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SPHERICAL HOMOLOGY CLASSES
IN THE BORDISM OF LIE GROUPS

RICHARD KANE AND GUILLERMO MORENO

The mod torsion Hurewicz map
hy : 11,(G)/Tor — H,(G)/Tor

for compact Lie groups provides a useful and efficient means of studying G. In
effect, it measures how far G fails to be a product of spheres. For the Hopf-
Samelson theorem (see [17]) tells us that

H.«(G;Q) = E(xy,...,x,) where degx; =2n; — 1.

In other words
H.(G:;Q) = H, (HSZ"'“‘;Q) :
i=1
Serre pointed out that there exists a map
f: HS -l 4G
i=1
inducing this Q isomorphism. Just take the generators of IL.(G)/Tor (they lie

in degrees {2n; — 1,...,2n, — 1}) and multiply them together

fistlx . x g G G G

Observe the Hurewicz map is the study of the restrictions

r

H.($*~") — H, (H Sz"f—‘) LY A())

i=1
So it provides an index of how far
f* :H* (HSZn,—l) “"Hx(G)
i=1
fails to be an isomorphism.
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A great deal of information has been obtained about the map f and/or the
Hurewicz map hy. The study can, of course, be reduced to the case of p pri-
mary information through localization. The approach has been to concentrate on
reasonably large primes. For such primes a complete solution has been given.
The relevant concepts are regularity (see [22] or [14]) or quasi regularity (see
[19], [9] and [28]). For small primes much less is known. Among the various
simple Lie groups the Hurewicz map has been calculated only for the classical
groups and for G, and F4. We will cite references at the appropriate places in
the text.

In this paper we will study the question of a general characterization of
spherical homology classes. Such a characterization would appear to be rather
difficult in terms of ordinary homology. The purpose of this paper is to study
whether such a characterization can be obtained using MU theory. One has a
factorization

hMU MU*(G)/TOF
I1.(G)/Tor J' T

hy H. (G)/Tor

where the top map is the MU Hurewicz map and T is the Thom map. So the
determination of Ay also determines Ay . In this paper we will study whether
Im hpy can be characterized as the elements of MU *(G)/Tor which are pri-
mative both with respect to MU operations and with respect to the coalgebra
structure of MU ,(G)/Tor. As we have already indicated, the study of h; and
hpy can always be reduced to the p primary case through localization. Our an-
swer, in as far as it goes (G classical or G = Gj, F4), is “yes” for MU localized
at an odd prime and “no” for MU theory localized at p = 2.

Our study of the MU Hurewicz map is related to (and, indeed, motivated by)
another question about the Hurewicz map. Atiyah and Mimura asked if, in the
case of Lie groups, Im Ay can be characterized in terms of the Chern character

ch: Ki(G) ® Q — H(G; Q).

Our answer agrees with Atiyah and Mimura’s expectations. In the printed ver-
sion of the conjecture (see [24]) they expect a positive answer for all primes.
However, they later allowed the possibility of the conjecture failing for the 2
primary case. (We are grateful to J. F. Adams for this last piece of information.)
See §7 for a further discussion of the Atiyah-Mimura conjecture and its relation
to MU theory.

This paper is divided into three parts. In Section 1 we study rational MU
theory and define an operation P which characterizes the operation primitive
elements of MU ,(X) ® Q. In Section 2 we study how one uses the rational
information to obtain information about the primitives in MU (X )/Tor. One
reduces to integrality problems connected with the inclusions

MU (X)/Tor CMU,(X)®Q and IL(MU)CILMU)®Q.
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In Section 3 we study the relation between sphericals and primitives in the
bordism of Lie groups.

In this paper X will denote an arbitrary space or spectrum while G will be
reserved for a connected compact Lie group. Given a spectrum E we will adopt
the usual convention of using E,(X) and E*(X) to denote the homology and
cohomology defined by E. In particular MU (X) and MU*(X) will be used for
bordism and cobordism, respectively. Also H.(X) will always be homology with
Z coefficients while H,(X)() will denote homology localized at the prime p.

The first author would like to acknowledge the financial support of NSERC
grant #A4853 as well as the hospitality of the Max-Planck-Institut fiir Mathe-
matik, Bonn, during the preparation of this paper. Part of the material in this
paper appeared in the second author’s thesis (see [20]).

1. The operation P.

§1 MU Theory. As a general reference for the material covered in Section 1
we refer the reader to [1].

(a) II.(MU). The ring II.(MU) is a polynominal algebra Z[t,1,...]

(degt; = 2i). However there is no obvious canonical choice of the genera-
tors {#;}. When we pass to rational MU theory this problem disappears. We can
write ‘

ILLMU)®Q = Qlby,by,...] (degh; = 2i)
= Q[mi,my,...] (degm; = 2i).

The {b;} are obtained as follows. There is a canonical map
w:CP® =MU(Q)— MU

which lower degree by 2 in homology. If we wirte H *(CP*®) = Z[x] and
choose §3; € Hp(CP™) by (x', 8;) = é;; then b; = w,(Bis1). One has H,(MU) =
Z[by,b,,...]. The identity

ILLMU)RQ X H,MU)RQ

then gives the first description of IL.(MU) ® Q.
The elements {m;} are the conjugates of the {b;}. If we consider the power
series

exp(X) = » _ biX™!

i20

and let log(X) be the inverse power series then

log(X) = Z mxt*!

i20
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If we apply the Todd map then exp(X) and log(X) turn into the usual exp and
log series. For Td : IL.(MU)®Q — Q sends m, to 1/(n+1) and b, to 1 /(m+1)!.
If we consider TL,(MU) C II,(MU) ® Q then we have the following integrality
condition

(1.1)  (n+m, € IL.(MU)

(n+ Db, € I1,(MU).
There are best possible since Td(I1.(MU) C Z.

(b) MU Homology and Cohomology. Both MU homology, MU .(X), and co-
homology, MU*(X), are modules over I1,(MU). One must, however, adopt the
convention that

MU, =MU"" =TI, (MU).

In other words, the elements of I1.(MU) are considered to be negatively graded
when one works in cohomology. There is a natural pairing

MU*(X) ® MU .(X) — I1L.(MU).

Provided H,(X) is torsion free then MU*(X) and MU ,(X) are free I1.(MU)
modules (the Atiyah-Hirzebruch spectral sequence collapses) and the above pair-
ing is non-singular. In such cases we can think of MU*(X) and MU .(X) as
being “dual” I1,(MU) modules. However, one must keep in mind the change
in grading between homology and cohomology. As a result MU .(X) is always
connected and of finite type whereas MU *(X) need not be either. For example
let w € MU*(CP*) be given by the map w : CP®° — MU. Then

MU*(CP™) = MU™([[w]]
while
MU .(CP*®) = MU .{Bo, B1,B2---}
where (', 3;) = §;;. In the first case we have all formal power series in w. In
the second we have the free module generated by {80, 81,82, - -}-
In the case of rational MU theory the situation is always simple. Both
MU*(X) ® Q and MU .(X) ® Q are free and are “dual”. The Thom map
T:MU.(X)®@Q— H«(X;Q)

is surjective with kernel = the ideal (m;,m,...).
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§2. The Operation P . For each exponential sequence E = (e}, ez,...) (ie., a
sequence of non negative integers with only finitely many non zero terms) we
have the Landweber-Novikov operations

sg : MU*(X) — MU*(X)

sg : MU (X)) — MU (X)

which, in the cohomology case, raise degree by |[E| = 23 e; and, in the ho-
mology case, lower degree by |E|. The action of sg on IL(MU) is difficult
to describe. When we pass to 1L, (MU) ® Q the situation improves. We have
the canonical generators {b;} and {m;} of IL(MU) ® Q given in §1. Given an
exponential sequence E = (e}, ey,...) let

E__ €] 1.€2 (43
bE = bbb
E __ ey e (43
m —mlmz...mk

Then we have

0if |[E| 2 |F|and E #F

Fy _
@D s®D=4 e _p

If rg is the conjugate of sg defined by the recursive formula

2.2 > rese =0

E\+E,=E

then rg acts by the rule

0 if|E|2|F|andE #F
2.3 Fy =
@3 =0 ke
We now define operations

P MU*X)QQ —MU*X)®Q

P MU X)RQ—MU.(X)®Q
by the rule

PX) = ZmEsE(x)
E

where one sums over all exponential sequences. These operations have a number
of useful properties. We will only state them for cohomology
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(2.4) Multiplicative: P (xy) = P(x)P (y)

(2.5) Primitive Idempotent: P? = P where Im P = the operator primitives
of MU*(X) ® Q and Ker P = the ideal (my,my,...).

This last property has a number of consequences. We have that x is primitive
if and only in x = P (y) for some y. Also the Thom map induces an isomorphism
Im P = H*(X; Q). In other words, although an element of H*(X;Q) has many
representatives in MU*(X)®1Q, it has an unique primitive representative. Lastly,
there exists an unique factorization

MU*X)®Q —— MU*X)®Q
T
P
H*X)®Q

The above discussion also applies in homology. Of course the multiplicative
property only holds in homology when X has a product e.g. X is a ring spectrum
or a H-space.

For proofs of all the above properties consult [11]. There, a BP version of the
operation P was constructed and studied. Indeed, the next chapter is devoted to
recalling this BP version. The arguments given in [11] also apply to the present
MU operator. Properties 2.4 and 2.5 are deduced from 2.1, 2.2 and 2.3.

Remark 2.7. Although we will not need it in this paper it is useful to point
out that P has a “dual” definition as

P(x) = ZbErE(x).
E

§3 BP Theory. As we have already mentioned the operation P has an analogue
in rational Brown-Peterson theory. This operation has already been constructed
in [11]. Given a prime p then Brown-Peterson theory is a summand of MU
theory localized at p. If we rationalize then the relation between the two is easy
to state. Namely

IL.(BP)®Q CILMU)®Q
via the identity
3.1 H*(BP)®Q = Q[mp—lamp2—17~--]~

Indeed Quillen defined BP so as to have precisely this property. For each expo-
nential sequence £ he also defined operations

rg : BP*(X) — BP*(X)
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7 i BPo(X) — BPL(X)

which raise degrees and lower degrees, respectively, by 23 e;(p’ — 1). If we
define the conjugate sg of rg by the recursive rule

B2 Y sure =0

E\+E,=E

then sz covers the Steenrod operation P£ defined in [16]. In other words, we
have commutative diagrams

BP*(X) —X- BP*(X) BP.(X) —%— BP.X)

3.3) j

H'GF,) 2 H'GF,)  HU(XGF,) 2 HUX:F)
the vertical maps are the Thom map followed by reduction mod p. Also
PY : H (X;F,) — H.(X; F))

is the left action defined from the usual left action of P£ on H*(X ;Fp) by the
rule

G4 (X(PE),y) = (x, PE()

for any x € H*(X;F,) and y € H.(X;F,). (x(P*) is the conjugate of PE.)
If we let

At =m em
then the operations
P :BP*(X)®Q—BP*X)®Q
P :BP.(X)® Q— BP.(X)®Q
LP(x)ZﬁlEsE
E

satisfies properties analogous to the previous P. Also, the factorization of P
through H,.(X; Q) implies that we have a commutative diagram

MU.(X)®Q —2— MU (X)®Q

BP.X)®Q —2— BP.X)®Q
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2. Integral primitive elements.

§4 Integral primitives. We have an imbedding
MU (X)/Tor C MU.(X)®Q
where
Tor = {x € MU .(X)| nx =0 for some n € Z}.

By the discussion in Section 1, the problem of determining primitive elements
in MU ,(X) / Tor reduces to determining

Im ? NMU .(X)/Tor C MU (X)/Tor.

In other words, we have an integrality problem. When does x € Im P C
MU .(X) ® Q belong to MU (X)/Tor C MU (X) ® Q?

One can always reduce this integrality problem to an integrality problem
concerning the inclusion

IL.MU) C IL.MU) ® Q.

Choose a IL.(MU) ® Q basis {x;} of MU .(X) ® Q where the {x;} are elements
of MU ,(X)/Tor. Expand

P(x) =Y ax; o € LMU)RQ.
Then P (x) € MU .(X)/Tor if and only if
a; € I, MU) Cc II,(MU) ® Q for each ;.

In the rest of Section 2 we will illustrate how one can study primitive elements
in MU .(X)/Tor by the above method. In §5 we will give some precise integrality
conditions about the inclusion IL,(MU) C II,(MU) ® Q which will be used in
solving our problem for P (x). In §6 we will give some examples where we
solve the integrality question for Im P by the above method.

It should be noted that the above approach is not really practical as a general
method for studying the primitive of MU .(X)/Tor. For it depends on being
able to obtain reasonably explicit expansions of P (x). Such knowledge is not
always available. Even in this paper lack of knowledge of Im ¢ will soon
cause us to abandon the above approach. In Section 3 we will introduce and
constantly use a cruder but more effective tool. This cruder index is the image of
Im P N"MU (X)/Tor under the Thom map

T : MU(X)/Tor — H,(X)/Tor.
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This subgroup of H,(X)/Tor is easier to study than
Im P N MU .(X)/Tor C MU*(X)/Tor.

§5 Integrality Conditions for II,(MU) ® Q. In this section we prove that
certain specific elements of II,(MU) ® Q actually belong to IL.(MU) C
IT,(MU) ® Q. Our arguments are based on those used by Segal [20]. Let

b=1+b+by+---
(b); = the homogenous component of degree 2/ in (bY.

ProposITION 5.1.

!
%(b);tq eILMU) if2<q=r.

Observe that the restriction ¢ 2 2 is necessary. For (b)!_, = b,_;. And, as
we observed in §1, one must multiply b,_; by r! to make it integral.

Proof of Proposition. We can expand
(b)Y = (bo+b1+--) = (eo,e1,...,e)bbi" ... bE
where (e, ...,e;) is the multinominal coefficients

(eo+ +ey)!

eyl -e!
Then
e e ey
by, = E (eg, €1, ...,e)by’b]" ... b
eottes=q
e1+2er++ses=r—q
and
I’! q r! €0 1€ (N
a—(h)r_q = E E(eo,e],...,es)bo hl bc .
eot-tes=q

e1+2er+-+ses=r—q

We will demonstrate that each term
r!
5(e0,e|,...,es)b6"bf‘ . b8 e IL(MU).

We consider two separate cases.

https://doi.org/10.4153/CJM-1988-060-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1988-060-6

1340 R. KANE AND G. MORENO

(1) e; > 2 for some i. We know that
i+ 1! ...iq+ l!b,‘l ...b]q e IL,(MU).

Consequently, if (i; + 1)+ -+ + (i; + 1) = r then

|
r.bi

Shi by = 120+ 112+ 10+ 1, g+ 1)

X b,‘l ...b,‘q S H*(MU)

provided (i; +1,...,i;+1 = Omod 2. But it follows from some simple number
theory that (i; +1,...,i;+ 1) =0mod?2 if i, = i, for any a # b. For

(kiy..., k) =[]k, .. ki) mod 2

i

where &k, = Zk,iZi is the 2-adic expansion of %;,.

(i1) e; = 1 for all i. We have that
(eo, €1,...,€5) =0mod?2

since Y e; = ¢ 2 2. Thus as in (i)

|
Seo,. b .. b € TLMU).

Segal [21] made effective use of the Liulevicus version of the Hattori-Strong
theorem in studying II,(MU) C I1,(MU) ® Q. Write

IL.MU) ® Q = H.MU) ® Q.

Then

5.2) x € h(MU) belongs to Im II,(MU) — H,(MU) if and only if
Tdsg(x) € Z for all E.

The following fact will be used in our study of X = SO(2n + 1). In harmony
with BP theory let vi = 2m;. Then

ProposiTioN 5.3.

2k — 1!
2

(bax—2 + viby-3) € ILMU).

Proof. We will use criterion 5.2.
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(i) £ =(0,0,...). To show
2k — 1!

Td(by—2 + viby-3) € 1L.(MU)
it suffices to show

2k — 'Td(byy_p + viby_3) € 2.

We have
2k—1! 2k—1!
2k — 1T _ _3) =
d(by—2 +viby—3) =1 Tk
=1+2k—1
= 2k.

(i) |E] > 0. We will consider the terms by, and v;by—3 separately. First
of all

by—2) = (b)ék—l—i E = A,
5e(bs—2) {0 otherwise

So, by Proposition 5.1,
2k —1!

Tdsg(by—») € Z.

A slightly more complicated argument of the same type handles the case

2k — 1!

Tdsg(viby_3).

§6 Examples. We now demonstrate how one solves integrality problems for
certain cases of both the MU and BP version of the operator P.

(a) The Space X = CP®. For certain spaces one can obtain explicit formula
for the operation

P -MU.X)®@Q—-MU.(X)®Q.
The space X = CP® is the canonical example. Write

MU*(CP*®) =MU[[w]] and MU.(CP*®) = MU.{Bo,0,B2,-..}
as in §1. The operations {sg} act by the rule

JSHOE=A;
0 otherwise

se(w) = {
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It follows that

6  Pw=)Y mu* =logw).
i20

Inverting, we have

62) w=expPw) =Y bPw)"*.

i20
For each k 2 1 we then have
6.3) =GP W

where (b)¥ are the coefficients defined in §5. Since {w'} and {8;} are dual basis
it follows that {P ()} and {P(B;)} are also dual basis. If we dualize 6.3 then
we obtain

ProposiTION 6.4.

P B =D (bY_B.

Sk

It then follows from Proposition 5.1, plus
k'by_, € IL,((MU)

that
COROLLARY 6.5. k!P(Bi) € MUy (CP™).

(b) The space X = Sp(2). We next demonstrate the usefulness of the BP def-
inition of the P operation in understanding the MU version. The result obtained
is only partial. But it will play an important role in the study of the spaces Sp(n)
in Section 3.

The problem we are dealing with at the moment is to determine the minimal
integer N such that

NP (x) € MU (X)/Tor C MU .(X) ® Q.

To determine the p primary factor of N it suffices to localize and work with
BP theory. In other words, if p* is the minimal power of p such that p*? (x) €
BP.(X)/Tor then N = p*N where (N,p) = 1. The advantage of BP is that
even if one has no information about P (x) € MU,(X) ® Q one can often
obtain information about P (x) € BP.(X) ® Q. For, as explained in 3.3, the BP
operations {sg} are related to the Steenrod operations {?£}. So one can use
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knowledge of the A*(p) action on H.(X;F,) to deduce results about P (x) =
> Ese(x) in BP(X)®Q. We give a simple but useful example of this process.
Recall that

MU «(Sp(2)) = E(x3,x7),

where T1.(MU) is the coefficient ring. We have x3 = P (x3) is primitive. On thé
other hand, it is not clear for what coeffieicnt N we have NP (x7) € MU .(Sp(2))
we now obtain an sufficient condition for NP (x7) to be integral.

PrOPOSITION 6.6. 3! (x7) € MU .(Sp(2)).

In §8 we will demonstrate that this is a best possible result. We will prove
the proposition by using the BP version of the P operation. For each prime p
we have

BP*(Sp(Z)) = E(X3,.X7)

where IL.(BP is the coefficient ring. It suffices to show
(i) for p =2 2P (x7)eBP *, (Sp(2))
(i1) for p = 3 3P (x7)eBP *. (Sp(2))
(iii) for p 2 5 P (x7)eBP x, (Sp(2)).

Proof of (i). For p = 2 we have
P (x7) = x7 + mys1(X7) + misy(x7).
Since 2m, € I1,(BP) we have
2m,51(x7) € BP,(Sp(2)).

Since Sg* : H;(Sp(2); Fy) — H3(Sp(2);F») is trivial (A*(2) acts unstably) we
must have s;(x7) = 2ax3 for some a € Z). Thus

2m2s3(x7) = (2m))(2m;)axs € BP(Sp(2)).
Proof of (ii) and (iii). For p = 3 we can write P (x7) = x7 + ms,(x7) and
3my € 11,(BP). For p 2 5 we have P (x;) = x7.

Remark 6.7. Observe how, in the case p = 2, we used the relation between
BP operations and Steenrod operations to deduce a fact about} P (x7) from our
knowledge of the A*(2) action on H,.(Sp(2); F»).

3. Primitive versus spherical classes.

§7 Primitive and Spherical Classes. So far we have only discussed homology
classes which are primitive with respect to cohomology operations. However a
homology theory also has a coalgebra structure induced by the diagonal map
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A : X — X x X. And there is also the concept of a homology class being
primitive with respect to this coalgebra structure. Given a coalgebra C with
coproduct A : C — C ® C, an element of C is said to be (coalgebra) primitive
if A(x) =x® 1+ 1®x. We will use the symbol P(C) to denote such elements.
(The word “primitive” will be reserved for operation primitives so far as that is
possible.)

In the remainder of this paper we will study spherical homology classes in
the bordism of Lie groups. It is well known that spherical homology classes
are always primitive in both senses of the word. The question is to what extent
being biprimitive characterizes spherical homology classes mod torsion. More
exactly, let

Swu = Im hpyy : 11,(G)/Tor — MU.(G)/Tor

Pyy = PMUL(G)/TorNIm P C MU,(G)/Tor.

Then Syy C Pyy and our question is, to what extent, Syu = Puu -
The conjecture that Syy = Pyy is related to another conjecture about spher-
ical homology classes in Lie groups called the Atiyah-Mimura conjecture. Let

ch: K.(X)®Q — H.(X;Q)

be the Chern character isomorphism.

Atiyah-Mimura Conjecture. x € PH,(G)/Tor is spherical if and only if
ch™'(x) € Ku(G) C Ku(G) CK.(G) ® Q.

The conjecture implies that Syy = Pyy. The main point is that we have a
commutative diagram

MU G)®Q —2 MU.G)®Q

T CF

HG)eQ M kG®Q

where CF is the Conner-Floyd map (see [11]). Consider x € Pyy. We want to
show x € Syy. Since P2 = P we have P (x) = x. Let ¥ = T(x). Then

ch™'(%¥) € CFP (x) = CF(x).

Since x € MU*(G)/Tor we have ch_l(ft) € K.(G). So, by the Atiyah-Mimura
conjecture, X is spherical. By the commutativity of the diagram

,ﬁw//a PMU, (G)/Tor

hy PH.(G)/Tor
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X has a spherical representative y in MU,(G)/Tor. But x,y € Pyy. Since we
have an isomorphism

T:Im P 2 H,(X;Q)

the relation T(x) = ¥ = T(y) forces x = y.

We should also note that, although we have not been able to prove the re-
verse implication, in practical terms, the two conjectures are equivalent. All our
arguments and results in MU theory have appropriate analogues.

As we indicated in §4 it can be quite difficult to determine Py in an explicit
manner. Fortunately, one can simplify the study of the inclusion Syy C Pyy by
passing to ordinary homology. Let

Py = the image of Pyy under T : PMU,(G)/Tor — PH.(G)/Tor

Su = Im hy : 11(G)/Tor — PH,(G)/Tor.

We have an inclusion Sy C Py. Moreover the study of Sy C Py is equivalent
to the study of Syy C Pyy. For, as we observed after 2.5, T is injective when
restricted to Py . So we have a commutative diagram

Suv C Puu

s

Sy C Py

We will study Sy C Py. For it is much easier to determine Py rather than
Puu . Consequently, it is easier to prove that Sy = Py or Sy # Py rather than
Suu = Puu or Syy # Pyy. In this manner we will often be able to settle the
question Syy = Pyy without any explicit knowledge of Pyy .

We will study the question Sy = %y for the classical groups plus the excep-
tional Lie groups G, and Fjy. First, we do the infinite Lie groups SU, Sp and SO.
These results follow in a fairly pleasant fashion. From these results the answer
for SU(n) and SP(n) are automatic. However, the case SO(n) demands a great
deal more work. The result for SO does not simply suspend.- Similarly, G, and
F4 involve a great deal of effort.

Most of our energy will be expended on Py rather than Sy. For Sy we will
basically rely on the calculations of

I1.(G)/Tor — PH,(G)/Tor

as obtained from the various sources. We will concentrate on calculating Fy.
We can isolate two basic techniques which will be utilized in this study. We
might describe the techniques as giving upper bound and lower bound results.
For example, let us suppose that we want to prove By C PH,(G)/Tor is given
in degree k by NZ C Z. The inclusion ®y C PH,(G)/Tor is given in degree
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k by NZ C Z. The inclusion Py C NZ is the upper bound result while the
inclusion NZ C Py is the lower bound result.

(a) Representations. Once we have the answer for SU we can use repre-
sentations to deduce upper bound results for other groups. As we will see
Py C PH.(SU) is given in degree 2n+ 1 by n!Z C Z. If we have a repre-
sentation p : G — SU such that

px : Papei H(G) [Tor — Poyy Ho(SU)
is of the form
757

then 2y for the case G must satisfy
n!
Py C —k—Z

For the commutative diagram
TH C P2n+lH*(G)/T0r

P* p*

Py C  PrpuHL(SU)
is of the form
Py C 1
xk
nZ C Z

(b) Generating Varieties. This technique is useful for the groups G = SU (n),
SO(n), G and F4 in obtaining lower bounds. Bott [3] demonstrated that, for
each compact Lie group G.there exists a (non unique) finite complex V and a
map f : V — QoG so that H,(QyG, is generated, as an algebra, by Im f,. In
other words,

fv t Ho(V) — QH..(§G)

is surjective. Both H.(V) and H.(£yG) are torsion free. Consequently, the
Atiyah-Hirezebruch spectral sequence collapses in both cases and

MU(V) — OMU,(G)
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is surjective. The map 200G — G induces the “loop” maps.
O, : OH,(QG) — PH.(G)/Tor

Q. : OMU(Q0G) — PMU,(G)/Tor.

By using the composite
MU(V) — QMU (QoG) — PMU,(G)/Tor

‘one can reduce the study of Pyy C PMU*(G)/Tor to the study of primitive
elements in MU, (V). In the cases G = SU(n), SO(n), G, and F4 the complex
V is simple enough to enable one to obtain detailed information about the
primitives of MU.(V). On the other hand, we have found no generating variety
for Sp(n) whose bordism MU,.(V) is effectively computable (in terms of the
action of the operations). So it is fortunate that we can simply deduce our
answer for Sp(n) from the stable case Sp.

We might also remark that the generating variety only appears explicitly in the
cases G = SO(n) and G = G,. In the SU case we use the “infinite” generating
variety CP® C QSU. In the F4 case the generating variety appears implicitly
in our appeal to the calculations of Watanabe [27].

§8 The Groups G = SU,Sp and SO. We begin our study with the infinite
Lie groups
SU = lim SU(n), Sp = lim Sp(n) and SO = lim SO(n).
n—oo n—00

n—o9o

As we will observe at the end of this section, our results for these groups
automatically extend to certain other groups, namely SU (n), Sp(n) and Spin =
lim, o, Spin(n).

(@) The Group G = SU. Recall that H,(SU) = E(x3,xs5,x7,...) and
PH,(SU) has a Z basis {x3,xs,x7,...}. So we must study the inclusion Sy C Py

in degrees 3,5,7,... . Our result is
S C Py C P H,
I n'Z I n'Z I ¥/ [

for each n = 1. So Sy = Py in this case.

We begin with the space X = 3 CP®. Our study of MU,(CP™) in §6 also
applies to MU,(Z CP*) with the obvious change of degree. We will use the
same symbol to denote corresponding element in MU, (2, CP*). So

PMU,(Z CP*®) = MU,(Z CP™)
is a free I1,(MU) module with basis {3} and

Pyy C PMU,(Z CP™)
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is a free Z module with basis {n!®(3,)}. So, in degree 2n +1 Py C
PH, (2, CP®) is the inclusion n!Z C Z. But we claim that

Su C PH.(3 CP*)

is also given in degree 2n+1 by n!Z C Z. Consider f : §° — K(Z, 3) representing
the generator of II3(K(Z,3) = Z. The map

Qf :Q8*—Ccp>®

is multiplication by n! in degree 2n. (H.(Q1S?) is a divided polynominal algebra
while H*(CP®) is a polynominal algebra.) Consequently, the map

SZIH—] C vS2n+1 — EQS?’ —*ECPOO

n22

is multiplication by n! in degree 2n + 1.
We have a canonical map X CP*® — SU which induces an isomorphism

PMU,(Z CP™®) = PMU,(SU).

So our treatment of X = 3, CP> extends to X = SU as well.

(b) The Groups G = Sp and G = SO. We now study the relation between
Smu and Pyy for the spaces G = Sp and G = SO. Because of the Bott period-
icity between Sp and SO ('SP = SO, Q¢SO = Sp) it is advantageous to treat
the cases simultaneously. Recall that

H.(Sp) = H«(SO)/Tor = E(x3,x7,x11,...)

and
PH.(Sp) = PH*(SO)/Tor
has a Z basis {x3,x7,x11,...}. We will demonstrate that the inclusions Sy C
Py C PH, are given, in degree 4k — 1, by the following charts.
SH - Py C Py 1H,
k even Sp 22k — 1)Z 2k — 1'Z Z
2k — 1! - 1!
SO Z 2k—1 Z Z
2 2
St Py C Py 1H.
kodd Sp 2k — 11Z 2k — 11Z V/
2k — 1!
SO 2k—1'Z 3 Z Z
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So Sy depends on k(mod2). And the equality Sy = Py has a similar depen-
dence. We now verify the charts.
(i) Spherical Classes. Consider the commutative diagrams

My—1(Sp) — a1 (SU)

Pi_1H(Sp) — Pay_1H.(SU)
[Ly—1(SO)/Tor — Tly_y(SU)

P4y 1H,(SO)/Tor — Py H.(SU)
The horizontal maps are induced by the standard inclusions Sp C SU C SO.
Let

ak:{l k odd b {2 k odd

2 keven k= 1 k& even.

Then the above diagrams are of the form

7z Xz 7 X 7
l J'XZk—l j jXZk-—l
7 x1 x2

— Z 7 — Z

For the horizontal maps see [13] and [S].

(ii) Primitive classes. We will consider Py C PH, and write Py _H, = Z.
First of all, we have

k—1!
2 in the case G = SO.

Py C2k—1!Z in the case G = Sp
o |

Py C

For the canonical maps SO — SU and Sp — SU induce the commutative
diagrams.

Py (Sp) — Py (SU)

Pax—1H(Sp) — Pay_1H(SU)
Py(SO) — Py(SU)

Py—1Hy — Py 1H(SU)
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which are known to be of the form

Py(Sp) — 2k—11Z Py(SO) — 2k~ 11Z
z 5z z =z

For the bottom map see [5]. Secondly, in degree 4k — 1

(%) 2k — 1'Z C Py in the case G = SP
2k — 1'Z C Py in the case G = SO.

For the Bott periodicity equivalences ('SP = SO, QSO = Sp, QU = U
induce a commutative diagram

Py—1H(Sp) —  PusH(S)/Tor
Pa1H.(SU) —  PysH. (SU)

Py 1H(SO)/Tor —  PaysH.(Sp)

which is of the form

VA — Z
x1 l X2
7 X (2k)(2k+1) 7
x2 { x1
Z — Z

For the middle horizontal map see Corollary 16.23 of [25]. We can deduce from
the above that

22k +1)

QO 1 Pay_1H(Sp) — Pars3H.(SO)/Tor is multiplication by 5

O} : Py H (SO)/Tor — Pay,3H,(Sp) is multiplication by (2k)(2k + 1).

We now prove (**) by induction on degree. Obviously (**) holds in degree 3.
By the example G = Sp(2) treated in §6 we can assume (**) holds for G = Sp
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in degree 7. We now proceed by induction. A flow chart for the argument is as
follows

3 7 11 15 19...
3 st 7t 9
(0] - = = —...
/2><2><2 2
Sp 1 31 5t 7t 9t ..

(c) The Groups G = SU (n),SP(n) and Spin. We close §8 by observing that
the preceeding results for SU, Sp and SO pass to SU (n), Sp(n) and Spin respec-
tively. In the first two cases the inclusions SU(n) C SU and Sp(n) C Sp induce
homotopy equivalences in the range of degrees in which the algebra generators
of H,.(SU(n)) and H.(Sp(n)) lie. In the last case one can simply replace SO by
Spin in all the preceeding argument.

On the other hand, the results for SO(n) and Spin(n) cannot be easily deduced

from those for SO and Spin. For the inclusions SO(r) C SO and Spin(n) C Spin
are not homotopy equivalences in a sufficient range of dimensions.

S

§9 The Groups G = SO(n) and Spin(n). The study of these groups con-
stitutes the major calculations of this paper. We will study these groups via
the generating variety approach described in §7. For the presence of 2 tor-
sion in H,(SO(n)) and H,.(Spin(n)) means that the structure of MU, (SO)(n)) and
MU ,(Spin(n)) is complicated. So the indirect approach of studying MU, (SO (n))
and MU, (€ Spin(n)) is quite useful in this case.

We will concentrate on G = SO(n). The arguments and results for G =
Spin(n) are similar and will be indicated at the end of the section.

Before studying Sy C Py C PH.(SO(n))/Tor we first study the relation of
SO(n) to the generating variety V,, C QSO (n).

(a) Generating Variety V,. It was shown in [3] that we can define the gen-
erating variety V,, C {}0SO(n) to be

V, = 80(n)/SO2) x SO(n —2).

The structure of H*(V,) is slightly different for » odd and n even. H*(Vy,41)
has a basis

{LA,...,A" 1 A" )2, A7 )2}
while H*(V,4,) has a basis
{1,A,...,A", A" )2 .. .A*™/2,B}

where deg A = 2 and deg B = 2n. B is uniquely determined by the requirement
that

AB = A™! /2.
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If we dualize then H,(V,,.1) has a basis
{60,615 y0n—1,26ny- -, 26201}
while H,(V,,42) has a basis
{60,615+ 16ny 2041y, 2000, A}
The inclusion SO(n) C SO(n + 1) induces a map V, — V. Our notation

is chosen so that elements with the same name correspond under the induced
maps in homology and cohomology. Also A has the property of generating

Ker {H2,(V2ns2) = Han(Vani3)}
while A" — 2B has the property of generating
Ker {H>'(Vani2) = H* (Vana1)}-

We next study the relation between H*(V,) and H*(SO(n))/Tor and then
between H,(V,) and H.(SO(n))/Tor.

(b) Cohomology. First of all the mod 2 cohomology of SO(n) can be de-
scribed in terms of a simple system of generators as

H*(SO(n); F2) = A(xy, X2, ..., Xn1)
Sq'(x)) = [jl] Xisj-

(To obtain the complete algebra structure of H*(SO(n); F,) one must replace
each xy; by x,%.) Let {B,} be the Bockstein spectral sequence for 2 torsion in
H*(SO(n)). Then

By = H*(§0(n); Fy)

B = H*(SO(n))/Tor ® F,.

Since d; = Sq' we can calculate
X=802n+1) 32=E()’3’}’77~--,)’4n—1)

X=80Q2n+2)  By=E@3yr,...,Yan-1) @ E(2)

where

Yank—1 = {X4k—1 +X2k—1X2k}
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{xnXn+1} nodd
=
{x2ne1}  n even.

(In the description of Y4_; we are assuming that x45—; = 0 when 4k — 1 >
2n+1.) So we can write

H*(SO(2n +1))/Tor = E(Y3,Y7,...,Y4,—1)

H*(SO(Zn + 2))/TOI' =E3,Y7,....Y4, 1) QEZ)

where {Y;} and Z reduce mod 2 to {y;} and z. Our notation is consistent with
the maps SO(n) — SO(n+1) vin that symbols with the same name map to each
other. Observe, also, that Z maps to Y,,,; under the map

H*(SO(2n +2))/Tor — H*(SO(2n + 1))/ Tor

when 7 is odd.
Now consider the loop map

Q* : QH*(SO(n))/Tor — PH*(0S0(n)).
The assertion that

H.(Vs) — QH.(20S0(n))
is surjective dualizes to give

PH*(Q0SO(n)) C H*(V,)

is a direct summand. We will describe Im ) * in terms of H*(V,). We have

ProposITION 9.1. (i) Q*(Ypi,) = A’ for i =1,3,5,...,2n—1

2B n odd
2B — A" n even.

i) Q@)= {

Proof. For (i) we need only consider SO(2n + 1). We have a commutative
diagram

Q4i—1H*(S0(2,, +2k + 1))/Tor =, 04~ TH*(SO(2n + 1))/Tor
Q*j IS o
PY2H*(QSO(2n + 2k + 1)) — P4 2H*(QySOQ2n + 1))

ll\f

H¥2(Vapsoks1) = HY2(Vapa1)
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(Assume k>0and 1 =i = n)
We have already justified all the isomorphisms except for the left vertical
isomorphism involving {2 *. It follows from the fact that

Q*: Q°UH*(SO@2n + 2k + 1); F2) — p™ " H*(Qo(SO2n + 2k + 1); F)

is injective (see, for example [6]). Since k > 0, Y4;+1) is represented mod 2 by
X4i—1 + X2i_1Xp; where x4;—1 = 0. So Q*(X4i_1) # 0 forces

Q *(Y4,‘_]) 7{ Omod 2.
The fact that the right hand composition in the diagram must also be an isomor-
phism now gives us property (i).
Regarding (ii) we must treat n odd and n even separately. When n is odd we
can choose Y,,,; and Z so that
Yone1 —Z € Ker {H*(SO(2n +2))/Tor — H*(SO(2n + 1)) /Tor}.
But then
Q*(Yone1 — Z) € Ker {H*(Van2) — H* (Van1) }-
So

Q*(Yop —Z) = A" —2B.

(In particular we already know that it is non zero mod 2.) Since ) *(Y5,4+) = A"
we have () *(Z) = 2B. When n is even we can choose Z from

Ker{H*(SO(2n + 2))/Tor — H*(SO(2n + 1))/ Tor}.

We then obtain {)*(Z) = A" — 2B.

(c) Homology. If we dualize the above description then we obtain
H*(SO(ZH + 1))/Tor = E((X:),, A7y, Qap—1)

H.(SOQ2n+1))/Tor = E(a3, az, ..., Qs,—1) @ E(B)

where {a;} U {8} is a basis of PH,(SO(n))/Tor and elements with the same
symbol correspond under the maps SO(n) — SO(n + 1).
The map

O, : QH,(ySO(n))/Tor — PH.(SO(n))/Tor
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is described by

V@) =z i=1,3,5,...,2n
0N = 26.
Remember of course, that for n < i < 2n— 1, 0;H.(QpSO(n)) is not generated
by &; but by 26;. So, in those degrees, {1, is multiplication by 2.
We will also need to know a little about the relation between H,(SO(n)) / Tor

and H.(SO(n); F). If we dualize our description of H,(SO(n); F,) then we can
write

H,(SO(n); FZ) = E(717727 ooy Ynm1)-

This time the identity is as algebras, not just with respect to a simple system of
generators. Let D, = the g fold decomposables of H,(SO(n); F>) and let

p : H(SO(n)) — H.(SO(n); F7)

be the mod 2 reduction map. Our main result is

PrOPOSITION 9.2. Let 8 € H.(SO(2n + 2)) be any representative for 3 €
H.(SO(2n +2))/Tor. Then

Y1 mod D? for n even
PB) = § VYVl + Z €Y V2ns1—imod D for n odd.
i<n

Let {B"} be the homology Bockstein spectral sequence with respect to 2
torsion in H,(SO(n)). It is dual to the spectral sequence {B,} considered in part
(b). So it follows from the calculations in part (b) that

B% = H*(SO(n))/Tor @ F,

is an exterior algebra on odd degree generators. However, it is difficult to ex-
plicitly calculate B2. For, although d'Y_; = 0, the {Vi,...,7,_1} are not
invariant under the action of d'. However we can used the results from part (b)
to deduce that, in the case X = SO(2n + 2),

(*) one can choose {Y2,+1} (n even) and {V,Y,:1+?} where ? € D3 (n odd)
among exterior algebra generators of B2

We need to show that the classes V2,41 and ¥, Yns1+? € Ker d! and that they
pair off nontrivially with the cohomology elements x3,+; and x,x,.) respectively.
The only fact which needs comment is that we can choose a class of the form
YaYne1+? in Ker d;. If we filter

B! = H.(SO(2n +2); F,)

https://doi.org/10.4153/CJM-1988-060-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1988-060-6

1356 R. KANE AND G. MORENO

by {D9} then, as in [4] we obtain a spectral sequence converging to B?. The
action of d' = Sqg' on

E\ =EoB' = E(MV,72,...yY2n-1)
is S¢'(Y2:) = Y2i-1. So
Ey = E{vima}, {03V}, ooy {0 20-1720 ) ® EO2na1)-

Therefore E; = E,, = EoB>. In particular {7Y,7,+1} (n odd) survives the spectral
sequence.
We can rephrase (*) as stating that the canonical map

p: H(SO@2n +2)) — H(SO(2n +2))/Tor @ F
satisfies p(8) = {Yane1} OF { ¥, Yne1+2}. This determines p(3) for
p: H(SO2n+2))— H,(SOQ2n+2); F,)

modulo the indeterminacy Im d!. However, Im d! is spanned by the monono-
mials of D? distinct from ¥, Yp+1. SO Proposition 9.2 follows.

(d) Spherical Classes. As we will see the Hurewicz map for SO(n) is roughly
the same as for SO. Some added complications arise, however.

(i) The Case x = SO(2n + 1). The Hurewicz map has been determined by
Barratt-Mahowald [2], Kervaire [13] and Lundell [15]. If we ignore k = 1,2,4
then, for k < 2n, we have a commutative diagram

H4k,1(S0(2n + 1))/T0]‘ f—-’ H4k_1(SO)/Tor =7
2k — 1!

Pax_1HL(SO(2n + 1)) /Tor — Py_H,(SO)/Tor = Z

So, in those cases, Sy C Pay—1H«(SO(2n+ 1)) is given by 2k — 1!Z C Z. When
k = 1 then, in certain cases, the map

I4x—1(SO(2n + 1)) /Tor — Pax—1H(SO(2n + 1)) /Tor’

is not an isomorphism. The following diagrams describe these cases.

X

3S0(3)/Tor 2 T1,(S0)/Tor
x2 &~

P3H(SO(3))/Tor —= P3H(SO)/Tor
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X

$0G)/Tor 5 T$S06)/Tor 5 [$07)/Tor 5 11(50)/Tor

24 12 6 3

P7H(SO(5))/Tor = P1H(SO(6))/Tor = P7H(SO(T))/Tor — P7H(SO)/Tor

,5(80(9)/Tor = M5(S0(10))/Tor = T5(SOA1)/Tor = Ms(SO(12))/Tor 33 ,5(S0)/Tor
7 7 7 7 R

PisH(SO(9)/Tor = PisH(SO(10))/Tor = PisH(SO(1)/Tor = PisH(SO(12))/Tor = P sH(SO)/Tor

(ii) The Case X = SO(2n+2). Again, the Hurewicz map for X = SO(2n+2)
is similar to that for X = SO. We have the deviation between the two already

noted above in degrees 7 and 15. We also have the added complication that, in
degree 2n+1,

Hz,,+1(SO(2n + 2))/TOI' — H2n+1(SO)/TOI‘ and

PonetHo(SO(2n + 2)) /Tor — Pay H * (SO)/Tor

have non trivial kernels. We know that the homology kernel is Z generated by
(3. At the moment we show

ProPOSITION 9.3. 283 € Sy.

Of course, it is possible that 8 € Sy. We will later show that 8 & Py. So
S C Py Hi(SOQRn+2) =72 Q1L

is given by ”—2—’Z ® 2Z with the exceptions noted in degrees 7 and 15.

Proof. The map H.(Vj,12) — Hi(Vau.3) has kernel Z generated by A. It
follows that

A€ H2n+] (2 V2n+2)

is spherical (look at the cofibre sequence Vyuz — Vanz — K — 2V —
3 Vanez). Since ,(\) = 23 we have 243 is spherical.

(e) Primitive Classes for X = SO(2n + 1). We have to study the submodule
Py C Py—1H(SO(2n +1))/Tor

for 1 £ k = n. We will obtain the same answer as for the stable case X = SO.
Because of the homotopy equivalence between the 2n— 1 skeletons of SO(2n+1)
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and SO this is automatic when 2k < n. But, for n+ 1 £ 2k = 2n, we must
produce an entirely new argument. The case n = 1 is easy. For

MU.(SO(3))/Tor = E(x3).
So
Py = PH,(SO(3))/Tor.

So we can assume that n (and hence k) 2 2. Our goal is to prove

PRrOPOSITION 9.4. Let n 22 and n+1 < 2k < 2n. Then
Py C Py H.(SO2n + 1))/ Tor

is given by ~2—"—;—”Z cZ
Write

P4k,1H*(S0(2n + 2))/T01' =7.

Then we want to prove

2k — 1!
Py = 5 Z.
The inclusion
2k — 1!
Py C 7

is easy. For the diagram

Py C Py—1H(SO(2n + l))/TOI‘

Py C P4k_1H*(SO)/TOI'
is of the form

Py cZz
|y

2k + 1!
ZCl
) C

The reverse inclusion

2k + 1!
2

7ZC %Py
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demands all the work. We will use the generating variety V (= V,,,) described
in part (a). Because of the isomorphisms

Pa_1H.(SO(2k + 1))/ Tor = Py_1H,(SO(2k + 3))/Tor

& Py—1H(SO(2k + 5)) / Tor

we can reduce to the case k = n.

We first remark that we will defer our treatment of the case k = n = 3 until
§10. The argument we are about to give fails in this case. (At the end of §10 we
will indicate the nature of the failure). However, our treatment of the exceptional
group G, in §10 will handle the case k = n = 3. We want to show that

Py C P11H(SO(7))/Tor
satisfies
5!
—Z C Py.
y 4 rn
Now, the canonical maps G, — Spin(7) — SO(7) induce isomorphisms
P11H.(G2)/Tor = Py1H.(Spin(7))/Tor = Py1H,(SO(7))/Tor.

So it suffices to show that Py C PHH*(Gz)/Tor is given by
5!
—7Z CZ.
) C

This will be done in §10.
We now set about treating the cases n = 2 and n 2 4.
Let {20,21,32,..., 301} be a IL(MU) basis of MU.(V). The map

MU(V) — OMU.(0SO(2n + 1))

is surjective. We will also use 3; to denote the image of 3; in QMU,(QoSO(2n+
1)). In OMU,(£2pSO(2n + 1)) we have the relation

23, =v2; where vi = 2m;.
(The arguments in [10] establish that relations of this sort exist.) In order to

prove

2n—1!

ZCH?
) H

it suffices to prove
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ProposrTiON 9.5.

) 2P (33) € OMU(0pSO(5))

2n — 1!
4

(i1) P (Zanr1) € QMU (QoSOQ2n+ 1)) for n 2 4.

To see the sufficiency of this proposition consider the commutative diagram
OMU,.(pSO(2n + 1)) 2, PMU,.(SO(2n+1))
T T
OH,(QSOQn+1)) 25 PH,(SO@n+1))
Since T(Cou—1) = 260,41 and Q,(62,—1) = a4,—; We have
TQ(Zon-1) = QT (Gon—1) = 2Q4n—1.

On the other hand, the proposition implies that

2n—1!

PO (Zons) € PMUL(SO(2n + 1)).

Consequently,

2n—1!
2

Oan-1 € Py.

In other words,

2n—1!

7C%Py

as required.
To prove the proposition expand

P (Zone1) = Zope1 + Z Ci%.

15202

For the moment assume that we are dealing with the case n = 4. So we want to
show that

2n—11
n e e TL(MU) C TLMU)® Q  for each 1 < i < 2n — 2.

We will divide our argument into two cases
@D izn+1
(i) i = n.
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(i) The case i > n+ 1. Given k = }_ k;2* (2-adic expansion) let

ak) = Z ks

Y2(k) = the maximal power of 2 dividing k.
It is easy to prove
LeMMA 9.6. Y, (k!) = k — a(k).
LEMMA 9.7. Yotk + hky + 11 ..k + 11) S ) k.
Since n 2 4 we have n 2 a(2n — 1) + 1. Thus

iZn+l12an—1)+2.

It follows that

: -1
Eie—i—c—é2n-l—(a(2n——l)+2)=’7z[ " J

4

Thus ¢; can be expanded in terms of the monomials by, ... b, where

2n — 1!
sté'h[n“ :l

Now by 1.1,

k| + 1!...k,+ l!bk, '-'bkr € H*(MU)(Z).

So by Lemma 6.7,

2k — 1!
4

by, ... by, € IL(MU ).
(ii) The Case i < n. Before handling these cases we put some restrictions on
the coefficients ¢;. As before write
MU(CP*"™") = IL(MU){Bo, B1, - Bon-1}-
There exists a map f : V — CP?*~! such that
fo : MUL(V) — MU,(CP*" )

satisfies

fE)=B i=n-—1
*) G =26, i=n
f*(zi)=2,3,'+? iZ2n+1.
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We use this map to prove

Lemma 9.8. For i = n— 1 one can assume ¢; = 2(b),_;_,. For i = n one
can assume ¢, = (b),_,.

Proof. Since f,(Z2,-1) = Ban—1+? and since P annihilates (m,my,...) we
have

F+P (Zon1) = 2P (Bon—1)-

Expanding both sides we obtain

Z cif(Zi) = Z (BYon1_iBi-

1=2n—1 1=2n—1

If we replace each f,(2;) by its expression in the {3;} and collect the coefficients
of {B1,...,8,} then we have

i=n 2c,4+?=2b)""

1Sn—1 ¢+?=20b) i
It follows from our discussion of the case i 2 n+ 1 that

2n—1!
4

M € H*(MU)(Q).

Consequently, to prove

2n—1!

ci € n*(MU)(z) fori=n

it suffices to reduce to the cases given in the lemma.
In the case i — 1 we actually want to make a further modification in c;.
Lemma 9.9. We can assume ¢| = 2by,_5 +2viby,_3.

Proof. By Lemma 9.8 we have already reduced our expansion of P (3,—1)
to the form

P(Zon—1) = 2pp_1 +-- -+ 2(b)%n—322 +2(b)3, 030
Now
(bY33 = 2byyy + -+

b3y = bana.
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By the relation 23, = v;2; in QMU,(QySO(2n + 1)) we can replace 4b,, 30>
(in the expansion of P (2,,_1)) by 2viby,—383i.

We can now set about showing that
2n—1!

Ci (S H*(MU)(Z).

Fori=1and 2 =i = n— 1 we appeal to Propositions 5.3 and 5.1 respectively.
Regarding i = n the argument given in part (i) for the case i 2 n+1 also covers
the case i = n 2 5. For the argument given there actually applies to the cases
i 2 a2n — 1) + 2. Regarding i = n = 4 it follows from Lemma 9.8 that

c4 = b3 = 4b;} + 4b3 +2b, b;.
Since (k + 1)!b; € I1,(MU) it follows that
74
Z(b)3 € IL.MU).
We have now finished our proof of Proposition 9.5 for the n = 4 case. For
n = 2 we have, by Lemma 9.8,
P (33) = 33+ ()1%2 + 20633
= 23 + 2b[22 + 2b221.
Also 2b; € I1,(MU) while 3!b, € IL,(MU). Thus 3P (23) € IL(MU).

(f) Primitive Classes for X = SO(2n+2). First of all, in degress # 2n+ 1,
our description of Py for X = SO(2n + 1) applies for X = SO(2n +2) as well.

PROPOSITION 9.10. Given 1 = k = n where 4k — 1 # 2n+1 then
Py C Py 1H (SOQ2n + 1))/T0r

is given by
2k —1!
2

ZC1Z.

Proof. Consider the maps

P;H,(SO(2n + 1))/ Tor ER P;H.(SO(2n +2))/Tor
£, P;H.(SO(2n + 3))/ Tor.
It follows from our description of homology in part (c) that f is surjective in

degrees # 2n+1 while g is injective in degrees # 2n+1. Because of Proposition
9.4 we can use f to force

2k — 1!
2

7ZCPy.
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in degree 4k — 1 and g to force

2k — 1!

Py C V4

in degree 4k — 1.

On the other hand, in degree 2n + 1, the difference between X = SO(2n+ 1)
and X = SO(2n + 2) appears. For

H*(SO(2n +2))/Tor & H*(SO(2n + 1)) /Tor ® E(B)
where (3 generates
ker{P2,+1H.(SO(2n + 2))/Tor — P2,.1H.(SO)/Tor}.

We have already shown in Proposition 9.3 that 23 € Sy. The other key result
about 3 is

ProposiTION 9.11. 3 & Py.

Proof. We begin with n odd. If 3 € Py then it follows from Proposition 9.2
that

Im {pT : MU, 1(SO(2n + 2)) — Hppy1 (SO(2n + 2))}

contains an element of the form

Z 6,‘]'7,"7,’4'?

i+j=2n+1
where ? € D3. We claim that this is not possible. For

Im pT C ()5
k21

while such an element does not belong to

Ker SqAl ﬂ Ker Sg*:.

Filter H,(SO(2n+2); F;). So we can ignore 2. Now Sq' and Sq°' act by the rule
S¢'(Va) =Yt (2 1)

S (Va) = Yoz (i 2 2).

Consequently the elements of the form Y ¢;7;7; belonging to Ker Sq' are
spanned by

Y2iY2j—1 +V2i-172j
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while such elements belonging to Ker Sq°! are spanned by
Y2iY2j-3 + Y2i-372;.

Consequently, an element x = " €;77;; can belong to Ker Sq' NKer Sg°' only
if n is even and

X =Y1Y2m +7Y2Y2m—1+ "+ VnVns1-

Now consider n even. Suppose T(w) = 3. (If 3 & Im T then, as above, we
are done.) We will show that we must have s;(w) # 0 in MU,(SO(2n+2)) /Tor.
In particular, w is not primitive. So 3 & Py.

It suffices to show Ts;(w) # 0 in H,(SO(2n +2))/Tor ® F,. Let {B"} be the
homology Bockstein spectral sequence studied in part (c). Consider

pTs1(w) € B! = H,(SOQ2n +2); ).
Since Im pT C Ker Sg! we have
Sq' pTs,(w) = 0.
So
{pTs|(w)} € B*> = H(SOQ2n +2))/Tor ® F,

is defined. To see {pTs;(w)} # O we use the equations

pTsi(w) = S¢*pT(w)  (by 3.3)
= S¢°p(B)
= S¢*(Yans)modD?  (by 9.2)

= Yans1 mod D?.
The last equality is based on the fact that, by [26],
Sq*(Yans1) = Yan1 for neven .

Lastly, since 7Y,,—1+? pairs off nontrivially with the cohomology class x;,_; and

{)Q,,-l} # 0in
B, = H*(SO(2n +2))/Tor ® F,

it follows that {Y2,—1+?} # 0 in B2.

We can now determine Py (as well as Sy) in degree 2n + 1.
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n even. We have
P2 H(SO(2n +2)) [Tor = Z
generated by 3. We have
St C Py C Pop H(SO(2n + 2))/Tor

is given by 2Z = 27 C Z. This follows from the already demonstrated relations
2Z C Sy and Py C 2Z.

n odd. In this case we have
P H(SO2n+2))[Tor =Z QL
generated by a;,,; and 3. We claim that
Py C P21 H(SO(2n + 2))/Tor
is given by

!
%Z@ZZCZ@Z.

The %’Z factor arises in a similar fashion to the case of deg = 2n+ 1 and n
even. This time we do not have Sy = Py. For the spherical contained in the
%!Z factor have the variation described in part (d).

(g) The Case X = Spin(n). We finish §9 by describing
S C Py C PH,.(Spin(n))/Tor.
Pick s where 2° < n < 25*!. Then our answer for X = Spin(n) is the same as

for X = SO(n) except in degree 2°*! — 1. In that degree we must divide our
answer by a factor of 2. This result is based on the commutative diagram

IL,(Spin(n))/Tor  ——  T1,(SO(n))/Tor
h h

P;H,(Spin(n))/Tor -5 P;H,(SO(n))/Tor

Q, Q.

H. (V)

plus the fact that
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PROPOSITION 9.12. The map g is an isomorphism except in degree 2**' — 1.
In that degree g is injective but has cokernel = 1 /2. Equivalently,

O, : Hyi_{(V) — Py Hy(Spin(n))

is an isomorphism.

Proof. g is a Q isomorphism. By using a Bockstein spectral sequence argu-
ment we can show that f is a mod 2 isomorphism in degrees # 2°*! — 1 while,
in degree 2°*! — 1, f ® F, has kernel = cokernel = F,. (We have already written
down H*(SO(n); F3). On the other hand,

H*Spin(n);F)) = Ai3S i <n—1,i £2)®A(xge_))).

So the proposition is proved for f except that, in degree 2°*! — 1, f is only
known to be of the form Z /,k for some k 2 1. We now use the bottom triangle
of the above diagram plus our knowledge of

O, : H(V) — PH.(SO(n))/Tor
from part (c) to deduce that f can be multiplication by at most 2 and that
Q, : H.(V) — PH(Spin(n))/Tor

is an isomorphism in degree 2**! — 1.

The only remark we might add is that, in the case when n = 25+1 and, so,
PZM;IH*(SO(n))/Tor =7RZ

generated by a,+_; and S, it is the factor corresponding to 3 which is altered
by 2. In other words, 3 € Sy instead of 23 € Sy as before.

§10 The Group G = G,. Now
H.(G)/Tor = E(X3,X11).

Of course, in P3H,(G)/Tor = Z we have Sy = Py = Z. We now show

ProposiTion 10.1. Write P”H*(Gz)/TOl” = Z. Then Sy C Py C P11H,.=(Gz)
/Tor is given by

S!
S1ZC <Z.
= 2

All of §10 will be devoted to the proof of this proposition.
(i) Spherical Elements. We will reduce to the case G = SO. We have a
diagram

https://doi.org/10.4153/CJM-1988-060-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1988-060-6

1368 R. KANE AND G. MORENO
I1,1(Gy)/Tor — I 1(Spin(7))/Tor — TI;(Spin)/Tor — 11,,(SO)/Tor

P\1H(G2)/Tor — Py H,(Spin(7))/Tor — P H.(Spin)/Tor — P\1H.(SO)/Tor

where the vertical maps are the Hurewicz maps. The horizontal maps are all
induced from standard maps. In particular, the fibration G, — Spin(7) — s7
gives rise to the first square. The bottom horizontal maps are all isomorphisms.
(Use Bockstein spectral sequence arguments.) The top maps imbed I1,(G,) /Tor
as a direct summand of I1,(SO)/Tor. For the first map we use the fact that, for

p=2

Spin(1) 2 G, x §7
(2)

while, for p odd,
H]|(S7)(p) = 0

The fact that the second map is an isomorphism was established in part (d) of
§9.

So, since Sy = 5'Z or G = SO, the same result holds for G = G,.

(ii) Primitive Elements. First of all, the map

P“H*(Gz)/TOI' = PHH*(SO)/TOI'
tells us that

5!
Py C '2—Z

To prove that

5!
27ce
Lt

we use an generating variety. Let V C ()G, be the generating variety of G,
given in [3]. Then H*(V') has an additive base

X2 3 X
I R M =2.
{ RN .32’2.32} degx =2

(This basis is due to Clarke [7] and correct the one given by Bott). Let
{80,61,62,83,64,85} be the dual basis of H.(V).

Let {20,31,...,25} be a II,(MU) basis of MU,(V) we will use the same
symbols to denote the image of these elements in QMU,({) G,). We have

https://doi.org/10.4153/CJM-1988-060-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1988-060-6

SPHERICAL HOMOLOGY CLASSES 1369

LemMa 10.2. 33 = 0 in OMU(Q Gy)).

Proof. By the argument given at the end of part (e) of §9 we have
P (23) € MUL(V ).

Since 33 is any representative for §3 we might as well assume that 33 = P (3;3).
Now

MU.(QGy) = ILMU)[Z1, 25, 351/(25, — viZ)).

Consequently
OMU(QGy) = ILMU)Y{Z1, 35,25} /(R — viZy).

So 33 = x3; +y3, where x,y € [L.(MU). But, by 2.5, P(x) = P(y) = 0. So
23 =PE3)=POPED+PY)P () =0.

We want to show that

%.’P(Es) € OMU,(QG).

Since Q,Q10H.(Q G2) — Py 1H.(G,)/Tor is of the form
YA ]

(see the argument in parts (b) and (c) of §9) this result will suffice to show that

5!

27cC ey
Lt

We will localize and work each prime separately. This is more out of conve-
nience than necessity. In particular we will be able to make use of Lemma 10.2.
But we are not localizing, as in some of our previous arguments, to make use
of BP theory.

p > 7. If we write P (35) = Y ¢;2; then the

¢ € ILMU)®Q = Qlby, b,...]
are polynominals in {by, bz, b3, bs}. By 1.1 by, by, b3, by € IL,(MU),). So
P (2s) € MUV ).
p > 5. This times we have 5bhy, by, b3, by € I, (MU)s). So

5P (Ss5) € MUL(V )s).
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p = 3. Since ¢, 3, c4 are polynominals in by, by, b3 and since by, 3b,,3b3 €
II;(MU )3y we have

3(’2, 3(,'3, 3C4 € H*(MU)(3).

Regarding ¢; we can reduce, as in Lemma 9.8, to the case ¢; = 2b4. And
3})4 € H*(MU)(3). So

3P (3s) € MUL(V)g3).

p = 2. Since c4 only involves b; we obviously have 2cs € IL(MU)q,).
Regarding ¢y, ¢, and c3 we can reduce to the cases

cp = 2[)4 + 2V1h3 (by 9.9)
¢y = 2(b); (by 9.8)
c3=0 (by 10.2).

By Propositions 5.1 and 5.3 we have 2¢y,2¢; € IL(MU)q). So

2P (S5) € OMU,L(Q Gy ).

Remark. As in 9.8 we could have reduced c3 to ¢3 = (b)%. However
2(b); & IL(MU ).

Rather 4(b)%H*(MU )2)- Our way out of this obstruction was to appeal to 10.2.
Now this same obstruction arises if we attempt to determine

Py C P11 H(SO(7))/Tor

by the argument in part (e) of §9. Moreover, we do not know how to prove 10.2
for SO(7). It was for these reasons that we reduced our study of

Py C P11H(SO(7))/Tor
in part (e) of §9 to the study of
Py C P11H.(G)/Tor.
§11. The Group G = F4. We will localize and work one prime at a time.
Localizing will enable us to often decompose the space F4 into simpler factors.
In particular, the space B,(p) will often appear as a factor. By B,(p) we mean

the total space of the bundle with base $>"*%~! and fibre $?**! such that

H*Bn(p); Fy) = E(s1, P (X2041))-
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and it is easy to show that in degree 2n + 2p — 1 the inclusion

Sy C Py C P2n+2p—1H*(Bn(p)) =7

is given by Sy = Py = pZ. (Consult the study of G = Sp(2) in §6.)

We have

H.(F4)/Tor = E(x3,x11,X15,X23).

So we must study Sy C Py C PH*(F4)/Tor in degrees 3, 11, 15 and 23. The
relations are summarized in the following chart:

deg
3
11
15
23

S C P C  PH.(F4)/Tor
Z Z Z
252 22.5Z Z
23.3.7Z 2°.3.72 Z
27.32.5.7.11Z 2'.32.5.7.11Z Z

p > 5. For such primes F4 is quasi-regular. Here we are using the results of
Mimura-Toda [19]. They show

Fy5B1(5) X B7(5)

F45,B1(T) x Bs(7)

F4(ﬁ>

By(11) x 1! x §13

FapS® x ' x S¥ x §%  (p 2 13).

p = 3. Harper [8] has shown that

Fy3K % Bs(3)

where

H*(K;F3) = E(x3,x7) ® F3[x3]/(x3)

Pl(x3) = x7

5()(7) = Xg.

So H.(K)/Tor = E(y3, y»3). This time we claim that

S C By C Py3H,(K)/Tor = Z
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is given by 32Z = 32Z C Z. It suffices to show 3°Z C Sy and Py C 3%Z.
Sphericals. We use connective coverings of K. Consider the fibration

FLKSK®Zs,3)

where g represents a generators of H*(K)a) & Z). It is easy to calculate that,
in degree < 24

H*(F;F3) = E(uy9, u23) ® F3[u;3] O(u18)urg

P (ur9) = uz3

H,(F)/Tor = E(W).

The relation 3°Z C Sy follows from the commutative diagram
Z = T3(F)/Tor -2 PysH(F)/Tor = Z

| -
7= H23(K)/T()I' —_— P23H*(K)/T0r =17

It follows from [23] that the right map is multiplication by 3 while it is easy to
calculate that the top map is multiplication by 3.

Primitives. Consider the representation A : F4 — SU(26) studied by Watan-
abe [27]. We have a commutative diagram

Z = PyH,(Fs)/Tor =5 PyH,(SU26) = Z
Q{ j .

Z = QnH(QFy)/Tor &% 0,H.(QSUQ26)) = Z

Watanabe proved that (2 \), is multiplication by 33. Also (), is an isomorphism
for SU(26) while (), is multiplication by 3¥ where k = 1 for Fj. It now follows
from the diagram that ), is multiplication by 3’ where | < 2.

Since 11! = 3*N where (N, 3) = 1 it follows from §8 that

Pu C Py3H,(SU(26))
is given by 3*Z C Z. The commutative diagram
Py C PyH.(F4)/Tor =1
x3!
34Z = Py C PpuH.(SUR6) =17

now forces Py C Py3H.(F4)/Tor to satisfy Py C 3%Z.
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= 2. In degrees 3 and 11 the relations Sy C Py C PH.(F4)/Tor is the
same as the G case. For G, C F4 is a mod 2 homotopy equivalence in degree
< 14. It induces the obvious inclusion between

H*(G2; F2) = E(xs) ® F2lx31/(x§)  and

H*(F4;F2) = E(xs, x15,X23) ® Fa[x31/(x3).
In degree 15 and 23 it suffices to prove

P2 csy cPB C2’Z  for deg 15

272.C Sy C By C2'Z  for deg 23.

Primitives. The relations Py C 23Z in degree 15 and By C 2’Z in degree
23 follow from an argument similar to that used above in the p = 3 case. It is
based on two facts. Watanabe has calculated that () A gives maps

QN 1 QuH(QFy) 2 01H,(QSUQ26))

Q). : QH L (QF4) =25 QH,(QSU(26)).

Also Py C PH,.(SU(26)) is given by 7!Z C Z in degree 15 and 11!Z C Z
in degree 23. (In terms of 2 primary information these become 2*Z C Z and
282 C1Z)

Sphericals. The relations 23Z C Sy in degree 15 and 2’Z C Sy in degree
23 follow from the information obtained by Mimura [18] regarding the space
F4/G,. One has

H.(F4/G2) = E(yi5,y23)-
For both k = 15 and k& = 23 we have a commutative diagram
I (Fs) — I(F4/Gy) — I 1(G2) = Z/8 QR Z)2
h h
Z = PiH,(Fy)/Tor — Py(H,(F4/Gy) = Z
Since h : IIt(F4/G,)/Tor — P4H,(F4/G>) is of the form
27 k=15

7257 k=23

We conclude that P; C P;,H*(F4)/T0r satisfies Py C 23Z and By C 2'Z in
degrees 15 and 23 respectively.
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