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1. Introduction

Let G be a group and let K be a field. The twisted group algebra K'(G)
of G over K is defined as follows: let G have elements a, b, ¢, ... and let KY(G)
be the vector space over K with basis elements &, b, ¢, ...; let a: GxG—K be
a 2-cocycle and define a multiplication on K‘(G) by

Xy = a(x, y)xy (x,yeG);

extending this by linearity to K'(G) yields an associative algebra. We are
interested in information concerning the Jacobson radical of K*(G), denoted
by JKY(G).

Extending an earlier notion ((14), p. 54 Definition) we call a class X of
groups a JK* class if whenever G has a normal subgroup H such that G/He X
then JK*(G) = JK'(H)K'(G). We call a class X of groups an NJK* class of
exponent #>0 if whenever G has a normal subgroup H such that G/H € X then
[JKY(G)]* = JK'(H)K'(G); we call X an NJK' class if JK'(G) is nilpotent
modulo JK*(H)K*(G). If K has characteristic 0 then the class of finite groups
is a JK* class ((8) Proposition 1.5, p. 164). If K has characteristic p>0 then
the class of finite groups of order at most n is an NJK' class of exponent »
((8) Proposition 1.3, (9) p. 164) and the class of finite soluble groups of orders
p°m, (p, m) = 1, is an NJK' class of exponent p® ((8) Theorem 1.6, (9) p. 164).
We remark in passing that if a group G belongs to an NJK* class of exponent
n then [JK*(G)]" = {0}; it is unknown whether the converse is true. In this
paper we show that the property of being a JK* or an NJK* class is invariant
under certain closure operations on classes of groups. This enables us to
deduce that certain large classes of groups are of the above types and so have
zero or nilpotent Jacobson radicals; further our methods provide means for
extending results on JK* or NJK* classes.

Following the ideas of P. Hall (5) a mapping A from classes of groups to
classes of groups is called a closure operation if, for classes X and Y of groups,

(i) X € AX,
(ii) Y € X implies AY € aAX and
(iii) AX = AA4X.
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X is a-closed if X = AX. For every class X and closure operation A there is a
least A-closed class containing X, namely AX. We shall employ closure opera-
tions L, P and P defined as follows ((5), p. 533):

G e LX if every finitely generated subgroup of G is contained in an X-
subgroup of G;

G € pX if there exists a series of subgroups H; of G such that

{1}=Hy<H<..<H,=G

where H;,,/H;e X(j= 0,1, ...,n—1).

G € BX if for some totally ordered set Q there exists a family {U,, V,: o € Q}
of pairs of subgroups of G such that

(i) U,<aV, for all 6 € Q,

(i) V,JU, e Xfor all 6 € Q,

(iii) o<1(o, T € Q) implies that V, c U,

(iv) G\{1} = Un Va\U,).

age

We shall show that P and P are closure operations.

Finally we use the standard notation that if A and B are two closure opera-
tions then {a, B}X denotes the least class of groups containing X and closed
under A and B.

Our main results are as follows.

Theorem 1.1. Let X be a JK' class. Then {L, #}X is a JK* class.
Theorem 1.2. Let X be an NJK' class. Then PX is an NJK' class.

2. Preliminary results

In this section we collect together a few simpler results, some of which are
necessary for later proofs and some of which are of independent interest. The
following lemma, although well-known, is included for the sake of completeness.

Lemma 2.1. P and P are closure operations.

Proof. First we show that P is a closure operation. The fact that P satisfies
(i) and (ii) of the definition of a closure operation is immediate. Now let
G e ppX. Then we have a series

{1} =Hy<H,<s..<H,=G

such that H;, ,/H;,ePX (i=0,1,...,n—1). Thus we have for each i,
0 <i=<n—1, a series
H,' = Hi0<Hil<"'<Hin, = Hi+1

such that H;;, /H;;e X(j =0, 1, ..., n;—1). Then the series
{1} =HpomHy<..<H;<iH;,;<..<H,=G
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shows that G e pX. Hence P satisfies (iti) of the definition and is a closure
operation.

To prove that X < PX let G € X and consider the ordered set Q = {1} and
the pair {1, G} of subgroups of G. The conditions set out in the definition of
PX are then satisfied and so Ge#X. Thus X < PX. If Y < X then it is
immediate from the definition that Y < pX.

It remains to show that X = #PX. Let G e PPX. Then, for some totally
ordered set Q, there exists a family {U,, V,: 6 € Q} of pairs of subgroups
such that

(i) U,<aV, for all 6 € Q,

(ii) V,/JU,ePX forall 6 € Q,
(iii) o <(o, T € Q), implies that V, = U,
(v) G\{1} = U AU,

But (ii) implies that for each ¢ € Q, there exists a totally ordered set M, and a
family {R, , S, : p, € M,} of pairs of subgroups such that

() R, <S8, forall y,eM,,

@) S, /R, € X for all y,e M,,
(iil) g, <v4(ty, v, € Q,) implies that S, = R, ,
(V) V\U, = {J (S, \R,)

HoeMq
Let Q= () M, be totally ordered by the relation u,<v, if either o<t or
cef
o =7 and u,<v,. Then the family {R, , S, : p, € Q} of pairs of subgroups

satisfies
@ R, <S,, forall y,eQ,
@) S, /R, ,eXforall u,eQ,
(iif) p,<v.(4y, v, € Q) implies that S, = R, if 6 = 7 and that

S,,eV,csU,cR, ifo<r,
(iv) G\{1} = Uﬁ (5S4, \R,,).
Bo €

Thus G € 8X and so $8X = $X. Consequently P is a closure operation.
Lemma 2.2. Let X be a JK* class. Then 1LX is a JK* class.
Proof. Let G be a group, let H<aG and suppose G/H e LX. We wish to

show that JK(G) < JK'(H)K'(G). Let feJK'(G), then f= ) g, where

Z;eK, g;jeG (j=1,2,...,n). Let R be the subgroup of G—generated by
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Hu{g,,g,, ...,d,}- Then since G/H € LX and R/H is finitely generated there
exists a subgroup S of G such that R = Sand S/He X. But fe JK{(G)nK'(S)
and so fe JK*(S) ((8) Lemma 1.9, (9) p. 164). Since S/H € X we have

feJK*(S) € JK'(H)K'(S) < JK'(H)K'(G)
which establishes the lemma.

Theorem 2.3. Let X be an NJK' class and let G be a group and H a normal
subgroup of G such that G/HeLX. Then JK'(G) is locally nilpotent modulo
JK(H)X'(G).

Proof. Letf,, f, ..., f, be r elements of JK'(G). We require to show that
the ring W generated by {f, /5, .../} is nilpotent modulo JK'(H)K*(G). In
the expressions for the f; as linear combinations of elements of G let F be the
finite set of elements of G appearing with non-zero coefficients. Let R be the
subgroup generated by HUF. Then since G/HeLX and R/H is finitely
generated there exists a subgroup S of G such that R = S and S/H e X. But
fi € JK'(G)NK'(S) and so f;eJK'(S) (i=1,2,...,r) (8) Lemma 1.9); thus
W < JK'(S). But X is an NJK* class and hence there exists # such that

[JK'(S)]" < JK'(H)K'(S) < JK'(H)K'(G).
This implies that W" < JK*'(H)K'(G) which completes the proof.

3. Proofs of main theorems
Theorem 1.1 follows directly from Lemma 2.2 and the next result.
Lemma 3.1. Let X be a JK* class. Then $X is a JK* class.

Proof. Let G have a normal subgroup H such that G/He$#X. Let the
series satisfying the definition of the closure operation be given by the family
{V,/H, U,/H: ¢ Q}, where Q is a totally ordered set, U,<aV,, ¥, /U, € X and

G\H = Uﬂ (V,\U,). Let T beafixed transversalof HinG. Consider f e JK*(G),

then f= > Ag; where ;€ K'(H),g;eT(j=1,2,...,n). We wish to show
i=1

that 1; e JK'(H) (j = 1, 2, ..., n) and we shall do this by induction on n = I(f),

the coset length of f. If g;eV,;\U,y (G=1,2,...,n) then we may first

suppose f'e JK'(V,) where © = max {a(1), 6(2), ..., o(n)} since clearly fe K'(V,)

and so fe JK'(G)NnK' (V) < JK'(V)) ((8), Lemma 1.9). We shall argue, by

induction on this coset length, that if f'e JK*(V,) for some p then

feJK'(H)K'(G).
We begin with the observation that g, (i = 1,2, ..., n) is invertible and that
git=cg ' wherec,eK,c; #0( = 1,2,...,n ((8), Lemma 1.1).
Suppose n = 1 and then f = 1,3,. AsJK'(V,) is an ideal of K*(V,) we have
iy =fgi' e JK'(V) and hence i, e JK'(V)NK'(H) < JK'(H) ((8), Lemma
1.9). Thus fe JK'(H)K'(V).
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Suppose now n>1 and assume the result is true for those f with I(f)<n.
Then fg; ' e JK'(V,) and

fart = .Zl gig: ! Z hgicrgr’
= _Zl Aesalgs, 91 Ngigr !
In terms of the new transversal Tgy! = {tg7': te T} we are required to show

that 4 cloz(g » 91" e JK'(H), from which we deduce easily that A; e JK*(H)
(j=1,2,...,n). Consequently, without loss of generality, we may assume f

has the form f= Y 1,; where g, = 1. The set {g,,9,, ..., g,} is not neces-
i=1
sarily a subset of a transversal of U, in ¥, and accordingly it is convenient to

make a notational change. Let

{gl; g2y «ees gn} = {glls gIZa (RS gld,; 921, 922’ sery gZdz; e gsl’ gsZ’ AT gsd,}
where d, +d,+...+d, = nand Ug,; = Ug, if and only if
i=k(=12,..,d51=12,...,d; i, k=1,2,..5)

n s dj
and let f= Y Ag,= Y ZJ: wpdp Where py = 1; for some i = i(j, k).
i=1 i=1k=1
Since g; € V, /U, for sonj1e j# 1 and g, € H we know that in the above we
have s>1 and hence d;<n (i=1,2,...,5). Let g;; = u;;g;; where u;;e U,
(G=12,...,d;; i=1,2,...,5). Then
s dj
/= Z Bid jk
J=1k=1
s dj
Ryl g 5y

dj
Z 0 jies 90 g 1

i
lle

'Zl [ Z #Jka(u;k, g;l)ujk:l g;l
i= =
Since V /U, € X we deduce that
dj
kzl tp(Uj, 9,00 e JK(UY (j=1,2,...,5)

Since Q is totally ordered there exists ¢ < 7 such that u;;e V, (j=1,2,...,d;;
i=1,2,...,5)and hence

dj
kzl B, g e K'(V,) (j=1,2,...,5)

E.M.S.—K
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which implies that
dj
Zl ”jka(ujka gjl)ajk € JK’(VU) (.’ = 13 2a eovy S).

But
dj
l(kZI ot 3 gjl)ﬁjk) <d;<n (j=1,2,...,59)

and so, by our induction hypothesis,
dj
Zl I—ljk“(ujk, gjl)ﬁjk e JK'(H)KYG) (j=1,2,..,9).

But JK*(H)K*(G) is an ideal of K*(G) ((12), Theorem 4.1), and so
feJK'(H)K(G).
This completes the induction and establishes the lemma.

Proof of Theorem 1.2. Let G have a normal subgroup H such that G/H € pX.
Then there exists a series

H=Hy<H<..<H,=G

such that H;,/H;e X (i=0,1,...,n—1). Since H,/H,_, € X there exists
s>0 such that [JK'(H,))* = JK'(H,_,)K'(H,). We argue by induction on n
and suppose that we have shown that there exists r,_, >0 such that

VK'(H,-)]"* = JK'(H)K(H,-,)-

We also have, since H,_ ,<H,, that JK'(H,.,)K'(H,) = K'(H)JK'(H,-,)
((8), lemma 1.2). Hence we deduce that

[JK{H )] < [JK'(H,_))K'(H,)]""*
s [UK"H,- )] 'K(H,)
< JK(H)K'(H,-1)K'(H,)
< JK'(H)K'(H,).

The step n = 1 is trivial. This establishes the induction and so we conclude
that

[VKYG)]=[JK'(H)]™
c JKY(H)K'(H,) = JK'(H)K'(G).
This establishes Theorem 1.2.

4. Concluding remarks

Our results on semisimplicity etc. are applicable to large classes of groups.
Some of these applications are incorporated in the next two theorems whose
corollaries contain some known results ((2), (3), (4), (9), (10), (12), (14), (15)).
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Theorem 4.1. Let K have characteristic 0 and let X, be the class of finite
groups. Then {L, $}X, is a JK' class.

Corollary. Let K have characteristic O and let G be one of the following
types:

(a) locally finite group,

(b) locally soluble group,

(¢c) SN group,

(d) residually finite group,

(e) free group.

Then JK'(G) = 0.

Theorem 4.2. Let K have characteristic p>0 and let X, be the class of finite
groups of orders prime to p. Then {L, #}X, is a JK* class.

Corollary. Let K have characteristic p>0 and let G be one of the following
types:

(a) locally finite group with no non-trivial p-elements,

(b) locally soluble group, the factors of the derived series of the finitely
generated subgroups of G having no non-trivial p-elements,

(¢) SN group, the factors of an abelian series having no non-trivial p-elements,

(d) residually finite (of order prime to p) group,

(e) free group.

Then JK'(G) = {0}.

In order to obtain further results in the above manner we would remark
that it is possible to extend Theorem 1.2 if we allow well-ordered series and if
we are willing to be satisfied with local nilpotency. We define, therefore, an
operation PI as follows (cf. (6), p. 171 and p. 182):

G € P1X if there exists an ordinal ¢ and a series {H,: p < o} of subgroups such
that

(i) H<G (A £ o),
(ii) if A is a limit ordinal then H, = {J H, (A<0),
Gii) H,, /H,e X (A<o) and ne
(ivy1=H, H,=G.
If in the above (i) is replaced by
)" Hy<H;4,y (A<0),
then we say G € pX.

PI satisfies (i) and (ii) of the definition of a closure operation but not (iii).
The subsequent result is unfortunately restricted to the operation p1 and cannot
be extended to the least closure operation containing PI.

https://doi.org/10.1017/50013091500009834 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500009834

156 J. D. P. MELDRUM AND D. A. R. WALLACE

Theorem 4.3. Let X be an NJK' class. Let G be a group and let H be a
normal subgroup of G such that G/H e piX. Then JK'(G) is locally nilpotent
modulo JK'(HYK'(G).

Proof. By assumption there exists an ordinal ¢ and a series

H=H,cH,c..cH,=G
with H,<1G, H,,/H, € X and if 4 is a limit ordinal H, = () H,. We shall

a<l

establish the theorem by showing that any finitely generated subring of
JK'(H)K'(G) is nilpotent modulo JK'(H)K'(G) for all « £ o. If this statement
is not true then there exists a least ordinal § (say) such that JK'(Hp)K'(G)
contains a finitely generated subring R which is not nilpotent modulo

JK'(H)K'(G).
Let R be generated by f}, /5, ..., f,. If B is a limit ordinal then H, = U H,

. a<f
and we may write

Ji=xug1+x2g2+... +x,,4,
where {g,,9,, ...,9,} is part of a transversal of H, in G and x,;; e JK'(H,)
(G=12,...,r; i=1,2,...,n). Since x;; is either 0 or has finite support there
exists § < such that, for all i, j, x;; € K'(H,;). Then, as H; S Hj,
x;; € JK'(Hg)nK'(H;) = JK'(H;) ((8), Lemma 1.9).
Thus f,eJK'(H;)K(G) (i=1,2,...,r) and so R < JK'(H;)K'(G). This
contradicts the definition of f and hence § cannot be a limit ordinal. Thus let
B = A+1 and then we have Hy/H, e X. Since X is an NJK' class there exists
an integer m such that [JK'(Hp)]" = JK'(H,)K'(Hg). Hence, as Hy<aG, we
have ((8), Lemma 1.2, (12) Theorem 4.1)
R™ = [JK'(H)K(G)I"

= [JK'(H)]"K'(G)

€ JK'(H,)K'(Hp)K'(G)

= JK'(H,)K'(G).
But R™ is a finitely generated subring of JK'(H )K'(G) and, by the assumption
on f, is nilpotent modulo JK*(H)K'(G); this is a contradiction to the choice of
R. Hence any finitely generated subring of JK‘(H,)K'(G) is nilpotent modulo
JK'(H)K'(G) for all « £ ¢ and by taking « = ¢ we obtain the desired result.

Lemma 4.4. Let G be a group and let H be a normal subgroup such that
G/H is abelian or locally finite. Then JK'(G) is locally nilpotent modulo
JK'(H)K'(G).
Proof. By Theorem 2.4 if G/H is abelian then the result follows from Lemma

3.2 of (15) and if G/H is locally finite the result follows from Proposition 1.3
of (8).

https://doi.org/10.1017/50013091500009834 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500009834

CLOSURE OPERATIONS AND GROUP ALGEBRAS 157

From this Lemma we deduce two useful results. For convenience we let F
be the class of finite groups and let S be the class of soluble groups.

Theorem 4.5. Let G be a group and let H be a normal subgroup such that
G/H e L(FUS). Let JK'(H) = {0} and if K has characteristic p>0 let G have
no non-trivial p-elements. Then JK'(G) = {0}.

Proof. We argue by contradiction and so we suppose that x e JK'(G),
x # 0. Let Gy be the group generated by H and by the support of x. Then
Go/H is finitely generated and so is either finite or soluble. If G,/H is finite
then, by Lemma 4.4, JK'(G,) is locally nilpotent. If K has characteristic O
then finite groups form a JK* class and JK*(G,) = {0}. If K has characteristic
p>0, by Theorem 3.2 of (8), we have JK'(G,) = {0}.

Suppose therefore GofH is soluble. Then there exists a series

Go>G,>...>G,, = H

such that G<aG and G,;/G,, is abelian (i =0, 1, ..., m—1). If m = 1 then,
again by Lemma 4.4, JK'(G,) is locally nilpotent. If K has characteristic O this
implies JK(Go) = {0} (cf. (7), (9), (15), Lemma 3.3), and if K has characteristic
p>0, since G has no non-trivial p-elements, this implies JK*(Gy) = {0} ((8)
Theorem 3.2). Suppose now m>1. We argue by induction and suppose the
result is true for m—1. Thus we suppose JK'(G,) = {0}. By the above proof
we have JK'(G,) = {0}, establishing the theorem.

Finally we apply this result to obtain the following (cf. (15), Theorem 3.5).

Theorem 4.6. Let GePL(FUS). If K has characteristic 0 or if K has
characteristic p>0 and G has no non-trivial p-elements then JK'(G) = {0}.

Proof. By assumption G has a series {H,: A < ¢} of subgroups satisfying
the definition of PL(FUS). Suppose JK'(G) # {0} and let B be the least ordinal
such that JK'(H,) # {0}. By assumption JK'(H,) = 0 (x<pf). LetfeJK'(Hp),
f# 0. If B is a limit ordinal then, as f has finite support, there exists < 8
such that fe K'(H;). Thus,as H; = Hywehavefe JK'(H)NK'(H;) s JK'(H5)
which contradicts the choice of 8. Hence f§ is not a limit ordinal and thus we
have § = A+ 1. Then, by hypothesis, JK‘(H,) = {0}. Since

H, . /H, e (FUS)

we deduce from Theorem 4.4 that JK'(H,.,) = {0} and this contradicts the
choice of 8. Thus the theorem is proved.
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