49 = Wakig T Wok—1 * wok—i, 5 mod 11— .
Therefore, using 2.1.1 and Lemma 2.6.5 again, we have for k = 4
(26.9) vy = Wakyy t Wk wok— iy T wpko o Wkt
+ wak—1_5 - wyk—1,, mod 1281 = 3).

Similarly for & = j we have

Vokyipy = Wokyoigy T Wk Tl g ml s Wok g Ty
mod IQ¥ " + 2/ — 1y
and therefore for k = j = 3
(2.6.10) vok o) = Wokygigy T Wok=1gi—1 = Wok—19/=1 4
F Wok—15im ) t Wok— 14y T Wak—1 5= 1y
S wyk—1 45143 mod 12X + 2771 — 3),

Given a positive integer n = 2 we define s(n) > p(n) = 0 to be the
integers such that

=1 ) < os(m)
and
zs(n)—l + 2p(n)—l <n= 2s(n)—] + 2p(n).

By inspection of (2.6.9) with k = s(n), we see that the right hand side
contains a decomposable term lying outside

L=y Ltr)
when s(n) 2 5 and p(n) = 3 or n = 20. Similarly the right hand side of

(2.6.10) with k = s(n) — 1 andj = 4 contains a decomposable term lying
outside L when s(n) = 6 and p(n) = 4. Notice that

2™ + 2> nand 27" + 2% + 1 > n when p(n) = 4.

Therefore the killing of vy, by the differential gives a non-trivial
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relation in H*(B§O (8) if s(n) = S and p(n) = 3 or n = 20 and
Vpm=iyp4y ) gives a non-trivial relation if s(n) = 6 and p(n) = 4.
Therefore if H*(BSO (8 ) is a polynomial algebra then n < 2% + 2%

Now it is easily seen that we have the following congruences:
Vv, =

=

w; mod L for2 =i = 25 and

i # 8,12, 14, 15, 16, 20, 22, 23 and 24;

Vi3 W33 mod L, V34 = W34 + Wisg " Wy

V37 = W37 + W]S ¢ W22 + W]4 + W23 + Wx * W29 mod L.

Thus if n < 2% + 2%, v,,, V25, V33, V34 and v3 are zero modulo L. Hence

there are no non-trivial relations in H*(BS (8> ) and so H*(BS (8))
must be a polynomial algebra. We have thus proved:

THEOREM 2.6.11. H*(B§0,,<8> ) is a polynomial algebra if and only if
n =19

Thus for n = 19,

vy {vem=tiy 1 pnysjssn—2  and

{2k }osk=pm)

are all zero modulo L(s(n) — 1, p(n) — 1). Moreover, if 20 = n

= 32,
vy 4 = 0 mod L(s(n) — 1, p(n) — 1)

but

vpm+iy #= 0mod L(s(n) — 1, p(n) — 1)
If n = 33,

vpmy = 0mod L(s(n) — 1, p(n) — 1)

Therefore by successnvely inspecting the images of the differentials in
the spectral sequence for BSO, ) (8) — BSpin,, and Theorem 2.5 we have

THEOREM 2.6.12. Additively there is the following isomorphism for the
Leray-Serre spectral sequence for the fibration BSO ,(8) — BSpin,,.

Elzun)~1+2p(n)~|+2] = Eysm—1 4 o0m 4

= H*(BSpin,)/L(s(n) — 1,p(n) — 1) ® A4

®Z,[{Sq'My; I = (i\, ..., i) admissible sequence with
= land e() < 3} ]
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2p1n)—2+1

® Z,| {Ms(,,)_p(n)_,-} i=2,...,8(n) — p(n)]
®Z[{M2,,_,_} i=1....00 — 1, p(n)]

® Zy[ {Mi}izs(n)—l],

where
Z,[Oym, ..., 0x—1] if 19 = n = 10,
A = {Z,[0y] if 20 = n = 32,
z, ifn = 9orn = 33,

the integer 4 is given by Theorem 2.5 and ©,, corresponds to the killing of
the relation v,, | in H*(BSpin,,).

Moreover 4 and {Sq’ My, I = (ir,...,i.) admissible sequence
with i, = 1 and e(/) < 3} are permanent cycles; that is they are included
in E%.

COROLLARY 2.6.13. Additively,
H*(BSO,4(8) ) = Zyfwg, wy, wig wis, Wigl ® Zafmyu]
® Z,[0,3, Os5, By1, Oss, O3] ® Z,[Sqg'My; I = (i, . .., i,)
admissible sequence with i, = 1 and e(I) < 3]
® Zyl$20: $2ar $300 $36) @ ZolSqS335 1 = B or

I admissible sequence of excess < 33 and of the form
Q2272

where §o, $14, $34, $3¢ correspond to the vanishing of M%z, Mza, M3, M3 under
the differentials and {Sq’ $33. 1 = 2k ..., 2% } correspond to the vanishing
of {M,},=4 under the differentials.

Proof. This is an immediate consequence of Theorem 2.5 and Theorem
2.6.12.
3. The Leray Serre spectral sequence for B§0n<l6> - B&O,,<8). We

will choose formally generators for H*(BSO).

Definition 3.1. Suppose a(i — 1) = 2 then v, is as defined in Definition
2.2. If a(i — 1) = 3 then v, is defined as follows:

k k—1 2
vtz = SE ST ...sq wg k = 2;
Jiykt1 04k + 1 k 2
VokH+24j  2Hj 5 = Y e B ¥/ AV L V7 wg,

k=2jz0;
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J(n2 02249 3
tiiy = Y ake D sq Y wg, j = 0;

2,(2k+,+2+22+/+])

Vit
Vyrtk 3 3ttt = Sq

0ok +i+2 4 524
qu 2 +22 1

k+1 — 1l akt1 k+1 k
'qu’(z +2)quJ 2 +2) qu(z +2)S2 Sq WS

kz2,jZ01Z0;

k1
Vorbh+2 542 il = qu(z B

Sq2°(2*+‘+2+|)s Sq . Sq wa

k=21=Z0;

tin2 0,42
Vartd oyt gty = SP@ TN g we, t Z 0;

and

2623422 4
Vortita g3t ati = S ( ) ...

073 42+) J(o? 092 .
Sq2(2 +2 +l)'Sq2(2 +2)...Sl]2(2 +2)W8, j§0’1>

If a(i — 1) = 4 then v, = w,.
Thus

H*(BSO) = Zj[v, i = 2].
Definition 3.2. B§On<l6) fibres over B§0,,<8) with k-invariant
wy:BSO,(8) — Ky

and so the fibre of the principal flbratlon is K(Z,, 7). Let the fundamental
class be denoted by ;. Let I(Sq 7, Sq t7) be the A(H*(K;) )-sub-module
generated by {Sq Ly, Sq t7}. We give a simple system of generators
for H*(K;)/1(Sq't,, Sq t7) as follows:

X, = S&s¢ Sy, k=2
, {SqZZ”lquA ! _.quzh, k= 3,
k= \s¢&t , k=12
SFEQ* +2).. . SFR + 298¢ .. s,
Y, = kz3,jzo0,

SN (8P, k=220
We shall adopt the following convention
Yk,—l =Xk_| k§2
Xy=pandY,; =0i<2orj< —L
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3.3. Images of differentials. Let {EZ*%, d,} be the Leray-Serre cohomolo-
gy spectral sequence for the fibration

7:BS0,(16) — BSO,(8).
Then
E59 ~ HP(BSO,(8)) ® H!(K,).

The images of {Yi" ,} under the differentials are given below formally
by

(3:3.2) d2k+1+f+’+22+1+’+2’+I(Yi’,j) = kg 2t t g,
k=2, -1,120.
3.4. Using the Adém relations;
(3.4.1)  SF"TASq = S¢S T + St Isq 3
(3.42)  SF"OSq = SE" TS T + SgP TISq T + S¢* T 3sq 3
and (2.6.2) - (2.6.4) we can prove the following
LEMMA 3.4.3. Suppose a(n — 1) = 3.
(1) S¢" v, = vy
@ s, = (e e
(i) If n is not of the form 2K + 22, k = 3 then
Sq" v, = vy, or O
S Ty, p2 = 0 in H¥(BSO(8) ).
(iv) Ifnisnot of the form 2K + 2% + 2, 2KV + 22 + 2 + 1,2k + 22 k = 3

then
Sq" %, =v2_,or0.
(v) Fork = 3
qukv2k+22 = Vvpktiy 2,
k+2 . A
S gk 924, = 0in H*(BSO(8))
and

+ A
quk I+2+]V2k+1+22+2+l = 0in H*(BSO(8) ).
Similarly we have:

LEMMA 3.4.4. Suppose a(n — 1) = 2.
(1) If n = 18 and n even then Sq"_svn = 0.
(i) If n is not of the form 2 + 22 + 1, k Z 3 and n Z 11 is odd
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then
Sq¢" v, = 0.
(iii) If n is of the form 2 + 22 + 1, k = 3 then

Sq"~5vn = Vau—s-
From Theorem 2.5, Lemma 2.6.1 and Lemma 3.4.4, we deduce:

LEMMA 3.4.5. The ideal over the Steenrod algebra generated by (Sq'L7,
qut7), I(Sqlt7, Sq2L7), are permanent cycles in E_.

Definition 3.4.6. We shall associate to each triple (1, j, k) € Z* with

=j = k = 0anideal L(1, j, k) in H*(BSO).

Fort>j = k = 0, L(t, J, k) 1s the ideal generated by
Zs=/=0or

r

Vyirident T 1>
t—1l=r>s=1[1=0;

Vs din) > s 2120
Voryoigaly s k = / = 0, Vs and V3.

\

+ 1> 1, L(t, j, j) is the ideal generated by

=s=/=0or

For¢ >

Vyprint = 1>
t—1=r>s=1=0;

=1/ =0,v,and v;.

(V22 =S
Forj = 1, L(j + 1,j,j) is the ideal generated by

{(varyrioippjt1>r=s=[1=Z0or
J+t1l=r>s=1[=0,v,and vs}.

Fort > j > 1,
L@t t,j) =L+ 1,j—1,— D

Fort = 1, L(¢, t, 0) is the ideal generated by
=s=/=0or

rspiaip t >r =
> > .
r>s=1=0; vyti,,, vy, v3}.

! =

Fort = 1, L(¢, 0, 0) is the 1deal generated by

{(Vyryrioisppt — 1 >r=Zs=1=Z0or
t—1=r>s5Z12Z0; vy 5 Vorygsp> V2o V3}-

Fort =1, L(1,¢,t)isdefinedtobe L(t + 1,7 — 1,¢t — 1) and L(0, 0, 0)

is the ideal generated by {v,, v;, v4}.
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By convention
Lt,j, -1)=Lt,j—1,j— DHfort=j =1,
L@ 0, —1)=Lt—1,t—1,0)fort =1,
Lt —1, =2)=L(t—1,t—2,t—2)fort =2,
L, —1, =2) = L(0, 0); L(0, —1, —2) = L(0, —1).
We can easily derive the following:
LEMMA 3.4.7. Suppose x € L(i,j, k), i = j = k and dim x = a. Then
S¢ Pxe LG+ 1,j+ 1L, k+ Dforp=1,2 3o0r4.
Using Cartan formula, Wu’s formula and Lemma 3.4.3, we have

COROLLARY 3.4.8. Suppose x € I(j) then S¢* 'x € 1(2j — 1),i = 1, 2,
3 and 4.

3.5. Let n be any integer = 2. Recall that s(n) and p(n) are integers = 0
such that

2s(n)—l + 2p(n)~| <n= 2x(n)*l + 2p{n)
2x(n)*l <n= 2s(n)'

We define g(n) to be an integer = — 1 such that

23()1)7] 4 2p(n)—l + 2q(n)7l <n= 2s(n)—l + 2p(n)—l 4 2q(n).

Notice that p(n) — g(n) 2 1 and s(n) — p(n) = 1.
Let

f(n) = p(n) — q(n) and d(n) = s(n) — p(n).

Let {E,", d.} be the mod 2 cohomology spectral sequence for the
fibration

BSO,(16) — BSO,(8).

An inspection of the differentials of the spectral sequence gives us the
following

THEOREM 3.5.1. Additively there is the following isomorphism:
E[z:(n)'—l+2p1n)"l+2q(n)*l+2] ; E[25(n)_l+2p(nj l+2q(nj—'l+]]
= H*(BSO,(8) )/ L(s(m)-1.ptm—1.qm—1) ® 4
® 1(54's;, Sq’1y)
24 S =1

® ZZ[ { {Ys(n)*p(n)+l,/*3} I=12... ,f(}'l) = p(n) - (I(”)]

2!
® ZZ[ {Ys(n)fp(n)fi,p(n)+i—142}’
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i=0,...,dn)— 2,t=0,...,p(n) — 1 +i}]
®Z2[{Y(n) p(n)+1,p(n)—2— t} 1=0,. "’q(n)]
®Z2[{ (M)+|—1/2t}1—1 ..,p(n)—],t=0,...,
[ — 1]
QL {Y iy 1—pma} [ Zs(n) + L, I>m=1]
O L {Y i1 5m—1—2} 1 = 1.....d(n) — 1],
where A4 is given by

Zyifn 2 2% + 1,
Z[0] if 40 = n = 25,

A = { polynomial algebra on an undetermined number of
generators corresponding to the vanishing of the basic
set of relations in H*(BSO,(8) ); if n = 39,

0, is the permanent cycle given by the vanishing of the relatlon Vb1
under the differentials in the spectral sequence and I (Sq i, Sq ) are
permanent cycles in the spectral sequence.

THEOREM 3.5.2. H*(B§0n<l6) ) is a polynomial algebra if and only if

n = 39.

Proof. First notice that by 2.1.1 and Corollary 3.4.8, we have for
k =6,
(3.5.3) vk g2 = woky 2 + 2 Wok=1_; " Wok=1 52,

0=i=6
mod 1(2"-l -7

(3.5:4)  vopkigdyg = Wok—i4934 + <2 I Wok =192 " Wok=1 92415,

mod 727! — 3)

With k& = s(n) the right hand side of (3.5.3) contains a decomposable term
lying outside
L' = U L(,j, k)
iZj=k
when s(n) = 6 and p(n) = 4 or n = 40. Therefore the killing of v,sen 4 52
gives a non-trivial relation in H*(BS ,{16) ) when s(n) = 6, p(n) = 4
or n = 40. Similarly using (3.54) with &k = s(n) — 1 when
s(n) = 7 and pg\n) < 4 the killing of v,sm 112342 gives a non-trivial

relation in H*(BSO,{16) ). Therefore if H*(BSO (16) ) is a polynomial
algebra, then n = 39.
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Now by Wu’s formula and Lemma 3.4.7 it can be shown that for
i =957,

v, = w; modulo L’.

Thus if n = 39,
V95 i9i40ip; = 0 modulo L’

fora=;j=3,j>i=0o0r3 =j=1i=2. Furthermore if n = 39, v56, 52,
V20422420 V204224241 V20423420 V20423 4o+ V20423422415 V2042 V2S42+1s
V36,424, and v46, ; are all congruent to 0 modulo L.

Thus by Theorem 3.5.1 and Lemma 3.4.7 together with the preceding
discussion, there are no non-trivial relations given by vyi 5/ k41, 1 2 j =
k =0,i =6, if n = 39. So in E,, there are no non-trivial relations if

= 39. That is if n = 39, H*(BSO (16) ) is a polynomial algebra. This
completes the proof of Theorem 3.5.2.

3.5.5. [c.f. [S] ]. Recall that an admissible sequence

I = (Zs‘fkq, oo ey k(]’ 2s4—lkq_]’ c e ey kq—l’ “ ey k2, 2Slkl, c e ey kl)
with
k, > 251 g
will be called a ®™-sequence if
(a) I is empty or
(b) 3 integers 0 = rg<...<rn<m such that
ky = 2™ — 2" and k, = 20—t — 20 + 25—k,

CoROLLARY. Let i:K; — BSO, ) (16) be the inclusion of the fibre. Then for
i = 16 there exist 03, 8 € H*(BSO (16) ), with

1*09 = Sq2l7, 1*08 = Sq 5]

such that
(1) wie = (5¢'Sq’Sq' + $4")0y + (S¢* + S¢°SqH)0;.
More generally for any ©%-sequence I of degree i — 2* for i = j and
ai — 1) =4
Sq'(S4*Sq’Sq" + S¢")0y + Sq'(Sq° + S4°Sq"05 = w,

modulo decomposables;
(2 Fori >janda(i — 1) =4andIa @4-sequence of degree i — 24

Sq'(S4'Sq’Sq' + $q")0y + Sq'(Sq" + Sq°Sq")y

is decomposable.
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Proof. Adams in [1] gave a decomposition of qul, i = 4 by stable
secondary cohomology operations: In particular,

(3.5.6)  (Sq’ + Sq*Sa*Sq" Y, 5 + (S¢° + S¢°SqP)by;5 + Sq'dss
+(S4°Sq’ + Sq°Sq")ey, + (Sq" + S4°Sq)ey,
+ (Sq" + Sq'qu')qS,‘, + (Sq'°sq + Sql5)¢0,0
_ Sqlo
where ¢; ; i = j are the Adams basic stable secondary cohomology
operauons Apply (3.5.6) to the Thom class, U, of the j-plane bundle
over BSO. ),(16) induced from the universal orientable j-plane bundle over
BSO,. .
By Proposition 3.4 of [3] and 2.6.12, treating BSO,(16) as a principal
fibration over BSO (i)l 3(U) =U- 09, ¢03(U) = U- 08’ ¢3 3(U) = 0
9 2(U) = 0, ¢, ,(U) = 0, ¢go(U) = 0 and ¢,,(U) = U - ©4 where
0, € H* (BSO(16>) 0, € H*(BSO(16) ) and Q4 € H9(BSO<16>)
are such that 1*99 Sq 1, i*Og = Sq 1, Op = ¥y, §4 € H4(BSO (8
) 1s a generator.
But
(Sq' + Sq°Sq°NU - ©)
= U((Sq" + 54°S¢°)8,} = 0.

I

(5¢"* + Sq°Sq°)y»(U)

Thus (3.5.6) implies that
(Sq*SqSq" + Sq)615(U) + (S4° + S4°Sq*)ox(U) = Sq'°(U);
That is
(S¢*Sa*Sq" + Sq)0y + (S¢° + S¢°SqH)Og = wig.
The other assertions are trivial and are left to the reader.

An immediate consequence of Theorem 2.5, Theorem 2.6.12 and
Theorem 3.5.1 is the following.

CoROLLARY 3.5.7. (a) There is the following additive isomorphism:
H*(B§022<8> ) = ZLylwg, wig, Wi Wis, Wig, Wag, Wol/J © B,
where
B = Zy[nyn] ® Zy[0y5, Oy, . . ., ©yi]
® Z,[Sq 3 I = (iy, ..., i)
is an admissible sequence with i, = 1 and e(I) < 3]
® ZISFSE ... S¢u; k = 6]

® Z,[$54 423, $254 23 §26 125 §2642% §2642% $2742),
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and J is the ideal generated by

{ (wig - wyg + wip - wy), wiswyg, wisw,
w3y + Wy - wigwis + whwewiy) ),
O,, i = 5,6,...,10 correspond to the vanishing of Vyiy under the
differentials,
{80100 $o54 03§06, o002 $p040% §740)
correspond to the vanishing of
{1234 1 V5 Db Va2 1 V2422 1 V204 D41 Vol 4241}
under the differentials in the spectral sequence and myn comes from
H*(BSpiny,) by Theorem 2.5.
(b) Additively,
H*(BS0,,(16) ) = Z,[w (] ® B
® 1(S¢'t,, S¢*v)
® Z,[£33, 345 &365 &65)
® LI {Y5_1, You Yig Y31, Yoy, Yig, Y5,
Yior Ya—1» Y22}
QL Y11 -mm—2}ize | > m = 1],
where {33, &34, &34, &5} corresponds to the vanishing of the following
relations under the differentials in the spectral sequence:
{ (Wig - wag + wig = wyy), wiswag, Wiswy,

3 2 2
(W + wywie - Wiy + wiy - wg - wiy)}
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