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ON BESSEL AND GRUSS INEQUALITIES
FOR ORTHORNORMAL FAMILIES IN INNER PRODUCT SPACES

S.S. DRAGOMIR

A new reverse of Bessel's inequality for orthornormal families in real or complex
inner product spaces is obtained. Applications for some Griiss type results are also
provided.

1. INTRODUCTION

In the recent paper [2], the following refinement of the Griiss inequality has been
proved:

THEOREM 1 . Let (H, (•, •)) be an inner product space over K (K = R,C) and
e £ H, \\e\\ = 1. If <f>, <3>, 7, T are real or complex numbers and x, y are vectors in H such
that either

(1.1) Re($e - x, x - <j>e) > 0 and Re(re - y, y - -ye) ^ 0

or, equivalently,

II 2 II 2 ' " " I I " 2

hold, then we have the following refinement of the Griiss inequality

/-1 O\ I / \ / o\lo 1 \l

1 - 7 | - [ R e ( $ e - x , x - <j>e)]1/2 [ R e ( r e - y , y - j e ) ] '

The constant 1/4 is best possible in both inequalities.

Note that the inequality between the first and last term in (1.3) was first established
in [1].

A generalisation of the above result for finite families of orthornormal vectors has
been pointed out in [3].
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328 S.S. Dragomir [2]

THEOREM 2 . Let {ej}i6/ be a family of orthornormal vectors in H, F a finite
part of I, 4>i, $i, 7J, Tt € K (K = R, C), i 6 F and x, y <E H. If

(1.4)

or, equivalently,

(1.5)

t g F

y-

2

"i + 7i

^ - x, x -

i e i - y,y -

$ -

0,

ieF

hold, then we have the inequalities

1/2

(Sir.-nl")
Vt6F 7

i£F iGF «6F

1/2

The constant 1/4 is best possible.

REMARK 1. We note that the inequality between the first term and the last term for
real inner products under the assumption (1.4) has been proved by Ujevic in [4],

The following corollary provides a reverse for the well known Bessel's inequality in
real or complex inner product spaces (see also [3]).

COROLLARY 1. With the above assumptions for {ejjg/, F, <&, $j and x, one has
the inequalities

«ei - x > x -
ieF

" ^'l2 - Re

ieF

with 1/4 as the best possible constant in both inequalities.
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[3] Bessel and Griiss Inequalities 329

The main aim of this paper is to point out a different reverse for the Bessel and
Griiss inequalities stated above. Some related results are also outlined.

2. A REVERSE OF BESSEL'S INEQUALITY

The following lemma holds.

LEMMA 1 . Let {ei}i€[ be a family of orthornormal vectors in H, F a finite part
of I, \i£K,i£F,r>Oandx£H. If

(2.1) r,
ieF

then we have the inequality

(2 2) 0 < llrll2

\L-£) U %; ||X||

PROOF: Consider

ieF ieF

i€F ieF j€F

. ieF

and

= \\x\

h :=

ieF i€F j&F

ieF

ieF ieF ieF ieF

If we subtract J2 from h we deduce an identity that is interesting in its own right

j |2

(2.3) ~~
ieF ieF ieF

ufrom which we easily deduce (2.2).

The following reverse of Bessel's inequality holds.

THEOREM 3 . Let {ei}iej be a family of orthornormal vectors in H, F a finite

part of I, <j>i, ${, i € / reai or complex numbers. Assume a x 6 H. If either
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(i) Re — x, x —
i£F i£F

(ii) L -
II i€F

0; or, equivalently,

holds, then the following reverse ofBessel's inequality

(2.4)
i€F

is vaiid.
Tie constant 1/4 is best possible in both inequalities.

P R O O F : Firstly, we observe t ha t for y,a,A£ H, the following are equivalent

Re(A -y,y-a)(2.5)

and

(2.6)

Now, for a = 5Z &ei> -^ = 12 ®iei> w e n a v e

i6F t€F

i€F

1/2

giving, for y = x, the desired equivalence.
Now, if we apply Lemma 1 for Aj = (<fo + $i)/2 and

r := —

1/2

we deduce the first inequality in (2.4).
Let us prove that 1/4 is best possible in the second inequality in (2.4). Assume that

there is a c > 0 such that

(2.7)
i € F
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[5] Bessel and Griiss Inequalities 331

provided that fa, $ i ,x and F satisfy (i) and (ii).

We choose F = {1}, et = e = ( 1 / N / 2 , ( l / \ /2) ) € K2, x = (xux2) € K2, $ i = $
= m > 0, fa = 4> = -m, H = R2 to get from (2.7) that

(2 8) 0 < x2 + x2 - (Xl + X 2 ^

4cm2 -

provided

(2.9)

From (2.8)

(2.10)

0 ^

=

we get

(me — x, x+ me)

V x s/2'
/ m

^ 4cm2

provided (2.9) holds.

If we choose x\ = m/y/2, x?. = —m/\/2, then (2.9) is satisfied and by (2.10) we get
m2 ^ 4cm2, giving c ^ 1/4. D

REMARK 2. If F = {1}, et = 1, ||e|| = 1 and for <j>, $ € K and x G H one has either

(2.11) Re{$e - x, a: - tpe) > 0

or, equivalently,

5
then

(2.13)

2
- (x, e)

4

The constant 1/4 is best possible in both inequalities.

REMARK 3. It is important to compare the bounds provided by Corollary 1 and The-

orem 3.

For this purpose, consider

5,(x, e, <f>, *) : = - ( * - (A)2 - <*e - x, x - <f>e)

Btfae,*,*) := ~(* - 0)2 - {^~ - (x,e))\
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where H is a real inner product , e e H, \\e\\ = l,x e H, <j>, $ € R with ( $ e - z , x-<j>e) ^ 0,

or equivalently,

I\X

If we choose <j> = — 1, <£ = 1, then we have

Bxfoe) - 1 - (e - x,x +e> = 1 - (||e||2 - ||z||2) = ||x||2,

B2(x,e) = l-(x,e)2,

provided ||x|| ^ 1.
Choose x — ke, with 0 < k ^ 1. Then we get

which shows that Bi(k) > B2(k) if 0 < k < \/2/2 and Bi(k) < B2(k) if v^/2 < k s$ 1.

•We may state the following proposition.

PROPOSITION 1 . Let {ei}iei be a family of orthornormal vectors in H, F a
finite part of I, (pi, $i € K {i 6 F). If x € H either satisfies (i), or, equivalently, (ii) of
Theorem 3, then the upper bounds

; - <&|2 - R e
ieF i€F

B2{x,e,<f>,&,F) := -

for the Bessel's difference Bs(x,e,F) :— \\x\\ — 53|(i,e,-)| , cannot be compared in

general.

3. A REFINEMENT OF THE GRUSS INEQUALITY

The following result holds.

THEOREM 4 . Let {e i} ; 6 / be a family of orthornormal vectors in H, F a finite

pa r t of I, <j>i, $ i , 7i, I \ G K, i e F and x,y E H. If either

(3.1)

or, equivalently,

(3.2)

i € F

0,

i 6 F
2 °' £ -
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[7] Bessel and Griiss Inequalities 333

hold, then we have the inequalities

(3.3)
ieF

1/2 1/2

-E
ieF

Ilyii-<y,ei>

1/2

Tie constant 1/4 is best possible.

PROOF: Using Schwarz's inequality in the inner product space (H, (-, •)) one has

(3.4) (x - 53(i, e{)eu y - E ^ ' e^eV

and since a simple calculation shows that

:€F

i £ F t£F

and

t€F

for any x,y € H, then by (3.4) and by the reverse of Bessel's inequality in Theorem 3,

we have

(3.5)

•6F

:=K.

Recall Aczel's inequality for real numbers, that is, we recall that

(3.6) (a2 - £ a*) (V - £&fU (ab -
^ t£F ' ^ :6F ' ^ i
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provided that a, b,a,i,bi > 0, i £ F, and either a2 —

may state that
>? > 0 or b2 - £>? > 0. So we

1/2

-E
Using (3.5) and (3.7) we conclude that

(3.8) (x, y) -
i € F

1/2

-zJ-V-1- --(y,ei)\\ .

Taking the square root in (3.8) and taking into account that the quantity in the last square
brackets is nonnegative (use for example (2.4) and the Cauchy-Bunyakovsky-Schwarz's
inequality for real numbers), we deduce the second inequality in (3.3).

The fact that 1/4 is the best possible constant follows by Theorem 3 and we omit
the details. D

The following corollary may be stated.

C O R O L L A R Y 2 . L e t e e H, \\e\\ = 1 , <f>,$,7,r € K a n d x , y £ H s u c h t h a t e i t h e r

(3.9) Re($e - x, x - (f>e) ^ 0 and Re(Te -y,y-/ye)^0

or, equivalently,

(3.10) ||x_£±*e||<i|*-4|, ||y

Then we have the following refinement ofGriiss' inequality

(3.11) 0^\(x,y)-(x,e)(e,y)\

<I |*_0 | | r - 7 | - •-(x,e)\
17 + r

The constant 1/4 is best possible in both inequalities.

4. SOME COMPANION INEQUALITIES

The following companion of the Griiss inequality also holds.
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[9] Bessel and Griiss Inequalities 335

THEOREM 5 . Let {ei}iei be a family of orthornormal vectors in H, F a finite

part of I and fa, $ j € K , i e F, x,y 6 H and X 6 (0,1), such that either

(4.1) Re

or, equivalently,

(4.2) Xx + (1 - X)y -
i€F

holds. Then we have the inequality

(4.3)

Re\(x,y)-
i € F

^i + fa \|2
—- (Ax + ( 1 - A ) y , e i ) |

^ 16 A(l - A)

The constant 1/16 is the best possible constant in (4.3) in the sense that it cannot be
replaced by a smaller constant.

PROOF: We know that for any z,u € H, one has

Re(z,u) ^ - llz + u||2 .
4

Then for any a,b e H and A € (0,1) one has

1
(4.4)

Since

4A(1 - A)1

i€F

for any x,y € H, then, by (4.4), we get

(4.5) Re\(x,y)-^2(x,ei)(ei,y)\

= Re i)ei, y -

i € F

1
4A(1 - A)

X(x -
t6F

- A) (y -
t6F
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1
4A(1 - A)

1

Ax + (1 - X)y - - A)y, <*)
ieF

If we apply the reverse of Bessel's inequality in Theorem 3 for Ax + (1 — X)y, we may
state that

(4.6) ||As + (1 - X)y\f - + (1 - X)y,

l
ieF

Now, by making use of (4.5) and (4.6), we deduce (4.3).

The fact that 1/16 is the best possible constant in (4.3) follows by the fact that if

in (4.1) we choose x = y, then it becomes (i) of Theorem 3, implying for A — 1/2 the

inequality (2.4), for which, we have shown that 1/4 is the best constant. D

R E M A R K 4. In practical applications we may use only the inequality between the first
and the last term in (4.3).

REMARK 5. If in Theorem 5, we choose A — 1/2, then we get

(4.7)

ieF

provided

or, equivalently,

ieF

We note that (4.7) is a refinement of the corresponding result in [3].

https://doi.org/10.1017/S0004972700036066 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700036066


[11] Bessel and Griiss Inequalities 337

COROLLARY 3 . With the assumptions of Theorem 5 and if

(4.8) Re/j^^t
\ ieF

or, equivalently

(4.9) Ax±(l -

then we have the inequality

(4.10) Re \(x, y) - £ > , *}<*, »>] U ^ • T T T ^
L 7tF

 Jl 1 6 ^l~->ieF

The constant 1/16 is best possible in (4.10).

REMARK 6. If if is a real inner product space and m;, Mj 6 K with the property

(4.11) (j2 M'ei ~ (A* ± (1 - A) y), Ax ± (1 - X)y - ^ m i e A ^ 0

or, equivalently,

(4.12) Ax ± (1 - X)y -

then we have the Griiss type inequality

(4.13) x, V) ~ 16 A(l - A) ̂
ri - m,) 2 .

5. INTEGRAL INEQUALITIES

Let (fi, E, n) be a measure space consisting of a set fi, E a cr-algebra of subsets and
fi a countably additive and positive measure on E with values in R U {oo}. Let p ^ 0
be a /^-measurable function on fi. Denote by L2(fi, K) the Hilbert space of all real or
complex valued functions defined on fi such that

(5.1) [ p(s)\f(s)\2dn(s)<cx>.
Jn

Consider the family {fi}iei of functions in L2(fi,K) with the properties that

(5.2) f p(s)fi(s)Tj(s)dfx(s) = Sijt i, j 6 I,
Jn

where Stj is 0 if i ^ j and <$y — 1 if i = j . {/i}<6/ is an orthornormal family in L2(fi, K).

The following proposition holds.
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PROPOSITION 2 . Let{fi}i€j be an orthornormal family offunctions in L2
p(Q,K),

F a Mite subset of I, fa, $j G K (i € F) and f € L2
p(Cl, K), so that either

(5.3) f p(s) Re
Jn

or, equivaientfy,

(5.4) f p(s) f(s) -

hoid. Then we have the inequality

(5.5) 0 ̂  / p(s)\f(s)\2d»(s) -

^p1 - /

The constaiit 1/4 is best possible in both inequalities.

The proof follows by Theorem 3 applied for the Hilbert space L2(Q, K) and the

orthornormal family {/t}ie/-

The following Griiss type inequality also holds.

P R O P O S I T I O N 3 . L e t { f i } i e i and F b e a s i n P r o p o s i t i o n 2 . If fa, <&i, j u T{eK
(i e F ) a n d f , g e L2

p(Q, K ) s o t h a t e i t h e r

(5.6) f p(s) Re

f P(s) Re \(J2 TiMs) - 9(s)) (g(s) - £ T i !(*))} dn(s) Z 0,
Jn L ieF ieF J

or, equivalently,

(5.7) [ p(s)

f p(s)
Jn

f(s) -

g(s) -
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[13] Bessel and Griiss Inequalities 339

hold, then we have the inequalities

(5.8) I f p(s)f(s)WW(s) - W p(s)f(s)7i(sW(S) [ p(s)fi(s)gjs)df,(s)
\Jn ieF1'0 •'"

|

The constant 1/4 is the best possible.

The proof follows by Theorem 4 and we omit the details.

REMARK 7. Similar results may be stated if one applies the inequalities in Section 4.
We omit the details.

In the case of real spaces, the following corollaries provide much simpler sufficient
conditions for the reverse of Bessel's inequality (5.5) or for the Griiss type inequality (5.8)
to hold.

COROLLARY 4 . Let {/Jie/ be an orthornormal family of functions in the real
Hilbert space L2

p(Q), F a Bnite part of I, M^nii € K ( i e F ) and f £ L2
p(Q) so that

(5.9) ^2mifi(s) ^ f(s) ^ ^,Mifi(s) for n — almost everywhere s £ Q,
i£F ieF

then we have the inequalities

(5.10) 0 ^ / p(s)f2(s)dn(s) -

The constant 1/4 is best possible.

COROLLARY 5 . Let {fi}iei and F be as in Corollary 4. If Mi,muNuni G R
(i € F) and f,g€ L2

p(Q) such that

and
y~]n.ifi(s) ^ g(s) ^ y^Nifi(s) for p, - almost everywhere s € fi,
ieF ieF
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then we have the inequalities

I f p(s)f(s)g(s)dn(s) - ^ /" p(s)f(s)fi(s)dtx(s) [ p(s)g(s)fi(S)dfi(s)
\Jn i€F Jn Jn

1/2 / \ 1/2

( E )
~^ - f P(s)g(s)fl(s)df,(s)

* Jn
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