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A fami ly 3? of s e t s is said to p o s s e s s p r o p e r t y IB if t he re ex i s t s 
a se t B C U J such that B O F i 0 and B /) F for eve ry F e 3 . 
We cons ide r the following quest ion r a i s ed by P . E r d ô s [1]: let n and 
N be pos i t ive i n t e g e r s , n >̂ 2 and N _> 2n - 1 and let S be a se t of 
N e l e m e n t s ; what is the l eas t in teger m ' (n) , (provided such an 

in teger ex i s t s ) , for which t he re ex i s t s a family 3 of m ' (n) s u b s e t s 

of S sat isfying 

(a) | F | = n for each F e 3 ; 

(b) U 3 = S; 

(c) 3" does not have p r o p e r t y 8; 

(d) if 3?! C g? and | U 3 ' | < N , then #' has p r o p e r t y 8 ? 

E r d ô s pointed out that m ' (2) = 2t + 1 and that m ' (2) does 

not ex i s t if N is even. In this note we sha l l p rove that m ' (n) ex i s t s 

for a l l n > ^ 3 , N _> 2n - 1 , and obtain some upper bounds . However , 
ins tead of s tudying m/ (n) we sha l l cons ide r m * (n) which is defined 

in a l m o s t the s a m e way as m ' (n) except that (d) is r ep laced by 

(e) if 3?' is a p r o p e r subfamily of 3«, then 3«! has 
p r o p e r t y 8 . 

5JC 

It is c l e a r that the ex i s t ence of r n T (n) imp l i e s the ex i s t ence of m ' (n) 
N ^ N 

and in fact we have m ' (n) <_ m * (n) . 
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THEOREM 1. Jjf m
M ( a ) exists, then so does m* (a + b) 

for every positive integer b . 

Proof . Let Q be a fami ly of m * (a) s e t s sa t isfying (a), (b), (c) 

and (e) . Let T be a se t with a + 2b - 1 e l e m e n t s . We a s s u m e that 
T is d is jo int f rom e v e r y m e m b e r of Q . Let W be the family of b - s u b s e t s 
of T and let IT be the family of (a + b) - s u b s e t s of T . Let 

{ F : F = H U G, H e f t , G e tt or F = L , L e ? } 

It is c l e a r that each m e m b e r of $ has a + b e l e m e n t s and that 
| U ^ | = N + a + 2 b - l . We need to show that 3? s a t i s f i e s (c) and (e) . 

Suppose J? has p r o p e r t y B. Then t h e r e ex i s t s a se t B C U $ such 
that 0 < | B O F | < a + b for eve ry F £ $. Since Q does not have 
p r o p e r t y B, e i ther t h e r e ex i s t s a se t G G Q such that B D G = é or 

t h e r e ex i s t s a se t G G Q such that B D G . However B O G - 0 imp l i e s 
2 2 1 

B H H t 0 for each H G #. Hence |B O T | > a + b and hence 
B D L for s o m e L G j j . This is a c o n t r a d i c t i o n and hence B O G = 0 

is i m p o s s i b l e . Also B D L t 0 for a l l L c $ i m p l i e s |B O T[ > b 
and hence B D H for s o m e H e W. Thus B D G is a l so i m p o s s i b l e 

s ince it would imply B Z) H U G . Hence & does not have p r o p e r t y 8. 

Let 3? ' be a p r o p e r subfami ly of 3*. We need to show that t h e r e 
ex i s t s a se t B such that 0 < | B H F | < a + b for a l l F e 3?' . Let 
A e 5 - 3 ' . Suppose f i r s t that A = G U H , G G Q, H G H. Since 

Q sa t i s f i e s (e), t h e r e ex i s t s a se t B1 C U Q such that 0 < |B D G | < a 

for a i l G e a - { G , } . Set B = H U B . Then c l e a r l y i i i l 

0 < |B H F | < a + b for a i l F G 3 ' . The only o ther pos s ib i l i t y is 
that A G 3". Then one can take B = A . It fol lows that F ' has 
p r o p e r t y B and the proof of T h e o r e m 1 is c o m p l e t e . 

COROLLARY 1. m* (n) ex i s t s for a l l n > 3 and N > 2n, N even. 

P roof . As was pointed out by E r d o s , m * , . ( 2 ) ex i s t s for a l l 

t _> 1 • Hence if we take a = 2 , N = 2t + 1 in T h e o r e m 1, we s e e 
that m* (b + 2) ex i s t s for a l l b > 1 , t > 1 . This c l e a r l y 

i m p l i e s the c o r o l l a r y . 

In o r d e r to e s t a b l i s h the ex i s t ence of m * (n) for n >_ 3 , N odd, 

we m u s t f i r s t examine the c a s e n = 3 . 
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THEOREM 2. m * (3) ex i s t s for a l l t > 2 . 

Proof . Let Q be a family of niZ .(2) 2 - s u b s e t s of a se t S of 

2t - 1 e l e m e n t s sat isfying (a), (b), (c) and (e) . We m a y a s s u m e 
S = {1 , 2 , . . . , 2 t - 1} and Q = { ( 1 , 2 ) . ( 2 , 3 ) , ( 3 , 4 ) , . . . , ( i , i + 1 ) , . . . , 
(2t - 2 , 2t - 1), (1 , 2t - 1)} , that i s , the se t s in Q fo rm the edges of 
an odd c i r c u i t . Let 3< be the family cons i s t ing of the following s e t s : 
G U { a } , G U { b } , { a , b , l } , { a , b , 2 } , { a , b , 3 } , { 1 , 2 , 3 } , w h e r e 
G £ Q and a , b 4 S . To p rove the t h e o r e m we m u s t show that ^ 
sa t i s f i e s (c) and (e). 

Let B C U 5 have non-empty i n t e r s e c t i o n with each m e m b e r of $ . 
If a e B and b e B then, s ince B Pi {1 , 2 , 3} 4 § , B m u s t contain 
one of { a , b , 1} , { a , b , 2 } , { a , b , 3 } . If a € B and b 4 B , then 
B P G 4 0 for each G e Q. Since Q does not have p r o p e r t y B, B D G 

for s o m e G1 e Q . Hence B D G1 U {a} . F ina l ly , if a i B and b 4 B 

then B D { 1 , 2 , 3} . Thus 3 does not have p r o p e r t y 6 . 

Let 3 ' be a p r o p e r subfamily of 3 and let A ç 5 - $ ' . We need 
to show that t h e r e ex i s t s a se t B such that 0 < |B P F | < 3 for a l l 
F e 3 > . If A = G U {a} , G e Q, then s ince Q sa t i s f i es (e), t h e r e 

ex i s t s a se t B C UQ such that |B P G| = 1 for each G e Q - {G } 

and B P G = 0 . Since at l eas t one, but not al l , of 1 , 2 , 3 belong to 
l l r & 

B we m a y take B = B U { b} . Then 0 < | B P F | < 3 for a l l 

F e 3r' . The c a s e A = G U {b} can be disposed of in the s a m e way. 

If A is one of {a , b , 1} , {a , b , 2} , {a , b , 3} we m a y choose B = A . 
F ina l ly , if A = {1 , 2 , 3} we m a y take B = { a , b} . It follows that 
5 ' has p r o p e r t y H. 

COROLLARY 2. m* (n) ex i s t s for n > 3 and N > 2n - 1 , N odd. 

Proof . The c a s e n = 3 has been taken c a r e of in T h e o r e m 2 . F o r 
n > 3 take a = 3 , N = 2t + 1 in T h e o r e m 1. This shows that 
m * ^ „(b + 3) ex i s t s for b > 1 , t > 2 , and hence Coro l l a ry 2 h o l d s . 

2 t+2b+3 v - - y 

F r o m the above r e s u l t s we get the following upper bounds for 
m ^ n ) : 
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« - - - M ' ^ W V 
m ;<»>i< 

if N is even, n > 3 

(2N - 4n + 8) f 2 ^ " M + / 2 n ^ 4V if N is odd, n > 4 . 

We have been able to prove a number of additional recurrence 

inequalities for m (n) . These are given in the following theorem. 

THEOREM 3. The following inequalities hold: 

(1) m* (k* ) < m* (k) {m* (i)} k , if K > 2k - 1 , L > 24 - 1 ; 
KL X Kx 

(2) m * _ (n) < n m *(n - 2) + 2^ , if n is odd; 
N+2n — N — 

(3) m ^ + 2 (
n) < n m t r ( n " 2 ) + 2 n _ 1 + 2 n " 2 ' — n i s e v e n> 

( 4 ) m N + 2 n - l ( n ) ± ( 2 n " d ) { m N ( n " 2 ) + 1 } • 

Since the arguments are somewhat long, we shall prove only (2). 

Proof of (2): Let Q be a family of m*(n - 2) sets satisfying (a), 

(b), (c) and (e). Let F. = {2i - 1 , 2i} and let M = {F. : i = 1 , 2 , . . . , n} 
l l 

Let 0* be the family consisting of all sets of the form {a,, a , . . .a ) 
y s l 1' 2 nJ 

where a. e F . and a. = 2i - 1 for an even number of values of i . 
l i l 

Finally, let 

3 = { F : F = G U H , G e Q , HeW or F = L, L e ,7} . 

It is clear that the number of sets in 3? is n m ' ( n - 2) + 2 and that 

| U 3?| = N + 2n. It remains to be shown that J? satisfies conditions (c) 
and (e). 

Let B be any set such that B D F £ 0 for each F e 3. To show-
that 3» does not have property B we must show that B contains a member 
of 3. 

Case 1. For some i and j , B Z) F. and B O F . 
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B n F . = 0 imp l i e s that B H G 4 $ for each G e Q. Since G 

does not have p r o p e r t y 8, B D G for s o m e G e Q . Hence 

B D G U F . , that i s , B conta ins a m e m b e r of $ . 
i l 

Case 2. F o r some i , B D F . , I B O F.I > 1 for a l l j . 

We m a y a s s u m e without loss of genera l i ty that B D F , . . . , F 

and |B O F . | = 1 for j = t + l , . . . , n . In fact we m a y a s s u m e 

B H F . = {2j - 1} for j = t + 1 , . . . , t + r and B H F . = {2j} if 

j = t + r + l , . . . , n . If r is even then B conta ins {2 , 4 , . . . , 2t , 
2t + 1 , . . . 2t + 2r - 1 , 2t + 2r + 2 , . . . 2n} and if r is odd, B 
conta ins {1 , 4 , 6 , . . . 2t , 2t + 1 , . . . , 2t + 2r - 1 , 2t + 2r + 2 , . . . , 2n} 
so that in any c a s e B contains a m e m b e r of 3*. 

Case 3 . I B H F . l < 1 for a l l i , B O F . = 0 for some j . 

In this c a s e B sa t i s f i e s the condit ions of Case 2 . Hence B 
conta ins a m e m b e r of gf and thus B is d is joint f rom a m e m b e r of 3* . 

Case 4 . IB Pi F . l = 1 for a l l i . 
i 1 i 

We m a y a s s u m e B D F . = {2i - 1} for i = 1 , 2 , . . . t , and 

B O F . = {2i} for i = t + l , . . . , n . If t is even then B conta ins 

{ 1 , 3 , . . . , 2 t - l , 2t + 2 , . . . , 2n} , i . e . B conta ins a m e m b e r of 3 . 
If t is odd, then, s ince n is odd, B is d is jo in t f rom { 2 , 4 , . . . , 2t, 
2t + 1 , . . . , 2n - 1} , i . e. , B m i s s e s a m e m b e r of $ and this is 
i m p o s s i b l e . 

Since t h e r e a r e no o ther p o s s i b i l i t i e s , 3* does not have p r o p e r t y 
a. 

Let ' 3<! be a p r o p e r subfamily of $ . We m u s t show that t h e r e 
ex i s t s a se t B such that 0 < |B H F ] < n for al l F e 3 ' . Let 
A e 3 - 3?» . Suppose f i r s t that A = G U F. , G e Q. Since Q sa t i s f i e s 

(e), t h e r e ex i s t s a se t B C UG such that 0 < IB O G I < n - 2 for a l l 
l ' l ' 

G G Q - {G } . M o r e o v e r , we m a y a s s u m e B D G (for if B ^) G 

then we m u s t have B O G = 0 and hence ins tead of choosing B we 
l l 6 l 

choose B ). Let B = B U F . . Then it is easy to see that 
i i i 

0 < |B D FI < n for a l l F e 3 . The only o ther poss ib i l i ty is that 
A £ 3 \ In this c a s e we take B = A . Then c l e a r l y |B O F | < n for 
a l l F e 5 ' . M o r e o v e r B H F i d) for a l l F e 3 1 s ince B O F = 0 
i m p l i e s F = A , the complemen t of A with r e s p e c t to { 1 , 2 , . . . , 2n} . 
But A conta ins an even number of odd e l e m e n t s and s ince n is odd, 
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A must contain an odd number of odd elements and hence A 4 5. Thus 
0 < |B H F | < n for all F G 31 • Hence 31 has property B. This 
completes the proof of (2). 

The inequa l i t i e s given in T h e o r e m 3 a r e not v e r y s t r ong for l a r g e 
va lues of n and N . However , for c e r t a i n s m a l l v a l u e s of the a r g u m e n t s 
our r e s u l t s appea r to be c o n s i d e r a b l y be t t e r than p r e v i o u s l y known r e s u l t s . 
Denote by m(n) the l ea s t in teger for which t h e r e ex i s t s a fami ly of m ( n ) . 
s e t s , each se t with n e l e m e n t s , and which does not p o s s e s s p r o p e r t y 8 . 
Thus m(n) = m i n m'' (n) . By (3) and the fact that 1*1 (̂2) = 3 we get 

rct'f,(4) < 24 and hence m(4) < 24 . The b e s t p r ev ious r e s u l t is 
11 — — 

m(4) <_ 26 . If we u s e (2) and m*(3) = 7 we get m * (5) < 51 and hence 

m(5) <_ 5 1 . The bes t p r e v i o u s r e s u l t is m(5) <_ 88 . S imi l a r l y , we get 
m(7) <_ 421 , an upper bound which is c o n s i d e r a b l y s m a l l e r than that 
given by m(7) <̂  708 , the b e s t p r e v i o u s r e s u l t . 

Since we have not proved (3) and s ince our c l a i m that m(4) <_ 24 
is based on (3) we ind ica te b r i e f ly the cons t ruc t i on which l eads to (3). 
Let Q be a fami ly of m* (n - 2) s e t s sat isfying (a), (b), (c) and (e) . F o r 

i = 1 , 2 , . . . , n let F . = {2i - 1 , 2i) and let U = { F . : i = 1 , 2 , . . . , n) 
1 J 1 J 

Let 3* be the family of a l l s e t s of the f o r m (1 , a^, a 0 , . . . , a } w h e r e y l 2 3 nJ 

a. e F . for i = 2 , 3 , . . . , n . Let G be the fami ly of a l l s e t s of the 
l l 

f o r m {2 , a . . . . , a } w h e r e a. e F . for i = 2 , 3 n and a. 
2 nJ l l l 

is even for an odd n u m b e r of va lues of i . Let 

3 = { F : F = G U H , G G Q, H G M of F = L , L G ^ 

or F = K, K G G} . 

Then | g? | = n M" (n - 2) + 2 + 2 and one can show by a r g u m e n t s 

only s l ight ly compl ica ted than those used to p rove (2) that $ sa t i s f i e s 
(c) and (e). 

In conc lus ion we men t ion a p r o b l e m which we have not been able 

m N ( n ) 

to s e t t l e : for fixed n > 3 , does l im ——— ex i s t ? It follows 
N - o c N 

f rom our r e s u l t s that t h e r e ex i s t cons t an t s a and b such that for 
n n 

m ^ ( n ) 
a l l suff iciently l a r g e N , a < ——— < b . 

7 6 n N n 
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