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Abstract

Bilinear fractal interpolation surfaces were introduced by Ruan and Xu in 2015. In this paper, we present
the formula for their box dimension under certain constraint conditions.
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1. Introduction

Fractal interpolation functions (FIFs for short) were introduced by Barnsley in
1986 [1]. Their graphs are invariant sets of certain iterated function systems which
are effective in modelling natural curves [11]. In the classical case, the graphs
of FIFs are self-affine sets, and their box dimension was obtained by Hardin and
Massopust [8] and Barnsley ef al. [2]. In 2015, Barnsley and Massopust constructed
one-dimensional bilinear FIFs and obtained the box dimension of their graphs under
certain conditions [3].

There are also results on the construction and the box dimension of FIFs on
rectangular grids (see, for example, [4, 6, 7, 9, 10, 12]). Ruan and Xu [13] presented a
general framework to generate FIFs on rectangular grids and also introduced bilinear
fractal interpolation surfaces (bilinear FISs). However, it seems too complicated to
obtain the box dimension of bilinear FISs if we use the method in [3]. In this paper,
we will calculate the box dimension of bilinear FISs by estimating the oscillation of
functions (see Theorem 3.8). Our method is more straightforward than that in [3],
although the basic ideas are similar. We remark that our method can also be used to
obtain the box dimension of the one-dimensional bilinear FIFs in [3].

The paper is organised as follows. In Section 2, we recall the definition of bilinear
FISs. In Section 3, we present the formula for the box dimension of bilinear FISs.
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2. Definition of bilinear FISs
We are given a data set {(x;,y;,zij) € R*:ie€l{0,1,...,N},j€l{0,1,..., M}} with
Xo <Xy <---<xy, Yo<y1<--<ym,

where N, M > 2 are positive integers. Ruan and Xu [13] constructed bilinear FIFs on
[x0, xn] X [Vo, ya] as follows.

Denote Xy ={1,2,...,N}, Zno =1{0,1, ..., N}. Similarly, we can define ), and
Xpo. Denote I = [xo, xy] and J = [yo, ym]. For any i € Zy and j € X, we denote
I; = [xi-1, %], Jj = [yj-1,y;]1 and D;; = [; X J.

For any i € Zy, let u; : [ — I; be the linear function satisfying

l/li(X()) = Xi—1, M,‘(XN) = X; if i is Odd,
M,'(X()) = X, I/t,'(XN) = Xij-1 if i is even.
Clearly, this implies that u;(xo) = xo, U1 (xy) = up(xy) = x1, ua(xo) = uz(xp) = x, and
so on. Similarly, for any j € Xy, let v; : J — J; be the linear function satisfying
vivo) = yj-1,  viom) =y; if jisodd,
vivo) =yj, vjlym)=y-1 if jiseven.
Let g be the bilinear function on 7 X J satisfying
g(xi’yj)zzij for all (l,j)E{O,N}X{O,M}

Equivalently,

1
glx,y)= (v = ) — Y200 + (X = x0)Ym — Y)zno
(xn = x0)(Ym — Yo)
+ (xy = )& = yo)zo.m + (x = X0)(y = Yo)zn.m)-
Then we define i : I X J — R to be the function satisfying
hxi,y;) =z;; forall (i, j) € Zyo X Zpr0,

and such that #|p,, is bilinear for all (i, j) € Zy X Zy.
Let {s;; : (i, j) € Zno X Zprp0} be a given data set with [s;;| < 1 for all i, j. We define
s : I X J — R to be the function satisfying

s(x;,y;) = s;;  forall (7, j) € Zyo X Zu0,

and such that s|p,; is bilinear for all (i, j) € Zy X Zy.
For all (i, j) € Zy X Zy, we define F;; : I x J X R — R by

Fij(x,y,2) = s(ui(x), v;(0))(z = g(x, ) + h(ui(x), v;(y)).
Now, for each (i, j) € Zy X Xy, we define Wi : I X J X R — I; X J; X R by

Wij(xsys Z) = (”i(x)»vj()’),Fij(xsy, Z)) (21)

Then {I x J X R, W;; : (i, j) € Zy X Ly} is an iterated function system.
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TueoreEm 2.1 [13]. Let {I X J xR, W;; : (i, ) € Zy X Xy} be the iterated function system
defined in (2.1). Then there exists a unique continuous function f :1x J — R such
that f(x;,y;) = zij for all (i, j) € Eno X Xy and Uf = U jesyxzy, Wii(Lf), where
Tf ={(x,y, f(x,y)) : (x,y) € [ X J} denotes the graph of f.

With the notation in Theorem 2.1, we call ['f the bilinear FIS and f the bilinear
FIF with respect to the iterated function system {/ X J X R, W;; : (7, j) € Zy X Zy}.
From W;;(x,y, f(x,y)) € I'f, we have the following useful property:

fi(x),v;(y) = Fij(x,y, f(x,y)) forall (x,y)€lxJ. (2.2)

From the above construction, a bilinear FIS is determined by the interpolation
points {(x;,y;,zi;) : (i, j) € Ty X Ly} in conjunction with the vertical scaling factors
{sij : (i, J) € Zno X Zp0}. A natural question is:

QuesTion 2.2 [13, Question 5.1]. How can we obtain the box dimension of a bilinear
FIS?

By estimating the number of the squares in small columns covering the graph of the
interpolation function, Barnsley and Massopust [3] obtained the box dimension of a
one-dimensional bilinear FIF under the condition that x; = i/N, s; > 0for 0 <i < N and
so = sy. However, dealing with FISs is more involved. In this paper, we will obtain
their box dimension by estimating their oscillation. This is a more straightforward
approach than that in [3].

3. Box dimension of bilinear FISs

For any ki, k;,...,k; € Z and & > 0, we call Hle[kis, (k; + 1)e] an e-coordinate
cube in R¥. Let E be a bounded set in R¢ and NVg(g) the number of e-coordinate cubes
intersecting E. We define

— log Ng(¢)

dim 1
dimpE = lim and dim,E = lim og Ne(e)

, 3.1
-0 logl/e oo logl/e G-

and call them the upper box dimension and the lower box dimension of E, respectively.
If dimgE = dim FE, we use dimp E to denote the common value and call it the box
dimension of E. It is easy to see that in the definition of the upper and lower box
dimensions we need only consider &, = N, where n € Z*. That is,

— log Ng(s, . . log Ng(en

di_mBE = lim am

3.2
n—co  pnlog N oo hlogN (3.2)

It is also well known that dim,E > 2 when E is the graph of a continuous function on
a domain of R2. See [5] for details.

In this section, we will calculate the box dimension of I'f, where f is the bilinear
FIF defined in Section 2. It is difficult to obtain the box dimension of general bilinear
FISs. In this paper, we always assume that M = N.
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For each n € Z*, we define XN ={itia -+ iy » i € Zy for all k}. Further, for each
i=iiy---i, € X}, we define u; = u;, o u;, o -+ - o u; . Similarly, we define vj for j € X
Denote Djj = u;(I) x vj(J) for i, j € X, Define

o(f,m= Y O(f, Dy),

i,jeEﬁ,
where we use O(f, E) to denote the oscillation of f on E C I X J, that is,
O(f,E) =sup{f(x") — f(x""): x',x"”" € E}.

We will use the following simple lemma, which presents a method to calculate the
box dimension of the graph of a function from its oscillation. Similar results can be
found in [5, 14].

Lemma 3.1.

(1) dimg(T'f) = 2 if lim,_e(log O(f, n)/nlog N) < 1, and
2) dimp(T'f) =1+ lim, (log O(f,n)/nlog N) if the limit exists and is larger
than 1,

where we define log 0 = —co according to the usual convention.

Proor. It is clear that

Nes(en) 2 &," > O(f, Dy) = N"O(f, ).

ijexl,

Since dim,(T'f) is always larger than or equal to 2,

dim (/) > max{2,1 + lim M}. (3.3)

oo NnlogN

On the other hand, we note that Ng(e) and Ng(g,) can be replaced by NE(s) and
N g(€,) 1n (3.1) and (3.2) respectively, where N, z(€) is the smallest number of cubes of
side ¢ that cover E (see [5] for details). In our case,

Nrf(sn) < Z (M + 2) = N"O(f,n) + 2N*".
ijezn n

Hence
log(O(f,n) +2N")

dimp(Tf) < 1 1
imz(If) - nlog N

34

If limy—e log O(f,n)/nlog N < 1, then from (3.4) di_mB(Ff) < 2. Combining this
with (3.3) shows that dimg(I'f) = 2

If lim, o log O(f,n)/nlog N exists and is larger than 1, we denote it by . From
(3.4) and t > 1, we have di_mB(Ff) <1+t Combining this with (3.3) shows that
dimg(T'f) =1+r. O
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We say that the vertical scaling factors {s;; : i, j € Zyo} are steady if for each
(i, j) e Zy x Zy all of s;_1 j1, si-1,j, Si,j—1 and s; ; are nonnegative or all of them are
nonpositive.

Lemma 3.2. Assume that the vertical scaling factors are steady, and

D 1sitxo), viGoDl = D IsuiCxo), vi())

i, jESN i,jEXN
= D 15w, vioDl = ) IsiGon), viom)l - (3.5)
i,j€Xy i,JEXN

Denote the common value by vy. Then for all (x,y) € I X J,

D 150, ;o) = .

ijETy
Proor. Define

s(x,y) = Z |s(ui(x), v =y, (x,y) € 1XJ.
ijETy

Since the vertical scaling factors are steady, s(x,y) is nonnegative or nonpositive
on D;;, for each (i, j) € Zy X Zy. It follows that s(u;(x),v;(y)) is nonnegative or

nonpositive on I X J. As a result, s is a bilinear function on 7 X J. But s =0 on
(%0, Y0), (x0, Yn), (xn, yo) and (xy, yn), so s = 0 on I X J which proves the lemma. O

Remark 3.3. The vertical scaling factors are steady if s;; > 0 for all 7, j € Zyp, or
s5ij <0 for all i, j € Xyo. Furthermore, if there exists d € (-1, 1), such that s;; = d
for all i, j € Ty, then the vertical scaling factors are steady, and (3.5) is satisfied with
y = N?[d|.

Remark 3.4. In the one-dimensional case studied by Barnsley and Massopust [3], it is
assumed that s; > O for all i, and u;(xy) = x;_; and u;(xy) = x; for all i € Zy. Thus their
assumption so = sy is equivalent to } ey, s(u;i(x0)) = Xjex, SWi(xy)).

ExampLe 3.5. Let N =4 and s5; = sp = 0 for all i, j € Xyp. In this case, (3.5) is
equivalent to
|sool + S04l + |sa0l + |s4al = 2(Iso1] + |so3| + |s41] + [543])
=2(|s10l + [s14] + [530] + [534]) = 4(Is11] + |s13] + |531] + [533]).

Letd e [O, 1/4) and define 500 = S44 = 4d, S04 = S40 = —4d, S01 = S10 = 834 = S43 = 2d,
S03 = 8§30 = S14 = S41 = —2d, 511 = $33 = d and 513 = 531 = —d. Then the vertical scaling
factors are steady, while (3.5) is also satisfied with y = 16d.

LemmA 3.6. Let f be the bilinear FIF determined in Section 2 with M = N. Assume
that the conditions of Lemma 3.2 are satisfied. Then there exists a positive constant C,
such that for all n € Z7,

yO(f,n) — CN" < O(f,n + 1) <yO(f,n) + CN".
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Proor. Notice that

O(f,n+ D)= Y > O(f uil) X vi(J). (3.6)

i,jely k,leXy,

Denote M* = max{|f(x,y)|: (x,y) € I X J}. For (i, j) € ¥y X Xy and 7* € [-M*, M"],
we define

Fijo(xy) = Fij(x,y.2),  (xy) €Ix .
Since s(u;i(x), v;(y)), g(x,y), h(u;i(x),v;(y)) are all bilinear functions on I X J,

Cij= sup |IVF; (x|l < oo,
(x,y)eint(IxJ)
7'e[-M* ,M*]

where int(/ X J) = (xo, xy) X (o, yn) and || - || is the standard Euclidean norm.
Given x € Ik and y € J;, where k,1 € E’,ﬁ,, it is clear that

|Fij(uk(x0), vi(yo), f(x, ) — Fij(x,y, f(x, )] < ‘/zcij(?n- 3.7
On the other hand, for all (x’,y"), (x’,y") € Ix X J;, we know from the definition that

Fij(ux(x0), i(yo), f(x',¥) = Fij(ux(x0), (o), f(x”,y"))

= s(u;j © ux(x0), v; o Yo)(f(x',y") = fF(x”,y")).
Combining this with (2.2) and (3.7),
fi(x"), v;07) = fuix”), v;(0))I
<5 © we(x0), v 0 mOO)| - Lf W,y = (") +2V2Cye,
so that
O(f, ui(I) X vi() < |s(u; o ug(xo), v; o viyo))l - O(f, D) + 2 ‘/Ecij&r

Denote C* = max{2 \/ECU 21, j € Zy}. From (3.6) and Lemma 3.2,
O(f,n+1)< Y > Istus 0 (x0), v 0 o))l - O(f, Dia) + C°N™
KIeT), iojesy
=vyO(f,n) + C*N"*2.
Similarly, we have O(f,n + 1) > yO(f,n) — C*N"*? so that the lemma holds. O

The interpolation points {(x;, y}, Zij)} jjesyoxsy, are co-bilinear if z;; = g(x;, y;) for
all (i, j) € Zyo X Znp. Since g is bilinear, we can easily see that the property holds if
and only if the following two conditions hold:

(1) foreachi e Xy, the points {(x;,y},2;) : j € Zyo} are collinear; and
(2) foreach j € Xy, the points {(x;,y;,z;;) : i € Zyp} are collinear.
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Lemma 3.7. Assume that the interpolation points {(x;,y;, zi;)} are not co-bilinear, and
satisfy the conditions of Lemma 3.2. Then there exists a positive constant ¢ such that,
foralln e Z*,

O(f,n) = y"s.

Proor. Since the interpolation points {(x;,y;,z;;)} are not co-bilinear, we can assume
without loss of generality that the points {(x;, y¢, zi¢) : i € Zyp} are not collinear for
some ¢ € Zyp. Thus, there exists k with 0 < k < N, such that (xx, yz, zke) does not lie
on the line passing through (xo, y¢, zo¢) and (xy, ye, 2ne). Set 4 = (xy — x)/(xy — Xo)-
Then

0 :=1f (ks ye) — (Af (x0, ye) + (1 = D) f (xn, o))
= lzxe — (Azoe + (1 = Dzne)| > 0.
Since 1 € (0, 1),
max{|zo¢ — ziel, lzve — zkel} = lzke — (Azoe + (1 — Dzwe)
so that
Of, 1% J) 2 6.

Forall i, j € Xy, we define ;; = 1 if s(x,y) is nonnegative on D;;, and define ;; = —1
otherwise. Then [s(x, y)| = 6;;s(x, y) for all x,y € D;;. From (2.2),

0, f (ui(xi), vi(ye)) = |s@ui(xi), vieIf (ks ye) — (X, ye)) + 6 ia(ui(xi), v i(ye))

so that
Z 0i.f (ui(xi), vi(ye)) = y(f (xx, ye) — 8(xx, ye)) + Z 0 ih(ui(x1), v i(ye)).-
i jezy i, jexn

Similarly, Zi,jeZN 0ijf (ui(xo), v;(yr)) and Z,-,jezN 0 f (ui(xy),vi(ye)) can be expressed in
the same way. From

8(x, ye) = Ag(x0,ye) + (1 — Dgxn, ye),
h(ui(x1), vj(ve)) = Ah(ui(x0), v;(ye)) + (1 — Dh(ui(xn), vi(ye)),

it follows that

Z |f (uiCxi), vi(ye)) = (Af ui(x0), vi(ye)) + (1 = ) f(ui(xn), vi(ye)l

i, j€y
> ‘ D 00, v, 00) = A ) 0y FuiCxo), vi(ve)
i,j€Ty i,jEEN
—( =) > O fien), vive)
i,jeTy

= YIf(xx, ye) = (Af (x0, ye) + (1 = D) f(xn, yo))l.
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Thus
O(f,1)= D, O(f,Dij) = yo.

i.jexy
Continuing the above process, for all n > 2,

Z |f iCxi), vi(ve)) = (Af (ixo), vi(yve)) + (1 = D) f wilxn), viyo)l = ¥'6

ijex!,
so that
O(f,m = ) O(f, Dy) 2 "6,
ijex!,
This completes the proof of the lemma. ]

Tueorem 3.8. Let f be the bilinear FIF determined in Section 2 with M = N, and
satisfying the conditions of Lemma 3.2. If y > N and the interpolation points
{(xi,¥}, 2ij)} are not co-bilinear, then

logy

dimpTf =1+ .
imp L log N

Otherwise, dimg'f = 2.

Proor. If the interpolation points {(x;,y;,z;;)} are co-bilinear, then f = g so that
dimp'f = 2.
Otherwise, from Lemma 3.6, there exists a constant C > 0, such that forall n > 1,

O(f,n+1) <yO(f,n) + CN".
In the case where N # v,

CN(Nn—l _ ,yn—l)

O(f,n) <¥y"'O(f. 1) +
N-vy

’

and in the case where N = v,

O(f,n) < N""YO(f, 1) + (n — 1)C).

Thus loe O ]
fim 220U-1) max{1, ﬂ}. (3.8)
n—co  nlog N log N
If y < N, from Lemma 3.1, dimg I'f = 2. If y > N, from Lemma 3.7,
lim log O(f, n) 5 logy‘
oo NlogN log N
Combining this with (3.8) and Lemma 3.1 gives dimg'f = 1 + logy/log N. O
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