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A NOTE ON THE MOD 2 COHOMOLOGY 
OF BSOn(l6) 

TZE-BENG NG 

1. Introduction. Recall BSOn is the classifying space for the special 
orthogonal group of rank n. It is well known that the mod 2 cohomology 
ring of BSOn is given as follows: 

H*(BSOn-, Z2) = Z 2 [w 2 , . . . , w j 

where wt is the /-th mod 2 Stiefel-Whitney class. For the 3-connective 
cover of BSOn, 2?Spin„, Quillen in [4] has determined H*(BSpinn) 
completely for all n. Let BSOn(%), BSOn(\6) be the classifying spaces for 
A?-plane spin bundle £ satisfying w4(£) = 0 and w4(£) = w8(£) = 0 
respectively. This note follows the method of A. Borel [2] and gives the 
mod 2 cohomology ring of BSOn(S) and BSOn(\6) for small n. In partic­
ular we answer the question "when is H*(BSOn($); Z2) or H*(BSO„(\6); 
Z2) a polynomial algebra?" 

We shall regard BSOn(S) as the principal fibration over £Spin„ 
with ^-invariant w4 <E H*(BSpinn\ Z2) and 5S'0/1( 16) as the principal 
fibration over BSOn(S) with Â:-invariant w8 e H*(BSO„(S); Z2). 

Through the paper cohomology means mod 2 cohomology and 31 
denotes the mod 2 Steenrod algebra. 

2. The Leray-Serre spectral sequence for BSOn($) —> jBSpin^. 

2.1. We shall use the following formula frequently: 

(2.1.1) Scfwh = 2 ( * . ' )wfl_/wft+l. 

Let {Ep/q
9 dr) be the Leray-Serre spectral sequence for the fibration 

BSOn(S) -> 5Spin„. 

Then 

£ ^ « ^ ( t f S p i n J 0 //*(#3), 

where K- for any integer y = 1 is the Eilenberg-MacLane space of type 

(Z2,y). 
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We shall give a description of Ep/q for some large r, depending on n. 
We shall work formally in H*(BSO) and then reduce the calculation to the 
unstable case. 

Definition 2.2. We redefine generators for H*(BSO) as follows: 

Sql2Sq2w4 if i 2 r + 1 4- 2, r ^ 0 

if i = 2 ' + 7 + 2 + 27 + 1 + 1, r ^ 1 J ^ 0 

^ 7 ( 2 + 1 ) ^ 2 7 _ 1 ( 2 + 1 ) . . . ^ ( 2 + 1 ) w 4 

i f / = 2^ + 2 4- 2J+] + 1,7 ^ 0 

S^ 2 ' " ' . . . Sq2Sqlw2 if i' = 2r + 1, r â 1 

Vu>; otherwise. 

Definition 2.3. Let / (S?1^) be the 3l(//*(#3) )-module generated by 
sVt3 , where t3 is the fundamental class of K3. We give a simple system of 
generators for H*(K3)/I(Sq t3): 

M 0 = i3 

M^ = S ^ - . . S ^ W 1 3 , *; ^ 7. 

We use the convention: M- = 0 for / < 0. 

We have the following easy lemma. 

LEMMA 2.4. Formally, the differential dr on Mk is given as follows: 

(i) ^2* + , + ,+2'+l(^*) = v 2 / c + ' + , + 2 ' + l > /, ^ = 0, 

(ii) d5(Sq]M0) = 0 iw i/*(£Spin„). 

2.5. //*(£Spin„). 

THEOREM [4]. 

H*(BSp'mn) = H*(BSOn)/J 0 Z2[TJ2/1] 

where J is the ideal generated by the elements {v2, v2 + 1, . . . , v 2 / 7 _ 1 - t - i } ' 
2/« 

J*(TJ2A) = t , 

r.K(Z2, 1) -> £Spin„ 

is the inclusion of the fibre and the integer h is given by the following table 

n 8/ + 1 8 / 4 - 2 8/ + 3 8 / 4 - 4 8 / 4 - 5 8 / 4 - 6 8/ 4- 7 8/ + 8 

h 4/ 4/ + 1 4/ + 2 4/ 4- 2 4/ + 3 4/ -h 3 4/ 4- 3 4/ + 3 
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2.6. H*(BSOn(%) ) . 

LEMMA 2.6.1. Let j be of the form 2k + l' + \, k ^ I ^ 0 or j = 2. 
Then 

• > - ' , vy-\> (i) Forj s 2, S ^ ' v , - = 

r-\ f • > i c /'-2 / v2/-2 if j is even, 

(iii) For y â 4, S1^'"3 

J \ o 
_3 //y = 3 mod 4 

otherwise 

(iv) For 7 ^ 9, V v »-{ 0 
//y = 5 mod 8 
otherwise. 

Proof. We will prove only part (iv). The others are similar. The proof 
makes use of the following Adém relations: 

(2.6.2) Sq2"-^^ = Sq^-^Scf'2 

(2.6.3) Sq2"-2Sq" = Sq2"-xSq"-x 

(2.6 A) Sq2"'iSqn = 0. 

If 7: è 9 is of the form 2r + 1 then 

vr+l = Sq2' 'Sq2' 2... Sq2Sqlw2, r è 3. 

Thus 

V ~ V + i = Sq2r~3Sqr~' . . . Sq2S> q w2 

= Sq2r~lSqr~,~2Sq 2'~2. . . Sq2Sq]w2, r ^ 3 

by (2.6.2) 

= 0 by (2.6.4) and (2.6.3). 

Similarly if j is of the form 2r + 2 and r = 3, then Sq^~ v = 0. 
If y = 2, + r + 2r + 1 > 9, then 

"2'"rr+2r+l Sq^\j = Sq2' +r-\,+r 

= V'+'+2r"Vr" l (2'+1).--^<2'+l )5/ 
. . . Sq4Sq2w4 

sf
+r+2'-\Sqr-\2'+n-2Sq2'-\2<+» 

...Sq2' j ... Sq4Sq2w4 r ê 2 by (2.6.3) 

Sq2'+,~lSq2'+lSq2'~l . . . Sq4Sq2w4 r = 1. 
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>2' + 2 + 2 + l ) 2 

r è 3 or r = 1 , 1 ^ 2 
r = 2. 

This completes the proof of part (iv). 

Let I(j) be the ideal generated by {v2,. . . , v^}. Suppose x e I(j) and 
dim x = a. We have 

LEMMA 2.6.5. Scf~lx e 7(2/ - 1), / = 1, 2, 3 and A. 

Proof. Note that for i ^ j = 0, 

v2'+2y+i = w2l+v + \ modulo decomposables. 

Therefore 

H*(BSO) = Z2[v,; / ^ 2]. 

Now for 7 not of the form 2' + 2* + 1, / § t è 0, v- = w,. Let «(AI), for 
any non-negative integer n, be the number of ones in the dyadic expansion 
of n. Then a(j — 1) â 3 if and only if y is not of the form 2' 4- 2 + 1, 
/ ^ k. Therefore 

a(2j - 2) ^ 3. 

Hence by the Wu formula, 

SqJ~lVj = v2j_i or 0 mod I(j - 1), / = 1, 2, 3, 4. 

Now suppose x G 7(y ), dim .x = a, then x is a sum of terms of the form 
vl • b, where b is of dimension a — I and / ^ j . Therefore to prove Lemma 
2.6.5 it is sufficient to show that 

Squ~\vl • b) e 7(2/ - 1) for i = 1, 2, 3 or 4. 

By the Cartan formula 

S(f~\vr b) = v) • Sqa~l~Xb + V ~ V 62 

= v) • S<f~l~]b + v2/_,62 mod / ( / - 1) 

e 7(2/ - 1). 

Similarly, we have 

V ' O v • b) e 7(2/ - 1), « = 2, 3 and 4. 

Hence we have completed the proof of Lemma 2.6.5. 

Definition 2.6.6. For integers /' ^ j' = 0 we define the group L(i,j) to be 
the ideal generated by 

( v 2 ' + 2'+l l > r = s = °> 
lv2''+25+i 7 = J = 0 and v2. 
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By convention, L(i, — 1) = L(i — 1, / — 1) for / ^ 1 and L(0, — 1) is 
the ideal generated by v2. 

COROLLARY 2.6.7. Suppose x e L(i,j), i = j and dim x = a. Then 

Scf'kx e L(i + l , y + 1), for k = 1, 2, 3 or 4. 

2.6.8. Since for k ^ 2, 

v2* + 2 = ^ v2*_1+2> 

by induction on k using 2.1.1 and Lemma 2.6.5, we have 

v2* + 2 = w2* + 2 ~^~ w2k~l ' w 2 A _ 1 + 2 m o ( ^ ^ ( ^ ~~ !)• 

Therefore, using 2.1.1 and Lemma 2.6.5 again, we have for k = 4 

(2 .6 .9) V2* + 2 ^ W2* + 2 + w2k~] ' v v2*~1+2 ~^ w2k~]-\ ' w 2 A - 1 + 3 

+ w2k-\-2 ' w2*-i+4 mod I(2k~] — 3). 

Similarly for k ^ j we have 

V2* + 2>+l = w 2 * + 2 7 + l + H ; 2 / c _ 1 + 2 7 _ 1 ' v y 2 / l _ 1 + 2 7 - 1 4 - l 

mod 7(2* ~ ] + 2 7 " 1 - 1) 

and therefore fork^j^ 3 

(2 .6 .10) V2*_|_27+i = vv2* + 2-/+l "*" v v 2 ^ " 1 + 2 y - 1 ' v v 2 A _ l + 2 y _ 1 + l 

+ W2 /c-i_|_27-i_| ' H>2*-i+27 ' - 1+2 "I" w 2 * _ 1 + 2 ; _ 1 - 2 

• w2*-i+27-i + 3 mod 7(2* _ 1 + 2 7 - 1 - 3). 

Given a positive integer n ^ 2 we define s (AÏ) > p(«) = 0 to be the 
integers such that 

2s(n)~\ < n g 25(«) 

and 

25(«)-i _|_ 2/°(w)_1 < w <̂  2^ (A7)_1 + 2p^n) 

By inspection of (2.6.9) with k = s(n), we see that the right hand side 
contains a decomposable term lying outside 

L = U L(/, r) 

when s(n) ^ 5 and p(«) ^ 3 or « = 20. Similarly the right hand side of 
(2.6.10) with k = s(n) — \ and j = 4 contains a decomposable term lying 
outside L when s(w) ^ 6 and p(«) ^ 4. Notice that 

2s{n) + 2 > n and 2 5 (" ) _ 1 + 24 + 1 > « when p(w) ^ 4. 

Therefore the killing of V2^(/D+2 by the differential gives a non-trivial 
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relation in H*(BSOn($) ) if s(n) â 5 and p(n) â 3 or n = 20 and 
vysin)-\ , 74, , gives a non-trivial relation if s(n) = 6 and p(«) ^ 4. 

4 2 
Therefore if H*(BSOn(&) ) is a polynomial algebra then n < 2 + 2 . 

Now it is easily seen that we have the following congruences: 
v, = Wj mod L for 2 ^ / ' ^ 25 and 

i # 8, 12, 14, 15, 16, 20, 22, 23 and 24; 

v33 = W33 mod L; v34 = w34 + w14 • w20 

+ Wj2 * w22 + w8 • w26 mod L; 

v35 = w35 + w15 • w20 + w12 • w23 + w8 • w27 mod L and 

v37 = w37 + Wj5 • w22 + Wj4 + w23 + w8 • w29 mod L. 

Thus if « < 2 + 2 , v21, v25, v33, v34 and v37 are zero modulo L. Hence 
there are no non-trivial relations in H*(BSOn($) ) and so H*(BSOn(%) ) 
must be a polynomial algebra. We have thus proved: 

THEOREM 2.6.11. H*(BSOn(&) ) is a polynomial algebra if and only if 
n ^ 19. 

Thus for n ^ 19, 

v2s(n)+\{v2s(n)-]+V+\}p(n)^j^s(n)-2
 a n d 

{v2s{n) + 2k+\}o^k^p(n) 

are all zero modulo L(s(n) — 1, p(n) — 1). Moreover, if 20 ^ n ^ 32, 

v2*(") + 1 = 0 mod L(s(n) — 1, p(w) — 1) 

but 

v2*<"> + i + 1 ^ 0 mod L(s(n) — 1, p(n) — 1). 

If /1 ^ 33, 

v2v(«)+1 ^ 0 mod L(s(n) — 1, p(/?) — 1). 

Therefore by successively inspecting the images of the differentials in 
the spectral sequence for BSOn($) —> i^Spin^ and Theorem 2.5 we have 

THEOREM 2.6.12. Additively there is the following isomorphism for the 
Leray-Serre spectral sequence for the fibration BSOn(S) —» ^Spin^. 

E\2s(n)~ ' -\-2(*n)~ ' +21 ^ E2S<")~ ' +2**")+ 1 

= ^*(j5Spinw)/L(j(/i) - 1, p(w) - 1) 0 A 

® Z2 [ {Sq!M0; / = ( / , , . . . , /r) admissible sequence with 

ir = 1 and *>(/) < 3} ] 

https://doi.org/10.4153/CJM-1985-048-5 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1985-048-5


MOD 2 COHOMOLOGY 899 

where 

® H {<T)-p(V,} ' = 2, •. •, s(n) - p(n) ] 

® H {<«)- ! - , ) i = l , . . . , P(«) - 1, Pi") ] 

®Z2[{M,W,)-,], 

Z2[02J(»), . . . , 0 2 * - i ] if 19 s n s 10, 
Z2[025] if 20 â n = 32, 
Z2 if « g 9 or n ^ 33, 

the integer h is given by Theorem 2.5 and 02 j corresponds to the killing of 
the relation vv+x in //*(BSpin„). 

Moreover A and ( S f M 0 ; / = {ixr,..., ir) admissible sequence 
with ir = 1 and e(I) < 3} are permanent cycles; that is they are included 
in£°° . 

COROLLARY 2.6.13. Additively, 

H*(BSOX9(%) ) = Z2[w8, wl2, wH, wx5, u>16] ® Z2[r,2io] 

® Z2[02s, 026, 027, 028, 029] ® Z2[SqlM0; I = (/,, . . . , ir) 

admissible sequence with ir = 1 and e(I) < 3] 

® Hho> ?24. ?34. ?36l ® Z ^ ' f e / = 0 " 

/ admissible sequence of excess < 33 tffld 0/̂  the form 
( 2 \ 2 * ~ \ . . . , 25)], 

where f20, f24, f 34, f36 correspond to the vanishing of Mx , M0 , M3, M\ under 
the differentials and {SqrÇ33, I = (2k, . . . , 25) } correspond to the vanishing 
of {Mi}i^A under the differentials. 

Proof. This is an immediate consequence of Theorem 2.5 and Theorem 
2.6.12. 

3. The Leray Serre spectral sequence for BSOn(\6) -> £S0„<8>. We 
will choose formally generators for H*(BSO). 

Definition 3.1. Suppose a(i — 1 ) ^ 2 then v, is as defined in Definition 
2.2. If a(i — 1) = 3 then v, is defined as follows: 

v2k + \+2
2 = Sq Sq . . . sq vv8, k = 2; 

v2k+2+J+22+J+2 = 5 ^ < 2 * + ' + 2 ) . . . V 0 ( 2 A + ' + 2 » 5 / . . . Sa2\, 

k ^ 2,7 ^ 0; 
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v23+;+22+,+2 = V ( 2 2 + 2 ) • • • s/a2+2) H W ^ 0; 

V2r + A+y + 3 + 23+7 + / + 2 / + i 4-1 -sf ' (2*+> + 2 + 2 2 + >+D 

^ i2°(2*+> + 2 + 22+>+l) 

-1 / iA+ l . ^(W + l _ • s /< 2 + 2 > S / " <2 + 2>.. . s /< 2 + V • • • S^8 

A: â 2,y g 0, t ^ 0; 

v2 '+* + 2 + 2'+2 + 2' + 1 + i = Sq 
,2'(2* + l + 2 + l ) 

s / ( 2 ' + l + 2 + l W . . . ^ 8 

and 

V2, + 3 + 2, + 2 + 2 , + 1 + 1 = ^ ( 2 2
 + 2 + l ) _ ^ 2 ° ( 2 2

 + 2 + l )Wg> , ^ 0 ; 

,2'(2'" f3 + 2 2 + y ' + l ) V2/+.y+4_f.23+y + / + 2 / + l + 1 = S#' 

s/<2 > + 3 + 2 2 + > + ' ) • ̂ J ( 2 2 + 2 ) . . . s / , 2 2 + 2 )w 8 , ^ 0 , ( ^ 0 . 

If a(/ — 1 ) ^ 4 then vt = wt. 
Thus 

H*(BSO) « Z2[vr / â 2]. 

Definition 3.2. £50w<16> fibres over tfSO,^) with ^-invariant 

w 8 : ^ ( 8 > -> * 8 

and so the fibre of the principal fibration is AT(Z2, 7). Let the fundamental 
i ? 

class be denoted by i7. Let /(Sg i7, Sg J7) be the ÏÏ(H*(K7) )-sub-module 
generated by {S^1^, Sq2i7}. We give a simple system of generators 
for H*(K7)/I(Sq\7, Sq2i7) as follows: 

** = Sq2 Sq2 ... Sq2 t7, A: ̂  2; 

" { 
- , * . < , ! _. o/c 

V + 2 S?2 . . . S42 *7 , A: ̂  3, 
r2

z + 2 , A: = 2 ; 

„ 2 W 

^ , = 

O Z T Z 

Sq2\2k + 2 ) . . . S?z (2* + 2 ) 5 ^ . . . Sq'ij, 
k ^ 3,7 ̂  0, 

S^< 2 2 + 2,...(5/<22 + \ , k = 2,j^0. 

We shall adopt the following convention 

y, ,_ , = * , _ , A: ^ 2 

rA;,0 n A: ̂  2 

r, = £7 and Ytj = 0 / < 2 or 7 < - 1 . 
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3.3. Images of differentials. Let {Ep/q, dr) be the Leray-Serre cohomolo 
gy spectral sequence for the fibration 

w:BSOn(\6) -> BSOn(%). 

Then 

Ep
2

q « If(BSOn{%) ) 0 Jf*(tf7). 

The images of { Yk •} under the differentials are given below formally 
by 

2' 
(3 .3 .2) d2k + \+j + ' + 22+J + ' + 2t+\(Yicj)

 = v2' + * + 7 " f l - f 2 2 + 7 + ' + 2 ' + l ' 

k^2J ^ - l , / ^ 0 . 

3.4. Using the Adém relations; 

(3.4.1) Sq2n~ASqn = Sq2"-2Sq"-2 4 ty2""1 V 3 

(3.4.2) S<?n-*S(f = Sq2"-lSq"-5 4 S ^ 2 " " 2 ^ " 4 4- Sq2n'3Sqn'3 

and (2.6.2) - (2.6.4) we can prove the following 

LEMMA 3.4.3. Suppose <x(n — 1) = 3. 

(i) S / " ' » , - . j „_ , . 

<"> v-*-. - [S-1 riïïî 
(iii) 7/"/Î w not of the form 2 + 2 , k = 3 then 

Sqn~\n = v2„_2 or 0; 

Sqlkjr\2k + 22 = 0 in H*(BSO(S) ). 

(iv) Ifn is not of the form 2k 4 22 4 2, 2* + ] 4 22 4 2 4 1, 2* 4 22, k ^ 3 

(v) For k ^ 3 

Sq V2* + 2
2 = V2* + i + 2 2 , 

^ + 2 v 2 * + 22+2 = ° ' " H*(BSO(S) ) 

592* + , + 2 + 1v 2* + i+22 + 2 + 1 = 0 /« H*(BSO(S) ). 

Similarly we have: 

LEMMA 3.4.4. Suppose a(n — 1) ^ 2. 
(i)Ifn ^ 18 and n even then Sqn~5vn = 0. 

(ii) Ifn is not of the form 2k 4 22 4- 1, k ^ 3 awrf n i 11 w odd 
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then 

sf-\ = o. 
(iii) Ifn is of the form 2k + 22 + 1, k ^ 3 then 

S<f~\ = V2n-5' 

From Theorem 2.5, Lemma 2.6.1 and Lemma 3.4.4, we deduce: 

LEMMA 3.4.5. The ideal over the Steenrod algebra generated by (Sq L7, 

Sqi-j), I(Sq 47, Sq *7), are permanent cycles in E^. 

Definition 3.4.6. We shall associate to each triple (/, y, k) e Z with 
/ ^ 7 > ^ > 0 an ideal L(/,y, k) in H*(BSO). 

For / > y ^ /: ^ 0, L(t,j\ k) is the ideal generated by 

v2'+2*+2/+i> ^ — l > ^ = ^ = / = 0 o r 

/ - l = r > s ^ / ^ 0 ; 

v 2 ' + 2* + 2'+l , 7 > j ê / ê O ; 

v2' + 2̂  + 2/+i> ^ = / = 0, v2 and v3. 

For r > y + 1 > 1, L(y,y,y) is the ideal generated by 
v2r+25 + 2/+i' ^ ~ l > ^ * = ^ = / = 0 o r 

t - \ = r > s ^ I ^ 0\ 
v2' + 2J + 2'+b7 = •* = / = 0, v2 and v3. 

For y ^ 1, L(y + l,y,y) is the ideal generated by 

{v2r + 2, + 2/+1 ,y + 1 > r ^ ^ / ^ 0 or 

y + 1 = r > 5 ^ / ^ 0, v2 and v3}. 

For t > j > 1, 

L( / , / ,y) = L(t + \J - \J - 1). 

For / ^ 1, L(t, t, 0) is the ideal generated by 

{v2r+25 + 2/+1 , / > r ^ 5 ^ / ^ 0 o r 

/ = r > s ^ / ^ 0; v2r+i+2, v2, v3}. 

For / ^ 1, L(/, 0, 0) is the ideal generated by 

{v2'+2* + 2/+1 , / - l > r ^ 5 ^ / i 0 o r 

/ - l = r > j g / â 0 ; v2.+2; v2/+2+„ v2, v3}. 

For / ^ 1, L(/, /, /) is defined to be L{t + 1, t - 1, / - 1) and L(0, 0, 0) 
is the ideal generated by {v2, v3, v4}. 
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By convention 

L(t,j, -\) = L(tJ - \ J - I) fort ^j è 1; 

L(t, 0, - 1 ) = L(t — 1, / — 1, 0) for / ^ 1; 

L(t, - 1, - 2 ) = L(t - 1, / - 2, / - 2) for / ^ 2; 

L(l , - 1 , - 2 ) - L(0, 0); L(0, - 1 , - 2 ) = L(0, - 1 ) . 

We can easily derive the following: 

LEMMA 3.4.7. Suppose x G. L(i,j, k), i ^ j ^ k and dim x = a. Then 

Scf~px G L(/ + 1,7 + 1, A: + l)/or/> = 1, 2, 3 or 4. 

Using Cartan formula, Wu's formula and Lemma 3.4.3, we have 

COROLLARY 3.4.8. Suppose x e I(j) then Sqa~lx e 7(2/ - 1), / = 1, 2, 
3 a^d 4. 

3.5. Let n be any integer ^ 2. Recall that s(n) and P(AÎ) are integers = 0 
such that 

2^(n)-\ _|_ 2 p ( / , ) _ 1 < « ^ 2 5 (" ) _ 1 + 2p('2) 

2*(«)-i < „ < 2s(n). 

We define g(w) to be an integer ^ — 1 such that 

2s(n)-\ _+_ 2P(W)_1 -f- 2^ (w)_1 < n ^ 25( /7 )_1 + 2 p ( / , ) _ 1 + 2^(/?) 

Notice that p(n) — q(n) = 1 and s(n) — p(n) ^ 1. 
Let 

f(n) = p(n) - q(n) and rf(/i) = s(n) - p(n). 

Let {Er , d r} be the mod 2 cohomology spectral sequence for the 
fibration 

5SO„<16>->i»SO„<8>. 

An inspection of the differentials of the spectral sequence gives us the 
following 

THEOREM 3.5.1. Additively there is the following isomorphism: 

Ei2s(")~ I +2(*n)~ ' + 2^") — ' +21 ^ M21'"'""1 +2P(") '+2'7 (" ) — ' + 11 

S //*(i?SO„<8> )/L W / 1 )_,,p („ )-, ,„„)_,) ® ^ 

® 7(Sq] t7, S^t7) 

® Z2[ { { > C - * » > +1./-3) / = 2 , . . . , / ( « ) = P(«) - «(/i) ] 

® ^ 2 ! {^5(«)-p(Ai)-/,p(w) + i - r - 2 } ' 
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i = 0 , . . . , d(n) - 2, / = 0, . . . , p(n) - 1 + /} ] 

® Z2l {r,2!„)-p(,,)+M„)-2-,}. ' = 0, . . . , <?(«)] 

® Z2[ {yJn) + 1-/,/-2-,}. / = ! , . . . , P(«) - 1, / = 0, . .. , 

/ - 1] 

® Z 2 [ { Ï H - . - „ , « - 2 } . ' = * ( » ) + l , / > « = H 

® Z 2 [ { y / + M ( B , - / - 2 } . / = l , - . . , r f ( « ) - 1], 

where 4̂ is given by 

Z2 if « â 26 + 1, 
Z2[(926] if 40 ^ n â 26, 
polynomial algebra on an undetermined number of 
generators corresponding to the vanishing of the basic 
set of relations in H*(BSOn(S) ); if n ^ 39, 

02
6 is the permanent cycle given by the vanishing of the relation v26 + 1 

under the differentials in the spectral sequence and I(Sq i7, Sq £7) are 
permanent cycles in the spectral sequence. 

THEOREM 3.5.2. H*(BSOn(\6) ) is a polynomial algebra if and only if 
n â 39. 

Proof. First notice that by 2.1.1 and Corollary 3.4.8, we have for 
k ^ 6, 

(3 .5 .3) v2* + 22 = w2A: + 22 ~*~ ^ V V 2 A _ 1 - / ' w 2 * _ , + 2 2 + /' 
0=ii=i6 

mod 7(2* _ 1 - 7) 

(3 .5 .4) V2/c + 23 + 2 = W2 /c-i+ 23 + 2 + 2 H ?2A" ,+2 2 - / ' w 2 * - , + 2 2 + 2 + i 

mod /(2A~ 1 - 3) 

With /c = S(H) the right hand side of (3.5.3) contains a decomposable term 
lying outside 

U = .UL(iJ9k) 
l=J = k 

when S(H) ^ 6 and p(n) ^ 4 or « = 40. Therefore the killing of v2*(/o + 22 
gives a non-trivial relation in H*(BSOn(\6) ) when s(n) ^ 6, p(w) ^ 4 
or A = 40. Similarly using (3.5.4) with k = s{n) — 1 when 
s{n) ^ 7 and pfw) < 4 the killing of v2*<«> i+2

3 + 2 g l v e s a non-trivial 
relation in H*(BSOn(\6) ). Therefore if H*(BSO„(\6) ) is a polynomial 
algebra, then n ^ 39. 
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Now by Wu's formula and Lemma 3.4.7 it can be shown that for 
/ ^ 57, 

v, = W; modulo L. 

Thus if n ^ 39, 

v25 + 27 + 2' + i = 0 modulo L! 

for 4 ^ y' ^ 3,y > / ^ 0 or 3 ^ y = / â 2. Furthermore if n ^ 39, v26 + 2 2 , 
v 2 6 + 22-f2> v 2 6 + 22 + 2 + l > v 2 6 + 23 + 2 ' v 2 6 + 23 + 2+ l> v 2 6 + 23 + 2 2 +l> v 2 6 + 2> v 2 6 + 2+ l> 

v 26 + 2
2+h an<^ v26 + i a r e a ' l congruent to 0 modulo L'. 

Thus by Theorem 3.5.1 and Lemma 3.4.7 together with the preceding 
discussion, there are no non-trivial relations given by V2/+2J + 2A + 1 , l = J = 
k ^ 0, i ^ 6, if n ^ 39. So in 2:^ there are no non-trivial relations if 
n ^ 39. That is if n ^ 39, H*(BSOn(\6) ) is a polynomial algebra. This 
completes the proof of Theorem 3.5.2. 

3.5.5. [cf. [5] ]. Recall that an admissible sequence 

/ = ( 2 ^ , . . . , kq, 2*«-'*,_i. • • • • V i » • • • ' *2- 2*'*i' • • • ' * ! ) 

with 

will be called a 0m-sequence if 

(a) I is empty or 
(b) 3 integers 0 ^ r < . . . < rx < m such that 

kx = 2m - T> and kt = 2r<-' - 2r< + 25 ' - ' + 1 ^_ 1 . 

COROLLARY. Lef /:AT7 —> 1?SG>-(16) be the inclusion of the fibre. Then for 
y â 16 fAere « « / 08, 09 e H*(BSOj(\6) ), w/rt 

i*09 = S ^ 7 , i*08 = S?1'? 

such that 

(1) n>16 = (Sq4Sq2Sq] + S<?7)09 + (S?8 4- Sq6Sq2)9s. 

More generally for any 0 -sequence I of degree / — 2 /or / = j and 
a(i - 1) = 4 

Sqf(Sq4Sq2Sq] + SV)0 9 + S ^ S ? 8 + Sq6Sq2)es = H>, 

modulo decomposables; 
(2) For / > y awd a(/' — 1) = 4 and I a 0 -sequence of degree / — 2 , 

Sqr(Sq4Sq2Sq] + S?7)09 + S/(S<?8 + Sq6Sq2)es 

is decomposable. 
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Proof. Adams in [1] gave a decomposition of Sq2, i = 4 by stable 
secondary cohomology operations: In particular, 

(3.5.6) (Sq1 + Sq4Sq2Sql)4>]^ + (Sq* + Sq6Sq2)<t>oi + Sql<pxi 

+ (Sq6Sqi + Sq*Sq*)<i>22 + (Sq]2 + Sq6Sq6)^02 

+ (Sqn + Sq]2Sq])<t>ul + (Sq]0Sq5 + Sq]5)<j>0fi 

where ^ • / ^ j are the Adams basic stable secondary cohomology 
operations. Apply (3.5.6) to the Thorn class, U, of the y-plane bundle 
over BSO.(\6) induced from the universal orientabley'-plane bundle over 
BSOr 

J A 

By Proposition 3.4 of [3] and 2.6.12, treating BSOj(l6) as a principal 
fibration over BSOp <j>, 3(U) = U • 09, <i>03(U) = U • 08, <j>3,3(lO = 0, 
<t>22(U) = 0, <f>, !(£/) = 0, 4>00(£/} = 0 and ^2(U) = £ / ; 0 4 where 
0 4 G H*(BSOj(\6) ), 0o G H*(BSOj(\6) ) and 0 9 G I^(BSOJ(16) ) 
are such that /*0 9 = S<?\, z*08 = S?1^, 0 4 = 7r*f4, f4 G rfiBSOfl) 
) is a generator. 

But 

(S<?12 4- Sq6Sq6)<j>02(U) = (Sq]2 + Sq6Sq6)(U • 04) 

= t/{ (S?12 + Sq6Sq6)e4) = 0. 

Thus (3.5.6) implies that 

(Sq4Sq2Sq] + Sq^^U) + (S<?8 + SifS^^U) = SqX6(U); 

That is 

(Sq4Sq2Sql + V ) 9 9 + (S48 H- W ) 0 8 = w]6. 

The other assertions are trivial and are left to the reader. 

An immediate consequence of Theorem 2.5, Theorem 2.6.12 and 
Theorem 3.5.1 is the following. 

COROLLARY 3.5.7. (a) There is the following additive isomorphism: 
A 

H*(BS022(8) ) « Z2[u>8, w12, w14, w15, w16, w20, w22]/y 0 5, 

B = Z2fa2n] ® Z2[025, 026, . . . , 02io] 

® Z J S ^ ; / = (/„. . . , / ,) 

is an admissible sequence with ir = 1 and e(I) < 3] 

® Z2[Sq2kSq2k ' ... Sq2^; k ^ 6] 

® Z2[f24 + 23, f25 + 23, f26 + 2, f26 + 22, f2
6-h 23' ?27 + 2l> 
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and J is the ideal generated by 

{ 0*14 ' ^20 + w12 ' w22>> ^15^20' ^15^22* 

(w\2 + W22 • W16U^4 + W22W8W14) }, 

@2', / = 5, 6, . . . , 10 correspond to the vanishing of v2/+1 under the 
differentials, 

{^24 + 2 3 ' ^2 5 + 2 3 ' ^2 6 + 2 ' ^2 6 + 2 2 ' ^2 6 + 2 3 ' ^2 7 + 2 ) 

correspond to the vanishing of 

{ v 2 4 + 2 3 +l> v 2 5 + 2 3 +l> v 2 6 + 2 + l » v 2 6 + 2 2 +l> v 2 6 + 234-l> v 2 7 + 2 + l ) 

under the differentials in the spectral sequence and TJ2H comes from 
7/*(£Spin22) by Theorem 2.5. 

(b) Additively, 

H*(BS022(\6) ) « Z2[w]6] 0 B 

0 7(Sq]il9 Sq2t7) 

® Z 2 & 3 > ^ É36. fel 

® ^ 2 l { ^ 3 , - l ' ^2,1> ^2,0' ^2 , -1» *3,1> ^3,0» *5 , - l » 

^4,0' ^4, -1» ^2,2} 1 

where {£33, £34, £36, £65} corresponds to the vanishing of the following 
relations under the differentials in the spectral sequence: 

{ (w14 ' ^20 + w12 ' w22>> ^15^20* ^15^22' 

(w\2 + W22W]6 • W?4 + W22 • W8 ' W,4)}. 
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