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Abstract

In this paper we present new explicit simultaneous rational approximations which converge
subexponentially to the values of the Bell polynomials at the points

(v, 'Q2a + 1)£(2),21£3), ..., (m— Dla + 1 + (=1)"a){(m))

where m=1,2,...,a,a €N,y is Euler’s constant and { is the Riemann zeta function.

Keywords and phrases: Euler constant, zeta value, Bell polynomial, Bernoulli polynomial, Meijer G-
function, rational approximation, saddle point method.

1. Introduction

In 2007 Aptekarev and his collaborators (see [1, 13]) discovered a sequence of rational
approximations p, /g, converging to Euler’s constant

. 1 1
y—k11_>rg(1+§+~-+%—logk)

subexponentially. More precisely, the numerators p, and denominators §, of these
approximations are positive integers generated by the recurrence relation
(161 — 15)Gn+1 = (1281 + 40n* — 82n — 45)g,
— n?(256n° — 240n* + 64n — 7)1 + n*(n — 1)>(16n + 1),
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with the initial conditions

and the asymptotics

5 em 1 “12
gn = (2n)! ———— + 0@ )|,

n \\n(4e)33 (0
—V2n 2 ’
Pn—Yqn = (271)!6% (% + 0(71_1/2)) .

The present authors (see [7]) found explicit representations for these sequences:

n

2 2
= (Z) n+ B pa=y (Z) (1 + k) (Hpsp, + 2Hy— — 2Hy) (1.2)

k=0 k=0

n

where H, = Y};_, 1/k is the nth harmonic number and Hj := 0. Formulas (1.2) imply
that g, and p, are integers divisible by n! and n!/D,, respectively. Here D, denotes
the least common multiple of the numbers 1, 2, ..., n. The linear forms p, — yg, do
not tend to zero even after cancelation of their coeflicients by the large common factor
n!/D,. Therefore this construction does not allow one to prove the irrationality of
v, which is still an open problem. Nevertheless, the construction (1.1) present good
rational approximations to Euler’s constant as n — co:

Pr 'y =271 + 071 ).

4qn

In 2009 Rivoal (see [12]) found another way of rationally approximating the Euler

constant y, viewed as —I"(1), where I is the usual gamma function. His construction
is based on the following third-order recurrence:

(n+3)*8n + 11)8n + 19)y,.3 = (n + 3)(8n + 11)(24n* + 1451 + 215)y,42
— (81 + 27)(24n° + 1051% + 124n + 25)y,11
+(n+2)*8n + 19)(8n + 27)y,,
which provides two sequences of rational numbers P,, and Q, for n > 0 with the initial
values
Py=-1, Py=4, P,=77/4,
Qo=1, 01=7, 0,=65/2
such that P,/ Q,, converges toy. The sequences P, and Q,, satisfy the inclusions (see [8,

Corollary 5])
n!Q,, n!'D,P,eZ
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and provide better approximations to 7y,

. 2/3 1/3 2/3_1/3
S C()e 9/2n +3/2n , |Qn| - 0(63}1 n )’

5
=5 Y
On
as n — oo. Unfortunately this convergence is not fast enough to imply the irrationality
of y.

In [12] Rivoal also considered a more general construction based on simultaneous
Padé approximants to Euler’s functions,

| s—1 ,—t
&(z)zf Og(t)—tedz, sEN,zeC\ [0, +00).
o z-

This approach allows one, in principle, to find rational approximations to some other
constants related to higher derivatives of the gamma function I'™(1) for n > 2. Note
that (1) can be written as (see [3, p. 175])

TO(1) = Yu(=y, £(2), =2143), . . ., (=1)"(n = D!{(n)

where Y, is the Bell polynomial whose definition and basic properties are given below.
Unfortunately the details of this construction rapidly become very complicated and
Rivoal presented explicit rational approximations for only two numbers y and

(@) —y*=T"(1) - 2" ()%

More precisely, Rivoal constructed a sixth-order linear recurrence with polynomial
coefficients of degree 25 which has three solutions {a; ,}n>0, {@2.1}n>0, and {,},>0 such
that ay ,, az . by, € (1/(3n)!(3n + 2)!)Z and

aln

by

1 arn 1
< — -y - e ——
w35D, '5() LA TS

-

and
Ibal ~ ~5 exp(4¥2n¥'* — 5V2/8n'1*)
n

as n — oo, where ¢y is some positive constant independent of n. Notice that the better
inclusions, namely, n'b,, Dnnlzal,n, Dﬁn!zaz,n € Z, were proved in [8, Corollary 6].
Recently (see [6]) the authors gave a new interpretation of Aptekarev’s
approximations to Euler’s constant in terms of Meijer G-functions and hypergeometric
type series. This enabled them to find new rational approximations to y generated by
a second-order inhomogeneous linear recurrence with polynomial coefficients. The
denominators and numerators of these approximations are given by the formulas

n 2 n 2
qn = Z (Z) k!, p.= Z (Z) k\(2H,— — Hy).

k=0 k=0
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The sequence {g,},>0 satisfies the second-order homogeneous linear recurrence
G2 = 21+ 2)gnet + (n+1)’¢, =0
with go =1 and ¢; =2, and the sequence {p,},>0 is a solution of the second-order

inhomogeneous linear recurrence

n
Pz =21+ 2)puy + (n+ 1) p, = ———
n+2

with pp = 0 and p; = 1. Moreover,

Pn

n

—y=e V2 + 0(n1?)

as n — oo and e
eV o1 _1n
qﬁmﬁﬂaﬁ+mﬂﬁ
as n — oo.

In this paper we generalize the constructions from our work in [6] and explicitly
present new simultaneous rational approximations converging subexponentially to the
values of Bell polynomials at the points of the form

(v, 1!Qa + 1){(2),2143), ..., (m = Dla+ 1+ (-1)"a)l(m))

form=1,2,...,aand a € N. Note that our approach is different from that of Rivoal
and is based upon the application of Meijer G-functions and complex integrals.

We begin by recalling several known facts about the Bell polynomials. The
exponential (complete) Bell polynomials (first effectively studied by Bell (see [2])

and named in his honor) are the polynomials Y,,(x1, ..., x,) in an infinite number of
variables x, x,, . . . defined by the formal series expansion (see [3, Section 3.3]):
0 £ 0 tn
exp( ) x%):z(; Va2 ) (13)
m=1 n=

An explicit representation of Y, is given by (see [2, p. 264])

n! X1 ki X, kn
nm“”m‘;hwkﬁﬂ)mtﬂ
an

where the summation is taken over all partitions m(n) of n, that is, over all n-tuples of
nonnegative integers (ki, . . ., k,) such that

Zn: Jkj=n.
=1
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The Bell polynomials satisfy the following recurrence relation (see [2, p. 263]):

n

n
Yo (X1, ooy Xpg1) = Z (k)kaYn—k(xl» cesXpmk), n2=0,Yp=1,
=0

which implies immediately that the complete Bell polynomials have integer
coefficients and therefore

n!
Tk, kgl -kl < 2 (1.4)
for ki, ..., k, as above. The first six complete Bell polynomials are as follows:

2 3
Yo=1, Yi(x)=x1, Ya(x;,x)=x7+x2, Y3(x1, x2, x3) = x| + 3x102 + X3,
Ya(x1, X0, X3, X4) = x‘f + 6x%x2 + dx1x3 + 3x§ + X4,

Ys(xy, x2, X3, X4, X5) = x? + 10x?xz + 10xfx3 + 15x1x§ + 5x1x4 + 10x5x3 + X5.

Letxy, xp, ...y Xy oo o5 Y1, Y2, - - - Vs - - - , DE two infinite sequences of independent
variables. Then we may easily deduce the addition theorem (see [2, p. 265])
V(X1 + Y1, X0 +y0) = [Y(X) + Y(]"

from (1.3). In ordinary notation this is equivalent to

< n
Y}’l(xl +yls AL ) xn + yn) = Z (k)Yk(-xls AR xk)Yn—k(Yl’ LR syn—k)' (15)
k=0

The Bell polynomials play an important role in taking the nth derivative of a
composite function. That is, the nth derivative of the function e/ can be expressed in
terms of known quantities by

d n
(55) ¢ =@ . 7@ FO 00 (1.6)

This formula is also known as Faa di Bruno’s formula for the nth derivative of the
composite function.
As usual, let (1), be the Pochhammer symbol (or the shifted factorial) defined by
(Ao =1and
Dp=AA+1)---(A+m—-1)

for m > 1 and let H™ be a generalized harmonic number given by H'™ = Yoy k™
and H,(,l) =H,.
We are now able to formulate our main result.

TueoreMm 1.1. Let a > 2 be an integer. For p=1,2,...,a—1 and any nonnegative
integer n define the following sequences of rational numbers:

k=0 k

a0 ::Z(") ez, pn,,,:Z(”) KLY, (1K), 12 K), - (k) €Q (17)
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where
rn(K) := (m = DIaH") + (=1)"(a - DH™) (1.8)

fork=0,1,...,n. Let
a, =Y, (y, 1'(2a - 1){(2),2!4Q3), . .., (u = D(a + (=1)'(a = 1){(w)).

Suppose that the coefficients b,,(a) are defined by the expansion

-a log(l + i w ”’) - i %zm = Z bu(@)Z" + O (1.9)

L ma D! )T 4T
for|z| < 1. In particular
bi(@)=-a, bya)=(1-a)/2, bza)=(-a)2a-3)/(6a).

Then for every u=1,2,...,a— 1 there exists a positive constant ¢, = c,(a) such that
for any nonnegative integer n,

' a—1
cyn:

Pnyu = gl < m eXP(Z:(—l)mbm(a) cos(27rm/a)n1‘m/“)_
m=1

Moreover, Dy, - p,, € Z where D, denotes the least common multiple of the numbers

1,2, ..., nand the following asymptotic formula holds:
— n! N m 1-m/a —1/a
= e exp(z_;( 1" bu(an! 1)1 + 067
asn — oo,
The sequences {pn,/qnlns0 for u=1,2,...,a—1 provide good simultaneous

rational approximations converging subexponentially to the numbers a,,. Note that
x=y, @=y+Qa-1DIQ2), a=y +(6a-3)yl2)+23),....

CoROLLARY 1.2. Let a > 2 be an integer. Then foru=1,2,...,a—1,

a-1

< Gy exp( 3. (-1 bu@cos2m/a) ~ n' ")

m=1

< exp(a(cos2r/a) — Dn'~V4(1 + o(1)))

Pnu

n

ay

where ¢, = c,(a) is a positive constant independent of n.
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In particular, for Euler’s constant we have the following corollary.

CorOLLARY 1.3. Let a > 2 be an integer. Let the sequence {q,},>0 be defined as in (1.7)
and let

n a
n
= (k) K\(aH, — (a = 1)Hy)
k=0
forn>0. Then
y - Pn < palcos@r/a)=Dn'~e(1+o(1))
qn
We now consider several examples. For a =2 our construction gives the rational
approximations to Euler’s constant studied in [6].

ExawmpLE 1.4. For a = 3 we define three sequences

n 3 n 3
n n
= (k) K, pa=) (k) K\(3H, i — 2Hy),

k=0 k=0

n

3
DPn2 = Z (Z) KN(GHp—x — 2Hk)2 + 3H7(12—)k 4 ZHIEZ)),

k=0
Then
"}/ _ P, < 616_9/2’12/3+3/2n1/3, 72 + 54«(2) _ Pn2 < 626_9/2n2/3+3/2n1/3,
qn n
and s
n! 3n23_pl/3 e ~1/3
qn = 53 e ( + O(n / ))
n 27V3

as n — oo. Applying Zeilberger’s algorithm of creative telescoping (see [11]), it is
possible to show (using the same argument as in [6, Lemma 1]) that the sequences
Dn1, gn are solutions of the third-order homogeneous linear recurrence

(n+ 1D8n—9)f1 = (24n® + 130> - 32n - 18)f,
—n(24n* = 75n% +52n = 5) fu1 + n(n — 1°8n — 1) f,-»

with initial conditions

po1=0, pri=1, py1=13/2,
g=1 q=2, q@=11,
and the sequence p,,» is a solution of the third-order inhomogeneous linear recurrence
(n+ 1D8n—9)f = (24n® + 130> — 32n — 18) f, — n(24n> — 75n% + 52n - 5) f,_,
+n(n—1°@n-1)f,
+2(8n* — 170 + 74n* — 12n - 9)/(n(n + 1))

with initial values pg> =0, p12 =18, p2s =95.
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ExawmprE 1.5. For a = 4 put

n 4 B 4
n n
qn = § (k) k!,  pni= E (k) k!(4H,—x — 3Hy),

k=0 k=0

n 4 n 4
Pra= (”) KT + k), paz= (”) kL (k) + 31 (02 k) + r3(K),

k=0 k k=0 k
where r,,(k) is defined in (1.8). Then
‘7 _ Png < Cle—4n3/4+3n1/2—5/8n”4’ ,}/2 +74(2) - Pn2 < Cze_4n3/4+3n1/2_5/8nl/4’
qn n
Y3+ 219¢(2) + 2£(3) — 223 | < et eant s sl
n
and |
con' 3/4_ 12 1/4 _
qn - T/S 4n 3/2}1 +5/8n (1 +O(n 1/4))
n

as n — oco. Applying Zeilberger’s algorithm of creative telescoping, it is easy to
show that the sequences g,, p,1 and p, satisfy the fourth-order homogeneous linear
recurrence

(n + 2)X(729n* — 162n° — 171n* — 4n + 6)f,,n
= (2916n" + 14 661n° + 20 862n° + 947n* — 13 0081* — 237012
+ 13201 + 312)f,,1 — (4374n® — 18 468n” — 82 674n° — 85 776n°
— 13 062n* + 24 204n> + 13 528n% + 2680n + 168)f,
+n2(2916n + 28 512n° + 61 848n° + 37 667n* — 12 8981
— 17 463n* — 2692n + 398)f,_; — n*(n — 1)*
X (729n* + 2754n° + 37170 + 2084n + 398)f,»

with the initial conditions

g=1 q=2, ¢=19, g3=250,
po1=0, pii=1, pr1=13, p31=409/3,
po2=0, pi2=32, prr=217, p3;=26444/9,

and the sequence p, 3 satisfies the fourth-order inhomogeneous linear recurrence

(n + 2)X(729n* — 162n° — 171n* — 4n + 6)f,12
= (2916n" + 14 661n° + 20 862n° + 947n* — 13 0081* — 237012
+ 13201 + 312)f,,1 — (4374n® — 18 468n” — 82 674n° — 85 776n°
—13062n* + 24 204n> + 13 528n> + 2680n + 168),
+n2(2916n" + 28 512n° + 61 848n° + 37 667n* — 12 898n°
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— 17 463n* — 2692n + 398)f,_; — n*(n — )*(729n* + 2754n°
+3717n% + 2084n + 398)f,_» — 6(729n'° + 2754n° — 17 42418
— 179 680n" — 490 669n° — 549 106n° — 194 460n* + 100 424n°
+ 105 332n° + 30 840n + 3184)/(n(n + 1)*(n + 2))

with the initial values po3 =0, p;3 = 60, p23 =402 and p33 =50761/9.

2. Analytical construction

Let a > 2 be an integer. We consider the function

\a

F(n 1) = ke
-1t + Dlren—t+ 1)
forn=0,1,2,...,and, for each integer u withO<u<a -1,

n d u
Fup = Fopa = Z(E) F(n, 1)
k=0

Lemma 2.1. Leta > 2 be an integer. Thenforeachu=1,2,...,a—landv=1,...,u
there exist constants A,,,, which are independent of n such that forn=0,1,2,...,

t=k

u
Pny — qn@yu = Z /ly,an,w

v=1
Foo=q,and D), - Dnyu € Z. Here the sequences q,, and p,, are defined as in (1.7).
Proor. We begin by defining the function
f@® :=alogn!—alogl'(n+1-1t)—(a—1)logl'(zr+ 1)
for 0 <t <n. Then we see that
fO=apn+1-0—(a-Dy@+1) (2.1)

where (z) =17(z)/T'(z) is the logarithmic derivative of the gamma function (also
known as the digamma function) and, for m > 2,

F0) = (D" tay™ P+ 1 -0 - (@— D™ D@+ 1. (2.2)
Using the well-known formula for the derivatives of y(¢),
Y0 = (1" ml(m + 1, 1) (2.3)

for m € N, where

SR
b t = .
(0=,
j=0
is the Hurwitz zeta function, we may deduce that

£ = (=D)"m = DI(=D""al(m,n+1=1) = (a— DZ(m, t + 1))
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for m > 2. We will be interested in the values of f"(¢) at the integer points ¢ = k for
0<k<n.
When m = 1 we may use the well-known properties of the digamma function

Y1) =y, Yy(n+1)=H, -
for n € N and equation (2.1) to deduce that
f'(k) =~y +aH, - (a — D)H,. 2.4)
It now follows from equations (2.2) and (2.3) that for any integer m > 2,
F0) = m= DD (@ = 1) = @)fm) + aHy") + (=1)"(@ = DH™). (2.5

Now using the definition of r,,(k) from formula (1.8), we see that D" - r,,,(k) € Z and,
moreover, from equations (2.4) and (2.5) we may deduce that

frk)+y ifm=1,
(k) =17 m .
%k + (m—Dla+ (=1)"(a—-1))(m) ifm>2.

Now notice that F(n, t) = ¢/®. In order to calculate the uth derivative of F(n, f) we
can apply the Faa di Bruno formula (1.6) to obtain

(%)ﬂ F.0 =D V(£ 0. £/, ... f0)

for 1 <p <a—1. Now we apply the addition formula (1.5) to calculate
u

Yur1(, 00, .k = ) (’:)Yy(f'ac), £, FOE)

v=0
X Yy, 1'2a - 1){(2),2!4(3), ..., (u—v-1)!
X (a+ (=1Y"(a—- 1)) —-v).
This implies that

Y, (ri(k), ra(k), ..., ry(k) =Y, (y, 1!1(2a = 1){Q2), . . ., (u=D!(a+ (=1} (a—1)){ (1))
U
=y (’:)Yv(f’(k), £, fO)
v=1

XYy, 1!2a—1){Q2),...,(u=v—=Dla+ (1" (@a—-D)u~-v)

for 0 <k <n. Now multiplying both sides of the last equality by e/® = k!(:)a and
summing over k=0, 1,2,...,n,

b= o Yu(r 11Q2a = @), = Dla+ (1Y (@ = 1)EG)
u
_ (5)Y,,_v<y, 1Q2a - 1DE@), ... (1= v = Dlla+ (1@ = D) - )
=1

xZ( )
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or

u
Py — qn@u = Z AH,VFVL,V

v=1

where g, and p,,, are defined as in (1.7) and the constants 4,,, given by

Ay = (5) Yy, 2a = 1DEQ), .., (u—v = Dla+ (1Y@ - D) (u—-v)

are independent of n.
To prove that Dj, - p,, € Z we consider an arbitrary monomial of the expression
Dy, - Y, (ri(k), . . ., ry(k)) which has the form

p(n@\" k)
Dﬁkll---kﬂ!( 1! ) ( ! )

|
1k ky! ,lf..wk“k ‘(Dn cri(k)y - (D2 - (k)Y - - (D - I’,l(k))k”
Kifey ! ke, !

where ki, . . ., k, are nonnegative integers such that

1 ki +2-ky+3-k3+---+u-k,=pu.
Now by (1.4) and the fact that D" - r,,(k) € Z we deduce that D), * Doy € Z. O

Now for each integer u with 0 <y <a — 1 and u € R we define a complex integral

Ly () = ! F( t)( x )u+l it it
= o I " N\sinar) €

+1 +1 (2.6)
_ (u+1) 0#_,,171 A 4 .

=(-1) ”n!“Ga’afl( 0.....0 e

where L is a loop beginning and ending at —oco and encircling the points n,n — 1,
n—2,...once in the positive direction. Without loss of generality we can assume

that L is located symmetrically with respect to the real axis. The integral converges
according to the definition of the Meijer G-function (see [9, Section 5.2]). Moreover,
if y=a— 1 and |u| < 1/2 we can also choose the contour of integration to be a vertical
line going from ¢ — ico to ¢ + ico where ¢ > n is an arbitrary constant.
Let us also define
putl
) emtu) (27)

n

FI:W(u) = Z res (F(n, t)(

t=k
k=0

sin 7t
forO<u<a-1.

Lemma 2.2. Leta>2 and 0 <y <a—1 be integers. Then

T = L, (u) if0<p<a-2,
o L)+ 0™ ifu=a-1,

where the constant in O is absolute.
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Proor. First note that

+1 na,\a
)ﬂ intu (_1) n!

e =
n—a—y—l

I'(t—n)
ri¢+1)

F(n, t)( I(r— n)( )u_1 (sin 7wr)@H1 e,

sin mt
Then note that for ¢ lying in the segment Ret=—-N — 1/2, |Im¢# <yy where N is a
sufficiently large integer,

I —n| <|TRe (=) =[(=N = 1/2 —n)| = m = O(e N oEVH),

1 . a—u—1 irtu
=0(xy) im0 te™ = o).

'F(t—n)
T(t+ 1)

From this we conclude that the integral /,, can be evaluated as a sum of residues at
the singular points lying inside the loop L. The integrand in (2.6) has poles of order
p+ latthe points 0, 1, ..., nand, moreover, if 4 = a — 1, then it has additional simple
poles at the negative integers. Therefore

( F(Z _ n)eimu )
L4k \(e(t = 1) -+ (= )]

—_ intu
=L 1) + (=1)"n!? Z res ( ¢ ” )

Da-1 () = Tg1 () + (=)™t )" res

= \L(n—t+ D=1 -+ (- n))*! sin 7t
— . sl (_1)(u+1)k+a—1
=T @)+ ) n+ )\ k(k+ 1) - (k+m))eT

k=1
)(u+1)k+a—1 k!a—l

- 1 (-1
= n,afl(u)-f' (n+ 1)“ kZ(; (n+2)’l;

Finally, since

o -1 (u+l)k+a—1k!a—l sl k!a—l o 1
Z ( ) 2 - S Z 2 Z S Z E = e,
k=0 (n + )a k=0 (n + )[l k:0
we may deduce our result. O

3. Bernoulli polynomials

The generalized Bernoulli polynomials Bf,m)(x) of order m, where m is a positive
integer, are defined by the generating formula (see [9, Section 2.8])

Zmexz & Zn
———— =% B"(x)= 1

for |z|] < 2n. Numerous properties of these polynomials can be deduced directly from
formula (3.1). We mention only two of them which will be useful in the next section.
For a detailed study of Bernoulli polynomials see [10].
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Comparing powers of z on both sides of the equality
Zmeyz ' exz _ Zme(Y"'x)z
(et =D (et =1

leads to the addition formula

n

B™(x+y)= Z (Z)B;m)(y)x"-k. (3.2)

k=0

Differentiating both sides of (3.1) with respect to z and comparing powers of z lets us
deduce the recursion formula

mBI"™ D (x) = (m — m)BY(x) + n(x — m)BY" (x). (3.3)
If we set n = min (3.3), then we see that BS,’,"“)(x) (x— m)B(m) (x) which implies that
B (x) = (x = )(x=2) -+ (x — m). (3.4)

LemMma 3.1.

(1) Let m be a positive integer. Then the following series expansion holds for
|z <7z

© nqn pm)
By COEBY )
sin™ z (2n)! '

(2) Let m be a positive even integer. Then
(M om m+1
> (k)B; +“( . )2" 0. (3.5)
k=0

Proor. Replacing z by 2z in (3.1) and using the formula sinh z = (¢* — ¢7%)/2, we see

that, for |z| <,
7" e(2x m)z ad

“sinh” 7 Z B(m)( )

Setting x = m/2 in the above equality,

z e onh
g
sinh” z nzz(; " \2/) n!

for |z| < m. Since the function z/sinh z is even, we may deduce that for any positive
integer m,

(m) (M) _
By, (3)=0 (3.6)
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forn=0,1,2,...and therefore

m i n,2n
Z B (m) (m) 4"z

= E B = 3.7
sinh™z &4 \2) (2n)! ©-7

for |z| < m. Now replacing z by iz in (3.7) and recalling that sin z = —i sinh(iz) gives us
the required expansion.

To prove equality (3.5) we consider the addition formula (3.2) with m and n replaced
by m + 1 and m, respectively. Setting x = 1/2 and y = (m + 1)/2 yields

A (m m+ 1 m+2
B(m+1)( )2k _ 2mB(m+1)( )
S

Now since m is even, applying formula (3.4) lets us deduce that Bﬁ,’:”l)(m/ 2+1)=0
and the lemma is proved. O

4. Properties of the integrals I,, (1)

Lemmva 4.1. Leta>2and 0 < u <a—1 be integers. Then

I}’l,O(l) lf‘/l :O’

Z 2je1yuln2ji(0) if is odd,
Foy =420

Z c2juRe Zz,zj'(l) if u>2iseven
=1

where ¢, # 0 and c;, for 0 < j < u are real constants which are independent of n.

Proor. We proceed by induction on p. For u = 0 we easily deduce from (2.7) that

n

_ B - n _ n _ NG o
In,o(l)—Zg?(F(n, He —Sinm) ;F(n, k) z(;(k) k! = Fop.

k=0 k=
Similarly, for u =1,

n

R0= sl ()= 5 oo
k=0

k=0

=Ip1.
t=k

For u =2, applying equation (2.7) allows us to deduce that

=Sl ()
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Then using the expansions (see Lemma 3.1)

( n )““:(_l)wnk[f( 1>f<2n>2fB<*‘+”<“;1>
L4 @)=k

- + O(1), 4.1)
sin mt

= i) = (- 1>’<Z(’ - 1)+ (- K7,

H

F(n,t) = d—F( 1)

o +0((1 — ky*h) 4.2)

(t =k
jl

t=k

in a neighborhood of the integer point ¢ = k,

w (T VY1
fgf (F(n, t)e '(_sin m) ) 3R F(n, t)|= + m— F, t)|;=-

It follows that F,» = 2Re FI:,’Z(l).
Now assume that ¢ > 2 and our formula holds for 0, 1, 2, ..., u — 1. We prove that
our formula holds for u. If ¢ is odd, then

n

0= ) s (k) ()

k=0

and from equations (4.1) and (4.2) we may deduce that

1 [u/2]
ny(o) - Fn;t + Z d2j,yFn,u—2j-
J=1

Hence, by our inductive hypothesis, we conclude that

_ (/2] _ [u/21-1 _
Fup =T 0) = ! ) dojuFopa; =1l + D aret i (0)
j=1 =0

as required.
If u is even, then by equation (2.7),

n

— ) ptl
In 1) = F , int | ( T ) )
w) Z E}?( (n,1)e sin it

k=0

and, using the expansions (4.1)—(4.2), we may deduce that

T (1) ul2 (_1)](2ﬂ)2j3%+1)(l%1) ul2=j (1)l .
e hnul) = Z(; 2))! ZZO: QD)!(u —2j =201 "
" /2 ) (4.3)
U

1 —_
= _'Fn,y + Z d2v,;4Fn,;4—2v
H: v=1
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where 6721/,;4 are some real constants independent of n and
u/2 4/ (l“'l)(#"'])

= (im)* Z s
) =2t

We can apply equation (3.6) to rewrite the last equality as

H 2]B(/~H'1)(l%l) (Zﬂ_)#

~ . j O (1) s (1 + 1
Gumnr 3t = e

=0 j=0

which implies that c;’;,,# =0 by Lemma 3.1. Now by equation (4.3),

/2-1
— 1 B
Re In,y(l) = _'Fn,y + Z dZV,/JFVl,/J—ZV
H v=1
and the lemma follows by our inductive hypothesis. O

LemmA 4.2. Let a and p be integers satisfyinga >2, 0<u<a—1andu eR. Then for
eachn=0,1,2,...,

a—pu-1 (Cl —u-

1 L 1
) = 5y ; S04 )1,,,0_1<a+u—#—1—2k).

Proor. Equation (2.6) and the reflection formula for the gamma function,

(=D'n

I'¢-mln—t+1)=— >
sin mt

yield

nya elﬂtu T /J+1 d
n " t
hhu) =55 fL Tt + Dl(n -1+ 1) (sm m)

_ (=Dt f I(t — n) (sin ﬂt)“‘“‘le,m it
2ni rel@+ D\ 7 '

Now replacing the function sin(xt) by (e — e~™)/(2i) and expanding using the
binomial theorem, we calculate

D%l S wfa—m—1 f =) mturamp-1-20)
In _ 1 imt(u+a—p ,
W) = o Z D ( k LTI+ ¢ “

which completes the proof of the lemma. O
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Lemma 4.3. Let a and p be integers satisfyinga >2,0<u<a—1andu e R. Then for
eachn=0,1,2,...,
In,y(_u) = In,u(u)a

where the bar stands for complex conjugation.

Proor. Making the change of variable 7+ ¢ in the integral /,,(u) and using the
equalities I'(Z) = I'(z) and sin(z) = sin(z),

+ _ patl
— ) e™dt=—— | Fn, 1 ( — ) ™ dt
sin(nt) 2mi Jy sin(nt)

1 QR T P
=5 - il F(n,t) e gt = —_— fF(n, 1) ( _ﬂ- ) e—imut Jy
2ri Jp \ sin(rr) 27 J; sin 7t

= n,p(_u)s

1 -
L, =— | F(n, t)(

2mi L

as required. O

5. Asymptotics of the integral 1, ,_;(u)

Lemwma 5.1. Let a, u € Z satisfy a > 2 and |u| < a. Let n be a sufficiently large positive
integer. Then all roots of the polynomial

Pu(t) = e™n(r — 1)* — 197!

are given by the following asymptotic expansions fork=0,1,...,a—1:
& (2 _ m/a)m—l eim(Zﬂk—nu)/a
=1+ . .
() ,,Zi - 7

Proor. First note that the polynomial p,(7) has no real roots on (—co, 0]. Indeed, if we
suppose that T = —x, where x > 0, is such a root, then p,(—x) = 0 and

(=D'n(x + D%+ x*1 = 0. (5.1)

On the other hand, the left-hand side of equation (5.1) is positive (negative) if « is even
(odd), which is a contradiction.
Therefore it suffices to consider the equation

n(r = 1)%e™ = 7! (5.2)

in the complex 7-plane with a cut along the ray (—oco,0]. It is easy to see that
equation (5.2) is equivalent to a relations of the form

nl/aei(m4727rk)/u(7_ _ 1) — Tl*l/a (53)

1-1/a (1-1/a)logt

fork=0,1,...,a—1 where v
the logarithm.

=e and we take the principal branch of
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We may immediately deduce from equation (5.3) that all roots of the polynomial
pu(7) are given by

exp(z"ka—_””i) a—1 exp(wi)

7 - 7 + 03 (5.4)

T(u) =1+

fork=0,1,...,a—-1.

It is possible to find a complete asymptotic expansion in (5.4) if we apply
the Lagrange inversion formula (see [4, Section 2.2]) to equation (5.3). Indeed,
substituting 7 — 1 = z and rewriting equation (5.3) as

4

_ . —1/a i(2nk—nu)/a
— = —ple., , 55
(Z + l)l—l/a ( )
we see that there exist positive numbers p; and p, such that whenever n~ /% < p; the
equation (5.5) has just one solution z in the domain |z| < p,. That is,
— N i im(2nk—mu)/a
i=) e (5.6)
m=1
where the coeflicients ¢, are given by the formula
1 (dy!
an=-n((5) @+ 1) (5.7)
m!\dz 2=0

Suppose that there is another solution of (5.5) with |z| > p,. Then since the function
|zI/(1z] + 1)!~1/* increases from 0 to +oo as |z] increases from 0 to +oo,
02 |zl < |zl _ 1/
(o2 + DT =+ DI = e e
which is impossible if n is sufficiently large. Hence formulas (5.6) and (5.7) give the
complete asymptotic expansion for 7(u). That is,

(2 - m/a)m—l eim(27rk—7ru)/a

T(u)=1+ Ty

m=1

fork=0,1,...,a— 1 and the lemma is proved. ]

LemMA 5.2. Let a, u € Z satisfy a > 2 and |u| < a. Then the following formula holds for
the integral I, ,—1(u) as n — oo:

(_I)M(Zﬂ-)(a_l)/z nf(r a—
lam1 W) = — 55— f g dr - (1+0@""h) (5.8)
L,
where
f@®=a(r-1)log(tr—1)—-(a—Drlogt— 71+ 1logn + intu, 5.9
(r—1)"?

g(T) = m. (510)
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If u#0, then the contour L, is taken to be a loop beginning and ending at —oo,
encircling the points 1,0, —1, ... once in the positive direction and intersecting the
real axis at the point T :=19(0). If u =0, then we take L to be a vertical line going
from Ty — ico to T + ico.

Proor. We choose the branches of the many-valued functions f(7) and g(7) in the 7-
plane with a cut along the ray (—oo, 1] and fix the branches of the logarithms that take
real values on the interval (1, +o0) of the real axis.

Note that the contour of integration L in the integral [,,-;(u) defined in
equation (2.6) is an arbitrary loop beginning and ending at —oco and encircling the
points n,n—1,n—2,... once in the positive direction or an arbitrary vertical line
Re 7 = ¢ with ¢ > n. We now set

1
70:=710(0) =1+ 7t O~
n a

which is one of the real roots of the polynomial py(7) (see Lemma 5.1) and suppose
that the contour L (loop or vertical line) intersects the real axis at the point nty + 1 and
that, for any point 7 of L, |t| > nto + 1.

Then the asymptotic expansion of the gamma function for large |z] (see [9,
Section 2.11)),

logI'(z) = (Z - %) logz—z+ % log(2r) + o(lzZ™, (5.11)

where |arg z| < 7 — &, € > 0 and the constant in O is independent of z, implies that the
following formula holds for the integrand of 1, ,_;(«) on the contour L:

T —n) .

%em — explalog T(t — n) — (a — 1) log T( + 1) + imtu}
1 1

- exp{a(t - 5) log(f - 1) - (a - 1)(: n E) log(f + 1) + inu
fan—t+a—1+log Var + O(n‘/“*l)}.

The change of variable ¢t = nt + 1 yields

I'“(t—n)
el +1)

—1)4/2
eiﬂllt — (_ 1 )u‘ /27_1_ ean—an log n—(a-3/2) log n (T3(a_11))/2 eﬂf(T)(l + O(nl/a—l ))
T

_ (—I)M(ZH)(a+1)/2

e 80 ¢+ 0 h)

where the functions f(r) and g(r) are defined in equations (5.9) and (5.10). This
completes the proof of the lemma. O

The next lemma is devoted to the calculation of the asymptotics of I, ,_(u) using
the saddle-point method.
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LemmA 5.3. Let a, u € Z satisfy a > 2 and |u| < a. Then the asymptotic behavior of the
integral I, ,1(u) as n — oo is given by the formula

(_l)nu(zﬂ.)(a—l)/2eiﬂu(a—1)/(2a) n!

Lo (u) = va al2+1/2a)

x exp(() bu(@e ™m0 )(1 -+ 00711
m=1

where the coefficients b,,(a) are rational numbers that can be found explicitly from the
expansion (1.9).

Proor. It suffices to prove this lemma only for u < 0 since we can use Lemma 4.3 to
reduce the case when u > 0 to this case. First we determine the saddle points of the
integrand (5.8) which are the zeros of the derivative of the function f(7). It is easy to
see that the zeros of the derivative

f(r) =alog(t — 1) — (a— 1) log T + log n + inu

are simultaneously roots of the polynomial p,(7) defined in Lemma 4.3.

For the root 74(#) where k =0, 1, ...,a — 1 we see by Lemma 4.3 that
ei(27rk—7m)/a a—-1 ei(27rk—7m)/a )
_1= . -2/a
) = 1= e (14 = e+ 0.
Since
nu  2nk —nu u 2
—— T < —— 421,
a a a a

it is easily seen that 7o(u) is the only zero of the derivative f’(7) out of all of the roots
of equation (5.4). Therefore 7((u) is the only saddle point of the function ¢"/®.

By a similar argument to the one given in the proof of Lemma 4.3 we can find
complete asymptotic expansions for the points 7 satisfying the equation Re f’(7) =0
which is equivalent to

|z] _ -1y
m =n “ (512)

where z =7 — 1. If we apply the Lagrange inversion formula to the equation
_
(Z + l)l—l/a ’

then we see that there are positive constants d; and ¢, such that for [w| < §;, there is

only one solution z to equation (5.12) satisfying |z| < ¢; and this solution is an analytic
function of w. That is,

S

3
1‘
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Note that by the asymptotic formula (5.11) for the gamma function this series
converges if |w| < a/(a — 1)'""“. So it is clear that if n > 6,%, then there is one and
only one solution of equation (5.12) in the circle |t — 1| < §; given by

r=1+) @ mians e (5.13)

for -t <@ <m.

On the other hand, if we suppose that there is another solution with |z| > d;, then the
argument used in the proof of Lemma 4.3 gives us a contradiction if n is sufficiently
large. So, if n is large enough, the continuously differentiable curve

a
Re f'(r) = log [ =11 =0
et
approximately represents a small circle with center at 7 =1 and radius n~'/%. The
points of this curve are given by their complete asymptotic expansion (5.13).
Moreover, we have Re /(1) <0 inside this curve and Re f’(7) > 0 outside it. It is
easily seen that Re f’(7;(«)) = O for any integers u and k.

To apply the saddle-point method to the evaluation of the integral 1, ,_; (1) we need
to choose a new contour of integration L, passing through the saddle point 7o(u). If
u =0 we use the original contour Re 7 = 75. Then for 7 = 7y + iy with —c0 <y < +00
the Cauchy—Riemann conditions yield

d d
d_y Re f(T() + ly) = —ImE

Since Re 7( > 1 we see that, for y <0,

fao+iy)=—aarg(tr—1)+(a—-1)argr.

—72—r<arg(‘r— I)<argTt <0

and therefore

d
- Re f(ro +iy) = (a — 1)(arg T — arg(t — 1)) — arg(t — 1) > 0. (5.14)
y
This implies that Re f(ro + iy) strictly increases as y increases from —co to 0.
If y > 0, then
O<argt<arg(t— 1)<7§T
and hence

d% Re f(r9 +iy) =(a— 1)(arg7 —arg(r — 1)) —arg(v — 1) < 0.

Therefore the function Re f(7( + iy) strictly decreases as y increases from 0 to +oo.
This proves that Re f(7y + iy) attains its maximum on L; at the unique point 7y and we
can apply the saddle-point method to calculate the asymptotics of 1, ,—; (0) (see (5.21)).
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If u # 0 we define L, to be a contour consisting of three parts:

(1) the half line 7 = 7 + iy with —co <y < 0;

(i) the segment T=T() + re'® where o = arg(to(u) — 19) with 0 <r <|ro(u) — 79|,
connecting the points 7 and 7o(u);

(iii) the half line 7 = —x + i Im 7¢(1) with —Re 7o(u) < x < +00.

If u = —a, then both parts (ii) and (iii) give a ray going from 7 to —co along the upper
bank of the cut [—oo, 1].

We now show that we can replace the contour L; in the integral I, ,_(u#) by the
contour L,, that is, we show that

fe"f(T)g(T) dt:f ¢ Dg(1) dt. (5.15)
Ll LZ

For this purpose we consider the circle |t| = N where N is a sufficiently large integer.
Suppose that L7, L; (L}, L}) are the points of intersection of this circle with the
contours L; and L, in the lower half plane (upper half plane), respectively. Then to
prove (5.15) it is sufficient to show that

f e Dg(r)dt — 0, f e Dg(1)dt — 0 (5.16)
LiL, LiL;

as N — co. Here L{L; and LjL] are arcs of the circle of radius N with center at
the origin. On the arcs L7 L; and LjL; of the circle T = Ne® for N sufficiently large
the inequalities —m < 8 < —n/4 and 37/4 < 6 < respectively hold. The value 6 =n
corresponds to the upper bank of the cut (—oo, 1]. By Taylor’s formula,

—i0
log(t — 1) = log(Ne®® — 1) = log N + i — % + O(N2)

where the constant in O(N~2) is absolute. Substituting this expansion in equation (5.9),
we see that

Re f(Ne) = Nlog N cos(6) + N log g cos()
— N(0 + ntu) sin(@) —alog N —a + O(N7).
Note that on the arc LyL],
—1 < cos(6) < 1o/4/N? + 75,
sin(#) < 0 and 6 + mu < 0. This yields
Re f(1) <19 log N + 79 log Z —alogN —a+ ONY = (19 —a) log N + O(1). (5.17)
Similarly, on the arc L{L],

—1<cos(0) < —\/5/2,
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sin(f) > 0 and, therefore,

2
Ref(T)<—§NlogN+0(N). (5.18)
For the function g(7) on the arcs L7 L; and L] L} we have the trivial estimate
g0 = ON*>7) (5.19)

as N — oo.

Since the lengths of each of the arcs L;L; and L{Lj do not exceed nN,
estimates (5.17)—(5.19) imply that the integrals in (5.16) are of orders Q(NT*1/2-24)
and O(N/2-a-V2/2Ny, respectively. Hence, the limiting relations in (5.16) hold and we
can replace the contour of integration L in the integral I, ,_ (#) by the new contour L,.

We now show that 7(u) is the unique maximum point of Re f(7) on the contour L.
Since u < 0, it follows from equation (5.14) that (d/dy) Re f(1o + iy) is positive when
y < 0, and therefore Re f(7) monotonically increases on the half line 7 = 7y + iy with
—oo <y < 0. Similarly, on the half line 7 = —x + i Im 7(u),

i Re f(—x +iIm 7y(u)) = —Re if(—)c +iIm1y(u)) <O.
dx dr

This shows that the function Re f(7) monotonically decreases on the half line going
from 1o(u) to —oco + i Im 7o ().

Now consider the segment T = 7 + re’¢ defined in (ii). The derivative of Re f(r) on
this part of L, is given by the formula
/@ =Re (m . E) =Re f'(1) cos ¢ — Im f'(7) sin ¢.

dr dr dr
(5.20)
Note that since Re 79(#) < Re 7y, it follows that 7/2 < ¢ < 7 and therefore the product
Re f’(1) - cos ¢ is positive on the segment.

Let us investigate the behavior of Im f’(r) on this part of the contour. Note
that Im f'(79) = 7u <0 and Im f’(7o(u)) = 0. We show that Im f’(r) monotonically
increases on our segment from mu to 0. To see this we consider the derivative of
Im f’(7). By the Cauchy—Riemann conditions, for r > 0,

d
p Re f(tr) =Re

d ; 1
7, Im f@=Im(f"(r)-€¥)= ~Im (f"(@ - (t = 70)).

Since
a a—1

f@=

)

T—1 T
we obtain

di Im f/(7) = 1 Im a(t—19) (a-— 1)(‘1'—‘1'0)) _Imrt (a(‘ro -1 (a-Dr
r r

-1 T T oor T — 12 [T
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Since 7 lies in the upper half plane, to show that (d/dr) Im f’(7) is positive on our
segment, it is sufficient to show that the quantity in parentheses, which we denote
by B, is positive.

For 7 =7y + re',

B o= a(to—1) (a—Dro _ h(r)
- 1P 2 = 1R

where
h(r) = (19— a)r2 + 2rto(tg — 1) cos ¢ + 1o(19 — 1)(a + 19 — 1).

Since 1) < a, it follows easily that the quadratic polynomial /(r) has two real roots r
and 7, such that r; <0 < r, and h(r) is positive on (r{, r») and negative on (—co, r),
(Vz, +O<)).

We now show that the point r(u) :=|ro(u) — 79| belongs to the interval (0, ).
Indeed, since

1 1
Ito — 1| = =7 + O ™%) and  |row) — 1| = —7= + O ™/)
nt/a nl/a
for n sufficiently large, we have |ro(u) — 1| < 2|rg — 1| and 79 < 9/8. Therefore
r(u) = |to(u) — 7ol < |ro(u) — 1| + |79 — 1| < 3(79 — 1).
This implies that

h(r(u)) = (1o — a)(to — 1)* = 670(to — 1)> + 10(to — D@+ 19— 1)
= (10 — D)(@a(9 — 87¢) + 41o(79 — 1)) > 0

and hence r(u) € (0, r). This proves that (d/dr) Im f’(7) is positive on the segment
[0, 7(u)] and therefore that Im f’(7) increases on this segment from nu to 0, that is,
Im f’(7) <0 on [0, r(u)).

Now by (5.20) we see that (d/dr) Re f(7) > 0 on the segment connecting 7, and
To(#), and therefore Re f(7) is monotonically increasing on this segment. Hence we
have shown that 7y(1) is the unique maximum point on the whole contour of integration
L, and we can apply the saddle-point method (see [5, Ch. 6, Theorem 3.1]) to estimate
the integral I, ,—1 (u).

Recall that when u = —a the contour L, consists of the two parts: the vertical
half line 7=71y+iy, —c0o <y <0, and the horizontal half line v =—x+i0 where
x > Re 1¢(a), going along the upper bank of the cut (—co, 1]. Notice that in this case
the function g(7) has a singularity at the point 7 = 0 of the contour L;. So, in order to
apply the saddle-point method in this case, we need to change the contour L, slightly
to avoid this singularity.

It is easy to see that, instead of the horizontal line 7 = —x + i0 with x > —1/2, we
can take a contour consisting of the semicircle T = 1/2¢' for 0 < ¢ <7 and the ray
T =—x+i0 with x > 1/2. Then

To+i0 ) 1/2+i0 i
f enf(T)g(T) dt:f enf(T)g(T) dt+f enf('r)g(,r) dt + O(Cnnl/Q)

L To—ico T0+i0
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where C = C(a) is some positive constant independent of n. So, in this case, we can
apply the saddle-point method to the contour

Lyy:={to+iy|—co<y<0}U{x+i0|1/2<x <710}

and, as we can see from equation (5.22) below, the quantity O(C"n'/?) has no influence
on the contribution of the saddle point. Finally, applying the saddle-point method, we
calculate

_ (_I)M(Zﬂ')(a/z) (mi/2)—(i/2) arg f" (to(u))| £77 -1/2
In,a—l(u) = W e |f (TO(M))l (521)

x g(ro)e" ™1 + 0™,
In order to find the contribution of the saddle point, we evaluate
S (2= ) emimmula

f(ro(w)) = —alog(ro(u) — 1) — to(u) = wui + logn — 1 — Z

m=1

m! nmla
2 — m_”)m efiirmu/a
a

(m+1)!  pmlea

—-a log(l + ) + OV,
m=1

—1/a

Now expanding the logarithm in powers of e~"*/4n~1/4 we see that

S efﬂmu/a) Z (2= ),y gmimmula

—alog(1 L T Dl e m

m=1

—inmu/a

= bul@) —— + O™V
o nm a

where the b,,(a) are rational coefficients depending only on a. In particular, b;(a) = —a,
by(a) = (1 — a)/2 and b3(a) = (1 — a)(2a — 3)/(6a). It follows from equation (5.22) that

—1yunp a .
oty - DT 2) L exp(z bu(@) e-l"'""/“nl-m/“)a+0(n—1/“)). (5.22)
Vinn m=1

Since
g(o() = ™™ n”12(1+ 0™, f"(xo(w)) = ae™ " n' (1 + O(™")),
we obtain the asymptotic behavior of 1, ,_; (u):

(_1)nu(zﬂ.)(a—1)/2€i7ru(a—1)/2a n!

Ina1(u) = Va n(a/2+(1/2a)
a
x exp(() bu(@e ™ enl )1+ O™V,
m=1
and the lemma is proved. O
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6. Proof of Theorem 1.1

LEmMA 6.1. Let a and u be positive integers satisfying a>2 and 0 <u<a—1. Then
there exist positive constants Ay = Adg(a) and A1 = A1(a) such that for every positive
integer n,

a-1
/l()l’l! ”m(a_ﬂ_ ]) 1-m/a
|In,,u(0)| < m eXp(fZ‘1 bm(a) COS(#)H ), (61)

and for infinitely many positive integers n a similar lower bound holds. That is,

a-1
Ain! am(a = p =1\ 1
|In’#(0)| > m exXp (Z‘{ bm(a) cos(f)n . (62)

Moreover, the asymptotic formula

n!
Va (2r)(@=D/2=u pai2+1/Ca)

X exp(;zjl b,(a) cos(@)nl_m/”)(l + 0~ "%y)

|In,u(1)| =

holds as n — .

Proor. By Lemma 4.2,

1 a—u—1 o
In,,u(l) = W Z (_l)k(a /;

1)1,1,0_1@: —u-2. (63)
k=0

It now follows by Lemmas 5.3 and 4.3 that the sum on the right-hand side of equation
(6.3) contains exactly one term with dominant asymptotics, that is, I, ,_1(a — ).
Therefore

|In,ﬂ(1)| ~ |In,a—1(a _ﬂ)|

(2m)a—+-1
n!
B \/5 (2m)@=D/2= pa/2+1/2a)

X exp(:lzll b,,(a) cos(@)nl_m/”)(l + 0%y,

as required.
Similarly, to evaluate the integral I, ,(0) we may apply Lemma 4.2 to obtain

a—p—1

= -1
Il = - )a_,“ %( ( i )In,al(a—u—l—zk) (6.4)
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It follows by Lemma 4.3 that if a —u is odd, then the quantity I,,(0) represents
a linear combination of 1, ,_1(0) and sums of the complex conjugates I, ,_;(u) and
7,1,“_1(14) foru=2,4,...,a—pu— 1. Similarly, if a — y is even, then 1, ,(0) is equal to
a linear combination of differences of the complex conjugates I, ,—;(#) and Tn?a_l(u)
foru=1,3,...,a—u—1. Now by Lemma 5.3 it is clear that the term with dominant
exponent on the right of (6.4) is Re I, ,—1(a —u — 1) or Im [, ,_1(a — pt — 1) depending
on whether a — yu is odd or even.
By Lemma 4.3 we obtain

m@biz - p
Va  n¥1e

X exp(za: b (a) COS(M)M—"’/“)(I + 0~ "%y)
m=1

Re g i(a—p—1) = cos(P(n))

and
(=D)'@r)@biz - p
\/a na/2+1 /Qa)

X €eXp (Z by(a) cos(”m(%’u_l))nl—m/a] (1 + O(n~"1%)
m=1

Im/lyg-1(a—pu—-1)= sin(P(n))

where

P(n)=ﬂ(a ” 1)(a Zb (a)sm( (a K- 1))"”/“.

Since the sine and cosine functions are bounded, we immediately obtain the required
upper bound (6.1). On the other hand, by Weil’s theorem, it is possible to show (see
Rivoal’s argument in the proof of [12, Proposition 13]) that each of the sequences for
cos(P(n)) and sin(P(n)) is dense in the interval [—1, 1]. This implies that there are
infinitely many n such that the absolute values of the cosine (sine) are not less than
1/2 and hence the lower bound (6.2) follows for infinitely many . O

LemMmA 6.2. Let a > 2 be an integer. Then there exists a positive constant A = A(a) such
that for everyu=0,1,...,a—-1,

a—1
An 21tm
|Fn,/1| m CXP(Z( l)mbm(a) COS( ) 1- m/a).
Moreover, the asymptotic formula

n!
Va(2m)@/2pa/2+1/2a)

Gn = exp(i(—1)"’bm<a>n“'"/“)<1 +0(n™")
m=1

holds as n — .
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Proor. The proof follows easily from Lemmas 4.1, 2.2 and 6.1 and the fact that
qn = Fn,O = In,O(l)' 0

Our Theorem now follows by Lemmas 2.1 and 6.2.
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