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UNITARY REPRESENTATIONS OF UNIPOTENT GROUPS
ASSOCIATED WITH THETA SERIES

HISASI MORIKAWA

1. Unipotent group of real (g + 2) X (g + 2)-matrices

1R R - - R
1 R - - R

Ng+2(R) = ' :
1 R

1

may be regarded as a split extension of N,(R) by Heisenberg group of real
(g +2) X (g + 2)-matrices

R R

1 RR
10 0R
1

Her2(R) =
We may choose a coordinate system of Ny+2(R)

(o, T, 2, &) (o €ER; I, 2 € R?; £ € Ny(R))

which corresponds to

From the matrix composition
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1 2 x 1 4 1 Ep+§ oty + 2y
& 'x n 'y |T &n ‘x+y's) |
1 1 1

we obtain law of composition
U @ 3x,8)° W, gy, 1= @+ +zy In+§z+ys, .

We denote discrete subgroups of integral matrices

Nes2(Z) = {(bo, b, b, B) | b € Z; b, b € 2%, B € N,(Z)},
Nes2(Z; n) = {(bo, b, b, B) € Ngs2(Z) | B = I mod n}.

By means of right action of Ng+2(R) the complex L;-spaces with normalized Haar
measure

Ly(Ng+2(Z)\Ngr2(R)),  Ly(Ngw2(Z ; 1) \Ngsa(R))

are spaces of unitary representations of Ng+2(R).

In the present note using the above coordinate system (o, £, X, §) of
N,.2(R), we shall construct irreducible invariant spaces in L;(Ng+2(Z; n) \
N,.2(R)), which are associated with theta series of level #.

2. We use the following notations freely:
Z~o = {non-negative integer}
28 == (y,....00 | i € Z=0)
ljl=p+p+ -+

=1 g1

e = (0,.. .,0,1,0,...,0)

T = a symmetric complex g X g-matrix with positive definite imaginary
part,

z=z2+tzxr, Z=%+ xT.

The vector space of theta series of level # has a basis

a
(2) o™ [”} (tla)= = exp[nn\/——l{(€+—z—)r'(ﬁ+—z—) + 2z‘(£+%)}]
0

y/4

(a € Z8/nZf).

To each theta series we associate a family of real analytic functions on Ng+2(R):
a

(3) ¢J§n) ln ] (Tl Zo, j}’ Z, &)
0
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=expl—2mw/— 1z 2 (@ + ¢+ —Z—)'E")’

VA=V /4
explany— 1{(z + ¢+ %)‘E“r&“ e+ 0+ %)
+ 286Nz + £+ %)}]
(@€ T8It j € T, n 2 1)

PropoSITION 1.
a

4) oF [g] (z] (bo, b, b, B) * (xo, &, , €))

aip
B

— d)]{n) [
0

] (|l xo, 2 z, &) ((bo, b, b, B) € Newa(Z)).

Proof. For each (b, I;, b, B) € N;.:(Z), we have
a

o [(’)’] (z| (bo, b, b, B) = (z, 2, x, &)
a

=0 [”] (c| b+ o+ b'z, BE+ & b+ 2B, BE))
0

=exp [~ 2ma/= T (b + 2 +6'2)] T (@'B+b+ £+ DB
teZs

explon/=T{(z'8+ b+ £+ DB B @B+ b+ L+ D)
+ 2@+ BOEH @B+ b+ L+ D]
= exp [— 2zny/— 1] exp [— 272n/— 1 'z} eg..z'g (x+ ¢+ %',B'I)‘E‘l)i
explrmy/=T(z + ¢+ ' B e (a + £+ S 1p7Y)]
expl2rnm/— 126 (x + £+ %‘,B‘l expl2mny/— 1b'x]
s

0

= Q" [ (r| z0, £, x, E).

3. Right invariant vector fields

I P R I I
DO - a.l‘()’ D! - a.i'i’ D: = X axo + ax,\’ (1 < 1 < g)

on #4+2(R) are naturally extended to right invariant vector fields on Ng+z(R) as
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follows,
(5) Do= _aixor D; = 6(3?,’ D=2 axo+ ig”‘ax 1=i=g),
because
—aﬂafaa®=fm“@%®°“ﬂ81»_ﬂ%ﬁmf)M
et d2 0 fE@miad| -0 iq, 1,0,
l’j‘_f(‘roy .i-, x, E) = mey ‘f, x, &) ° (Oy seiysoy I)) _j(x()y ‘f! z, E) -
LR LT ARS8 S @ 2,8,
Dif (xo, £, z, &) = [z, 2, x, &) ° (0, O, ieiy 1)) — f(xo, £, 2, §) .

_ [+ 5%, 2, x + 5’6, §) — f(x, £, x, &)

S §=0
= (8 + L tugg ) fan 2.2, 0.
LEMMA 1.
(6) uu+é+%m*=& Q<i<yg).

Proof. Denoting £ = (&%) we have
Dia+ e+ et = (L ey ) e
= (Eeen . Saan) =
p=1 p=1

ProPOSITION 2.

[ aj a

(7) DOQI'M) n (f,xOy .Z‘A, 'r’ &) = 27[”\/ - ]-d);m l: n ] (TI Zo, ‘fy xZ, E)’
L O | 0
[ a a

8) Do | n| (t]z, & x, &) = 21nn/— 10/, (t]xo, 2, z, &),
L0 |
[a] a

©) Do | 7| (¢, &, x, &) = ji D" [ ”] (r]x0, 2, x, €),
L 0 | 0

a
+ 27["\/_ 1 i Tiﬁ¢j(z)5i [ n ] (Tley j‘y x, E)!
=1 0
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(a€eZ¢/nlt, j€Z%, n=1, 1=<1i<yp).
a

Proof. From the definition of @ | # ] (r|x, &, x, €) and Lemma 1 we have

a 3 a
DO@;”)[n](T|xO’£yx1 E)zbE@;n)l:n](rixO’jyxy S)
0 0
a
= 27n/— 1 O [”] (z]z0, 2, z, &),
0
(e 5 a
D; o/ ["] (tlzo, £, 2,8 = 25 2" ["] (t|lzo, 2, z, €)
0 i 0
= expl— 2mny/— 1x] 2 ((x + ¢+ ——) 'Y explrn
VAV /3

=T+ e+t et o+ L a@ expl2nn/= 1267 (@ + ¢+ D]

= 2mny— 1 expl— 2mmy/— 1ao] = ((x+ ¢+ —) g e

beZs

explon/= T{(z + £+ )€ 67 @+ £+ )]

a
= 27ny— 1 O, [" ] (t| o, 2, x, &)
0
a
por
0

g

a
](tlxo,f,x,E) (x,ax 2 & 2p)¢}”)[g](r|xo,f,x,é)

=1

a
= — 2tny/— 15;0/" ["] (] xo, £, x, &) + expl— 27ny/— 1]
0
2 jillz+ ¢+ —)'5’1)’ “explany— 1{(x + ¢+ —)'S g~z + ¢+ —)
leZs8

+ 2861 (x + £+ ;)}]
+ 5 2mny/=Tr, expl— 2mm/—12) & ((z+ £+ Lyig-yiser
p=1

eZ8

explany=T{(@ + £+ )7 tE ( + £+ 0) + 22887 (@ + £+ )]

a
+ 2any/— 12,07 [”] (t] o, z, x, &)
0
a a
=j;<1>}fé.[ ](rlxo,x x,§) +2mny—1 Z Tip m.["] (t|xo, Z, x, §).
0 0
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ProPOSITION 3.

a a
(10) (Dt - Eg: Tiﬁﬁi)®!§n) [ n ] (TIIOy 'iy xX, E) :jt¢1(f)£l l n ] (Tl Zo, ‘iy x, S)'
p=1 0 0

This is a direct consequence of (8) and (9).
Since Ngs2(Z ; #) \Ng+2(R) is compact, Proposition 1 means
a

@;ﬂ) [n] (Tl xo, i’ x’ E) e L2(Ng+2(z . n)\Ng+2(R))
0
(@a € Z*mZe;j € 15,).

a

THEOREM.  We denote by K™ [ n ] the completion of the vector spanned by
0

a

¢!§n) |:-g_] (Tley‘fy z, S) OEZEZO)

a

in La(Nes2(Z ; #) \ Ng2(R)). Then K™ [ n } is an irreducible invariant subspace
0

wtih respect to the right action of Nes2(R) on Ng+2(Z ; ) \Ng+2(R).
a

Proof. From Proposition 2 K™ [”] is an invariant subspace with respect
0
a

to subgroup #,+:(R). From Proposition 3 K% l"] is generated by a primitive
0

element

a
én) [n] (rley'i'; x, E)y
0

a

hence K™ [”] is irreducible with respect to #g+2(R). It is sufficient to prove

0
a

that K® [”] is invariant with respect to subgroup N,(R). For each element A
0

of Lie algebra of N,(R) we denote
Daf (zo, &, 7, £) = [z, 2, 2, §) ° (0,0,0, exp(sA)) — f (&, &, z, §)

N s=0
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_ [(xo, Z exp(sA), x, §exp(sA)) — f(x, £, x, §)
S s=0"
It is enough to show
a K4
DA(D}M) In] (T‘x()y'f;xv S) GK(m n
0 L O

Since ther exist constants Ajuj» depending on A and 7 such that

(@+ 0+ )EN=AY = 2 Ju(@+ e+

lkl=14l

2em/= T (@ + £+ e @+ o+ ) (x+ £+ D

= 3 @t et Heh,

|hl=\jl+2

a

DA¢JM) [ n ] (Tl Zo, ‘ilr z, 5)
0

[{exp[— 2am/— 1o eezzg ((x+ ¢+ ——)’8 Lexp(— s'A))’
explmny—1(x + ¢+ %)‘5“
exp(— s'A)T exp(— sA)§ (x + £+ £)] expl2mny/— 1267 (x + ¢ + %)]
—expl— 2nny/—1x] 2 ((x+ 4+ ~)'E Y explmny/— 1

leZs
{@te+DE @+ o+ +287 @+ o+ %)}]] ‘M
= 2 Apexpl— 2mnry] 2 ((x+ ¢+ ) 7k

Jkl=1j] teZs
explmny/— 1{(x + ¢+ —)'s‘lrs-l Hx+ ¢+ —~) + 226 (x+ £+ %)}]
+ 2 ppexpl—2mnz] T ((x+ £+ —) tg-1yh

lhl=|jl+2 teZs

explan/=T((z + £+ D'E ™ (z + £+ 9) + 2867 'z + £+ D))

a a
= 2 Rjk@é”)[o](rlxo,x,x H+ = uh(I)‘”)[g](r]xo,f,x,S).

1kl=171 ll=1jl+
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