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Abstract

In this paper we present a computational method for solving a class of time-lag
optimal control problems with restricted phase coordinates.

1. Introduction

In this paper we present a computational algorithm for solving a class of time-lag
optimal control problems with restricted phase coordinates. Such problems arise
in the optimal control of inventory or storage systems, where the inventory is
constrained to be non-negative and often the storage space is restricted, and also
in the optimal control of a river system [3]. Another application [4] relates to the
optimal control of a nuclear reactor.

The algorithm is an extension of the algorithm given in [6] for solving the same
class of problem, but without the restricted phase coordinates. The idea is moti-
vated by the projected gradient method found in classical optimization techniques.
Consider a trial control function, for which the state satisfies its restrictions. If the
corresponding Hamiltonian is not maximal, then the control is modified, on a
suitably small time interval, so as to reduce the objective function. This leads to
an iterative algorithm.

In Section 5 a very simple example is given, and solved analytically, to illustrate
the method. However, numerical experience and an estimate of convergence rate
are not yet available.

The present algorithm may be contrasted with that of [5], where there is a con-
vergence result, but no estimate of convergence rate; however, [5] does not include
time-delayed arguments and does not handle phase constraints. The numerical
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experience in [6] suggests that the present algorithm, which extends that of [6],
should be numerically effective.

2. Statement of the problem, basic definitions and assumptions

Consider the following delay-differential equation on the fixed time interval

©,7]
10 = 3 fiu=hy, xtt~h), u(t—hy) M

where xA(xq,...,x,)€R" and uA(uy,...,u,)e R" are, respectively, the state and
control vectors, and f/A(f4, ....,f)eR", j=0,1,...,s. The h, are the time delays,
ordered so that

O=hy<h <..<h<T, s<oo0.
The initial function for the differential equation (1) is

x(t) =¢(t) forte[—h,,0], Q)

where ¢ A(d,,...,¢,) is a given, absolutely continuous function on [—h,,0]
with values in R".
Let D be the class of all controls defined by
DA{u: uis a function from [ —h,, T] into U, piecewise continuous on [0, 7]
and with u(¢) = (t) on [—h,, 0)},
where B is a given piecewise continuous function on [ —A,0) with values in U,
and U is a compact and convex subset of R'.

By virtue of ([6], Theorem 2.3, page 318), we observe that, for each ue D,
system (1)~(2) admits a unique solution x(u)(.). Let TA(T"y,...T",), be a function
from [0,7] x R"¢+1) into RP?, where R"¢*1D = R"x ... x R" ((s+1) times), and let
%9 < D be the class of admissible controls defined by

D ={ueD: T,(t, X)) <0,k=1,...,p},

where X(u)(t) denotes €x(u) (1), x(W) (t—hy), ..., x(u) (t—h,)). The conditions
O, X@w) (1)) <0, k=1,2,...,p, describe the state constraints.
We may now state our problem, denoted by P, as: Subject to the dynamic
. constraint (1) with the initial condition (2), find an admissible control ue % that
will minimize the cost functional J defined by

T s
J(“)=J 2 S8t —hy, x(u)(t—h)), u(t—hy)dt, 3
0j=0
where, for each je {0, 1, ...,s}, f§ is a real-valued function.
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31 Algorithm for time-lag optimal control problems 387

For any ze R, | z|| denotes the Euclidean norm (}7_, z7)*. For any function
g: R"—>R", dg/ox denotes the Jacobian matrix whose 7,j element is dg,/0x;.

The following assumptions (4) will be assumed throughout. The functions
f§, f? and 9f’fox, j=1,...,s, are piecewise continuous on [0,77] for all
(x,u)e R®x U and continuous on R"x U for each t€[0,T]. Moreover, for each
compact set Q< R, there exists a positive constant m so that

Ifix, o) SmA+lxl) and |t x,0) [ < m(1+] x ).

for all je {0, 1, ...,s} and for all (¢, x,v)e[0,7] xQ x U. In addition, it is assumed
that T'(.,x,»,...,»*) is continuous on [0,7] for each (x,y',...,»)eR**! and
re,.,.,...,.)is twice continuously differentiable on R**! for each t€[0, T'].

In the results to follow, we need

DEFINITION 2.1. For each ue D, the absolutely continuous function

V() AWo), Y1), ... Y (w): [0, T]->R™!

is the solution of
b=— 3 3 LEXQUD) 4y g

k=0 j=0 ox; ©)
Yo = —1,

with the final condition

U)=0 foralle>T, i=1,..,n
and )
Yo()=0 forallt>=T

DEFINITION 2.2. Using the abbreviation \¥(t) for (y(t+ho), Y(t+h,), ....¥(t+h))
we define the Hamiltonian H: [0,T]x R"x Ux R"*DG+D_, RY 19 pe

Htx0,D4 3 3 fltx 0 dls+h). ©

3. Preliminaries

In order to devise a computational algorithm for approximating problem P, we
need certain preparatory results to be presented in this section. For these, we need

DEFINITION 3.1. A4 control u*€ 9 is said to be an extremal control if it satisfies
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the following condition

ITH(t, x(u*) (2), u™(1), ¥ (u*) (1)) dt

0

=max {JT H(@, x(u™) (), u(t), Y*) () dt: u e@} .
0

REMARK 3.2. For a ue 2, let ®(u) denote the points of discontinuity of the
functions

SIC,x()(),u(.)) and (., x(w)(.),u(.))/dx, i=0,1,..,n,
j=0,1,...,s.
Now let ©() consist of all the 8’ € ©'(v) and the points ' +h;, j=1,...,5,0and 7.
Note that if all the functions mentioned in this remark are continuous then the
set ©(u) reduces to {0,7T}.

Remark 3.3. When a piecewise continuous function y, having discontinuities
at a and b, is considered in [a,b], y(a) shall mean y(a+0), and y(b) shall mean
(b —-0).

In the following Remark, we divide the interval [0, T] into intervals of length,
at most, h,. Then, the differential equation (1) can be treated as a differential
equation without delays since all the delayed terms will occur in previous intervals
and therefore will have already been calculated.

REMARK 3.4. For u! € 9, define
O(u') = {£€[0, T]: T)(t, X(u") (1)) =0 for some k=1, ...,p}.

Let t-€[0, T] be such that
@) tc=T if max®@u')=T;

(i) tc>max®(u') if ®(u')is non-empty and max ®(u')<T;

(i) tc =0 if ®(u') is empty.
If max ®(u') =T, set [, =1, =0; if max®u!)<T, set I, =0,1,>0; if t. =0 or
if tce®u?), set I; =0, 1,>0. In all other cases, choose constants /,>0, /,>0.
Let >0 be such that no 8e©(u') (defined in Remark 3.2) is contained in the
interval [¢c—é&l,, tc+¢l,] as an interior point, and no intervals

[tc—811+hj, tC+812+hj]’ j=0, l,...,s,

overlap. Let w be a vector in U such that w # u'(z.). Let Q, = [t.—el, t.+¢l,]
and let

if 1eQ)
u: (1) {u‘(t) otherwise. o
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By the definition of u}, we observe that u!(f) =u'(t) on [—h,, t.—¢l,). Thus,
L(t, X(u;) () =T(t, X(u") (1)) on [0, 2,—¢/,].

Consider the differential equation (1) on [¢.—é¢/,,t.+¢l,]. By its construction,
this interval does not contain e @(u') as interior points and hence the right-
hand side of (1) is continuous for # =u'. It is also continuous in this interval for
u =u} because ul(t) =w on [t.—¢l|, 1. +¢l,]. Therefore, it can be shown easily
that, for all re(t.—el,, t.+¢l,],

x(u) () = x(u") () +e&(u'; w)(t)+ole), ®

where

&t s w) (1) = (I + L) [F Ot x(u") (1), W) —f e, x(u) (1), ' ¢ )] +0(e),  (9)

and o(g) is such that

timl 220 o,
Define o 8
E@'; w(t) = (@ w)(2,), s wy(te=hy), ..., S5 w) (t.—hy)). (10)
Since

ul(=u'(®) on [—h,t.—1),
it follows that
x(u) (1) =x')(t) on [—hy,t.—1]
Further, we recall that no [z, —el,+h;, t.+el,+h;], j=0,1,...,s, overlap. Thus,
we obtain readily that
Eu'; wyt.—h) =0, j=1,..,s. ¢9))

Now, by virtue of the conditions imposed on I'" given in assumption (4) and
equations (8), (9), (10) and (11), we deduce from Taylor’s theorem that

Ti(t, X(u;) (1) =Ty (8, X (u') (1) +eE(u' ; w) (1) +0(e))
=T (t, X(u") (1)) +e(0T(t, X(u")(1))/0x) (12)
x &(u''; w)(t)+ole),
fork=1,...,p, on [t.—el, t.+el;].
From the definition of z,, we observe that, for all te[1,—e&l,,t.+¢l,],

. I, XW@")())<0, k=1,...,p. (13)
Thus, it follows from (12), (13) and assumptions (4) that there exists an ;>0
so that

T, X)) <0, k=1,..,p, (14)

on [t.—el;,t.+¢el,] forall g, 0 < e<e;.
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By the definition of u! given in (7), we observe that
ul(t) =u'(t) forall te(t.+el,,t.—el+h,].

Therefore, the difference between the trajectories x(x')(.) and x(ul)(.) on this
interval will result only from the differing initial conditions for the differential
equation (1) on (¢.+¢l,,¢.—e&l +h,]. The perturbation of the initial conditions is
given in equation (8) with ¢ =t 4-¢/,. Thus, we may use ([1], Lemma 4.3 with
r=1, 6ty =4t =0, dF(t,y) =0 and g(t,y,a,&) =0, pages 258-259) to obtain

x(ug) (1) = x(u') (D) +edx(u') (1) +o(e) (15)
for te(t.+el,,t.—el,+h,], where

Sxu'; wy(f) = Z Z afj(t_hjax(ul)(t_hj),ul(t_hj))éxk(ul; w)(t—h,) (16)

k=1 j=0 0x,

for te(t,+¢&ly, t.—ely+h,], with the initial conditions

Sx(ut; w) (D) = &u'; w)(t.), re(t—stl,zc+elﬂ,} (n

ox(ul; w)(t) =0, tel0,t—el,].
Define
SX(ut; w) () AOx(ut; w)(2), ox(u'; w)(t—hy), ..., 6x(u'; w)(t—hy)). (18)
Then it follows that
SX(ut; W) (1) = (6x(u*; w)(©), 0, ..., 0) on (t.+ely, t.—el +h]. (19)

Now we note that, for all e (¢,+¢l,, t,—eli+h],

L, X(ug) (1) =T (t, X(u") () +edX(u'; w)(D)+o(e)), k=1, ...,p, (20)

where 8 X(u'; w)(¢) is given by (19). Next, in view of assumption (4) and the
definition of &(u'; w)(t,) given in (9), it follows from (16) to (17) and Gronwall’s
inequality that || éx(u'; w)(¢)|| is bounded on [t.+&l,,t.—el;+hy] uniformly
with respect to ¢, 0 < e < g,. Thus, by virtue of the conditions imposed on I’
given in assumptions (4), (20), Taylor’s theorem and the fact just mentioned
above, we deduce from the definition of r, that there exists an &,, 0<e, < &y,
such that

T, X)) <0, k=1,..,p,

on (f,+¢&l,,t.—¢ely+h,] for allg, 0 < e<e,.
This procedure is repeated for an interval of length k, (in this case, we consider
the interval (¢,+¢l,+h,, t.+¢el,+2h,]), or until the point ¢.—¢l, +h, is reached
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(in this case, we consider the interval (t,4¢&l,+h,,t.—&l,+h,]), or until the final

time T is reached (in this case, we consider the interval (t.+¢el,+h,,T]). The

choice is made so that the interval is smallest. Then, as explained before, in this

interval the delay-differential equation can be treated as an ordinary differential

equation. If we reach ¢, —¢el,+h, before proceeding a length s, and before the

final time T is reached, we derive new versions of equations (8) and (9) on
(t.—ely+hy, t.+el,+hy].

This is necessary because in the interval
(tc_gll +h29 tc+812 +h2]

the time delays have the effect of perturbing the differential system. On a basis of
the new versions of equations (8) and (9) on (¢, —¢&l, +h,,t.+el,+h,], it follows
from a similar argument that there exists an £,>0 so that (14) remains valid on
(t.—¢ely+hy, t+el,+hy] foralle, 0 < e<es.

The whole process is kept on repeating until we reach the final time T before
(or on exactly) proceeding a length 4, and before (or exactly as) any of the points
t.—el,+h;,j=3,...,s, is reached. At this stage, the argument is complete and we
can conclude that there exists an £ >0 such that

L X)) <0, k=1,..,p, (22)

on [0,T] for all ¢, 0 < e<&. This, in turn, implies that u! € @ whenever ¢ is such
that 0 < e<é.

4, Motivation for the Algorithm

In this section we present our main result, which is Theorem 4.1. This theorem
proves that, under certain conditions, if we are given a control u' € 2 that is not
an extremal control, then a new control u*e€ @ can be constructed so that the
corresponding objective functional will be improved. On the basis of Theorem 4.1,
we present a computational algorithm for approximating a solution of problem P

" in Section 5.

THEOREM 4.1. Consider problem P. Suppose that assumptions (A) are satisfied and
that u' € 9 is not an extremal control. Let @ be a vector in U such that w # u'(t,)
and such that

H(te, x(u') (1), 0, W(u') (1)) > H(te, x() (1), u' (), ¥ (@) (£.))- (23)
Further, let Q, =[t.—é&l, t.+¢el,] and let

e ={w if teQ,_,
ul(t) otherwise,
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where t., €, I, and 1, are as defined in Remark 3.4. Then,

J(u')—J(u;)
=f {H(t, x(u") (1), 0, P(u ) (D)~ H(t, x(u") (1), u' (1), ¥(u') (1))} dt+o0(e) (24)
0
Further, there exists an e3> 0 such that

L, X)) <0, k=1,..,p, (25)
on[0,T] and

Ju)>J(ub) (26)
for all g, 0<e<g,.

ProOF. The proof for the first part of the theorem is similar to that of Theorem
4.5 of [2] with only some obvious modifications.

In view of Remark 3.4, we observe that there exists an £ >0 such that (25) holds
true on [0,7] for all ¢, 0 < e<é.

Next, we note that the functions

H(,x@") (), 0, ¥@)(.)) and H(,x@")(.),a'(.), Y@ ()

are continuous on (z,—é&ly,t.+¢l,). Thus, by virtue of (24) and (23), it follows
that there exists an £>0 such that

1 1y_ 1
s(l,+12)[J(u) J(u)]>0

for all ¢, 0 <e<&.

Thus, the proof is complete by choosing g, = min {é,ﬁ}

By repeated applicatior{ of Theorem 4.1, we can construct from any admissible
control u®€ 2 a sequence of admissible controls {#*} =2 such that

JW)>JWTY) forallk=1,2,....

REMARK 4.2. In Theorem 4.1, we do not require that w is a vector that maxi-
mizes H(t, x(u')(t.), ., P(u")(z)) globally on U. Thus, the maximization of
H(t, x(u') (1), ., P(u') (2)) with respect to ve U at each net point constructed in
step 7 of the algorithm below can be performed by any practical method, for

example, the projected gradient method, when the calculus methods fail to be
accessible in practice.

5. The algorithm

On the basis of Theorem 4.1, we present a computational algorithm for approxi-
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mating a solution of problem P as follows:
1. Select an £>0.
2. Choose a u®€ D such that

rl\(t9X(uo)(t))<oa k:L'--’p’
for all te[0,7], where X(u°) () = (x(u°) (), x@®) (t—h,), ..., x(@®)(t—h)) and
x(u®) (.) is the solution of system (1)=(2) corresponding to «°. Set
1§ =max {r: 1e ®(u°)}

if ®(u°) is non-empty and ¢} =0 if ®(u°) is empty. If t¥ = T, go to step 18. Other-
wise go to step 3.
3. Set o =0.

4. Calculate (1% (.) by solving the system (4)—(5) corresponding to u* back-

ward in time.
B, =|:0:_——7+1 _9.’]'*'1
e

5. Calculate
for each §,e ©(u®), where [a] means the greatest integer less than or equal to a
and O(«°) consists of all the points in ©(u?) and t¥. Also find B=Y"7_, B,, where
y’ is the largest value that y takes.

6. Compute A, by

7. Define
b(y, () = 0,4+ A,,
where y=0,1,...,9" and {(y) =0,1,...,8,—1. Now assign
b(1) = b(0,0), 5(2) =5(0, 1), ..., b(B) =b(y’, By, —1).

These are denoted as b(m), m=1, ..., B.

8. Find m, {1, ..., B} such that b(m,) =t¥.

9. Compute the w(u®) (b(m)), m =m,, ..., B, by any practical method, where
o(u®) (b(m)) is a solution of

max { H(b(m), x(u®) (b(m)), v, Y(u®) (b(m))): ve U}.

10. (i) If b(m,) =0, find the first m,e{m,,..., B} such that AH(b(m,))>0,
where

AH(b(m)) = H(b(m), x(u) (b(m)), w(u”) (b(m)), Y1) (b(m)))
—H(b(m), x(u®) (b(m)), u*(b(m)), Y (%) (b(m))).
(ii) If b(m,)>0, find the first m,e {m,+1, ..., B} such that AH(b(m,))>O0.
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11. Set x =0 and define

4= (1) — {w(u“)(b(m)), te[b(m),b(m+1)], m=m,, ...B,
u’(1), elsewhere.

Go to step 13.

i2. Define

w(u)(bm)), 1€ [b(m), bm-+1)) for me{mz, [E]}

ut"(t) =
u*(1), elsewhere.

13. If u** is such that
L, X)) <0, k=1,...,p,

for all 1€[0,T], where X(u™*)(2)) = (x(u™*) (), x(u™*)(t—hy), ..., x(u™*) (t—h))
and x(u* *)(.) is the solution of the system (1)—~(2) corresponding to u®*, set

o ={max {r: 7e®W>*)} if ®(u™*) is non-empty,
=% o if ®(u™*) is empty,

and go to step 15. Otherwise go to step 14.

14. Set x =x+1 and go to step 12.

15. () If £, = T and J(u> ") <J(u), set u** ! =u** and go to step 18.

(i) If ¥, = T and J(u™*) > J(u®), set u**' =u* and go to step 18.

(iii) If ¢7 . < T, go to step 16.

16. If J(u™*) <J(®), set u**' =u**, 1¥, , =17 and go to step 3. Otherwise go
to step 17.

17. If [B/2**1] =0, set ¢ =¢/2 and go to step 5. Otherwise set k =x+1 and
go to step 12.

18. Stop.

REMARK 5.1. In this algorithm, we prefer to choose an initial admissible control
#° such that the set ®(u°) is empty. Since the improvement of the objective
functional is achieved by perturbing the control «°, it appears that the closer ¢}
to T the smaller the room will be left for improving the objective functional. Thus,
in general, the optimal admissible control obtained from an initial admissible
control u, such that ®u°) is empty will be superior to that obtained from an
initial admissible control u, such that t3 is very close to 7.

At this stage, it should be noted that we do not have a general method for
finding an initial admissible control ¥° such that ®(u°) is empty. However, the

finding of such an initial admissible control is possible for many practical problems.
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ReEMARK 5.2. In steps 2, 4 and 13, when we calculate x(u)(.) and Y (u)(.), we
first break up the interval [0,77] into [6;,0;,,] for all 6;,0;,,€©(), where
O(u) is as defined in Remark 3.2. Then, the system (1)-(2) corresponding u is
solved forward in time whereas the system (4)-(5) corresponding to u« is solved
backward in time, both integrations being done over the previous subintervals in
appropriate orders.

REMARK 5.3. With the state and costate variables known, an approximate
maximizing control w(u*) is calculated at each net point by any practical method.
These net points are constructed in steps 5-7. In view of step 5, we note that the
construction of these net points depends on the quantity &.

REMARK 5.4. On the basis of Theorem 4.1, we observe that, if u*€ 9 and t* < T.
then the algorithm will produce an improved control u** '€ 9 after only a finite
number of iterations. However, if t¥ = T, then no improvement can be made in
the value of the objective functional and hence the algorithm will terminate.

REMARK 5.5. In practice, the algorithm will terminate if ¢}, =T or tf =T or
any of the following conditions is satisfied:
(i) The improvement in objective functional per iteration is less than some
tolerance.
(ii) The value of A, is less than or equal to the step size of integration.
(ili) The value of [T AH(#)dt is less than some tolerance.

REMARK 5.6. Note that the Hamiltonian function used in this algorithm is the
one for problems without restricted phase coordinates. Thus it will be more
interesting and more natural if the generalized Hamiltonian function of the typc
developed in Chapter 5 of [3] can be used to derive a computational method even
for the case without time delayed arguments. This remains an open problem.

6. An example

To check the algorithm presented in Section 5, let us consider the following
simple example.

Minimize J[u] = jl {—x(u)(n)} dt 6.1)
ueD o

W)@ =u®), 011, (6.2)

subject toy x(u)(0) =0, (6.3)

xwy(n < 0<1<], (6.4)
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where ue D and D is the class of controls defined by

D = {u: u piecewise continuous real-valued function defined on [0, 1] and
u(r)e[0,1] for all te[0, 13}.

The Hamiltonian for this example is

H(t, x,u,§) =x+uy. (6.5)
The adjoint system is
Y0 =1, tefo, 1],} 66)
Y(u)(1) =0.
Since (6.6) is independent of u, it can be written as
l[/(t)= _1, 16[0,1],}
6.7)
¥(1) =0.
The solution of (6.7) is
Y(@)=1-1t (6.8)

Now let us solve this example step by step according to the algorithm presented
in Sec.tion 5.
From step 1: Choose ¢ = 2.
From step 2: Choose
0, 1e[0,}),
(@) =1{1, te[ 4],
0, re[3,1].
Clearly, u°€ 2 and 1§ =0.
From step 4: y(t) =1—1t.
From steps 5-7: b(1) =0, b(2) =% and b(3) = 3.
From step 8: my =1 and b(1) =0 = t}.
From step 9: w(u®)(0) =1, 0u®) @) =1 and w@®)(3) =1.
From step 10: AH(0) = 1>0.
From step 11: u® °(¢) =1 for all t€[0, 1].
From step 13: x(u® %) (t) =t. However, x(u® °) (t)> 3 for all te(3,1].
From step 12

—

, te[0,3%),
ult)y={1, tel},d),
0, re[3,1].

From step 13:

0,1 — ts t€[0,%),
@O {&, rel#1].
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Clearly, 4> '€ 2 and 1§ , =1.

From step 15(1): J(u% 1) = -B<Iu) = —;Szla_

From step 18: Stop.

In this example, the control %' obtained by the algorithm presented in
Section 5 is the optimal control. However, in general, we can only expect to
compute a sub-optimal control for a given control problem.
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